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a b s t r a c t
A new stabilizing feedback design method is proposed in this paper for time delayed polynomial systems
with a linear input structure. The task is to transform the open loop system to a time delayed complex
balanced kinetic system by using a polynomial state feedback structure which guarantees stability with
arbitrary time delays.
It is shown that the required computations can be performed by simple linear programming, when
the only goal is the semistability of the chosen equilibrium point. If one wants to achieve additionally the
uniqueness of the closed loop equilibrium point to ensure local asymptotic stability, then the extended
optimization problem requires the application of semideﬁnite programming. The existence of the solution
and computability of the feedback do not depend on the magnitude of the delays.
It is shown that involving additional monomials into the feedback beyond the ones contained in the
open-loop model does not improve the solvability of the semistabilization problem, but it may ensure
the uniqueness of the prescribed complex balanced equilibrium point. Thus, two variants of a systematic
method are proposed to ﬁnd appropriate extra monomials for the feedback. One of these requires to solve
a linear programming optimization problem even in this extended case.
© 2020 The Authors. Published by Elsevier Ltd on behalf of European Control Association.
This is an open access article under the CC BY-NC-ND license.
(http://creativecommons.org/licenses/by-nc-nd/4.0/)

1. Introduction
It is known that important dynamical phenomena occurring in
real world can often be explained in a satisfactory way by using
time delays in the equations [8,10,12]. At the same time, differential equations with time delay can produce much more complicated dynamics than ordinary differential equations in the general
case. For example, a time delay may cause a stable equilibrium to
become unstable, even if the dynamics is linear. Therefore, there is
a tendency to avoid the presence of time delays in dynamic system
models, by using e.g. approximations, see [9,16]. The above mentioned problems of the presence of time delays in linear systems
indicate that the task of dynamic analysis and controller design for
time delayed nonlinear systems present challenges for nowadays
advanced control theory, too.
In the general case of nonlinear systems with time delays, a few
sophisticated methods have appeared for dynamic analysis and
∗
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control design. For example, it is reported that the stabilization of
polynomial time delay systems can be solved by using a Lyapunov–
Krasovskii functional and sum of squares decomposition [27,28].
It is widely known, that the special structure or properties of
a nonlinear system may enable to develop eﬃcient methods for
their dynamic analysis and control, therefore special nonlinear system classes are considered in the time delayed case. The class of
nonnnegative systems, that are dynamical systems with nonnegative state variables, is one of such special class of nonlinear systems, by which several kinds of dynamical phenomena in nature
or technology can be modelled [10]. These include e.g. biochemical reaction networks, population dynamics, a wide range of process systems, and certain economical or transportation processes
[13,33,35]. Nonnegativity can be successfully exploited in the stability analysis of time delay models [10,11]. However, majority of
the control design methods for nonnegative delayed systems have
been developed for linear models [4,22,24].
The class of kinetic systems is a subclass of nonnegative systems, for which important and useful results are known on the relation between the dynamical properties and the associated graph
structure, is useful for modeling a wide range of processes in var-
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ious application ﬁelds [3]. Beside the ability to describe complex
nonlinear phenomena, kinetic systems have a simple mathematical structure facilitating the kinetic realization of nonlinear models
and the application of computational methods for model analysis
and controller design. The idea of applying time delays in kinetic
models is not new [29]. Delayed reactions can be used to describe
the phenomenon when the consumption of reactants is immediate,
while the formation of products starts only after a certain time.
Possible motivation for the application of delayed reactions can be
the approximation of reaction cascades with the omission of some
intermediate complexes and reactions, or the modeling of explicit
(e.g., transport) delays in compartmental models which are known
to be formally kinetic [10,35].
A key property of kinetic systems is called complex balance
guaranteeing stability, which is global with a known parameterindependent logarithmic Lyapunov function in several special
cases, and possibly, even generally [5]. The complex balance property has been deﬁned and analysed recently for kinetic systems
containing constant time delays in [18], where it was shown using an appropriate Lyapunov–Krasovskii functional that complex
balanced kinetic systems with arbitrary constant time-delays are
semistable.
There are a few papers dealing with feedback controller design
of complex balanced kinetic systems (or more generally, kinetic
systems with stable equilibria) that are able to shift the equilibrium point of the closed loop system to a given value using linear
state or output feedback [32]. A similar problem is solved in the
paper [25] using passivity theory in a special case of complex balanced kinetic systems with time delayed connections.
For general (not necessarily kinetic and not necessarily complex
balanced) polynomial systems an optimization based feedback design method was proposed in [21] that transforms a non-delayed
nonlinear polynomial model to a closed loop system which has a
complex balanced realization. The design is based on the fact that
the directed graph structure and parameterization (called realization) of a polynomial kinetic system is generally non-unique, and
complex balance (among other important features) is a realization
property [20].
Motivated by the above mentioned facts and results, we have
proposed the ﬁrst attempt to solve the stabilizing controller design
problem in the kinetic framework for delayed nonnegative polynomial models that are not necessarily kinetic or complex balanced in our recent conference paper [17]. However, this method
used a ﬁxed, pre-deﬁned monomial feedback structure, and the
optimization problem has been solved by semideﬁnite programming. Therefore, the purpose of this paper is twofold. Firstly, our
goal is to solve the feedback structure design problem, i.e. to ﬁnd
a method of new monomial selection in the feedback such that
the closed loop system has a unique complex balanced equilibrium point. A further aim is to simplify the optimization problem
related to the feedback structure selection and design such that
the solution needs only a computationally easy method (e.g. linear
programming).
2. Basic notions on time delayed kinetic systems

2.1. Nonnegative polynomial systems with time delay
We consider a continuous-time polynomial autonomous system
with time delay in the following form

x˙ (t ) = F (xt ) = M0 ψ (x(t )) +

n

R+ (Z+ ) denote the sets of n-dimensional element-wise positive
and nonnegative real (integer) vectors, respectively. For every τ ≥ 0,
the symbol C = C ([−τ , 0], Rn ) denotes the Banach space of continuous functions mapping the interval [−τ , 0] into Rn with the norm
φ = sup−τ ≤s≤0 |φ (s )| for φ ∈ C, where | · | denotes the Euclidean
n

norm in Rn . Let C+ = C ([−τ , 0], Rn+ ) and C + = C ([−τ , 0], R+ ) denote the set of positive and nonnegative functions in C. For an

p


Mi ψ (x(t − τi )),

(1)

i=1

where x(t ) ∈ Rn is the state of the system, Mi ∈ Rn×m , 0 ≤ i ≤ p are
constant coeﬃcient matrices, and τ i > 0, 1 ≤ i ≤ p are the time delays. The monomial mapping ψ is deﬁned as

ψ j (x ) =

n


Y

xi i, j , 1 ≤ j ≤ m,

(2)

i=1

where the exponents Yi,j are nonnegative integers forming the
n×m

monomial composition matrix Y ∈ Z+ . Solutions of (1) are generated by initial data x(t ) = φ (t ) for −τ ≤ t ≤ 0, where τ is the
largest delay and φ ∈ C + is a nonnegative continuous vector valued initial function. For every t ≥ 0, a segment of the solution is
deﬁned by xt (s ) = x(t + s ) for −τ ≤ s ≤ 0.
Nonnegativity. A delayed differential equation system is called
nonnegative when its solutions are nonnegative for every nonnegative initial function. The time delayed polynomial system (1) is
nonnegative if and only if the following condition is fulﬁlled [31]:
if φ ∈ C + and φi (0 ) = 0 for some i ∈ {1, . . . , n}, then Fi (φ ) ≥ 0. This
condition is equivalent to the following one: the matrices Mi for
1 ≤ i ≤ p are nonnegative and M0 ψ (x) is essentially nonnegative, i.e.
n
when x ∈ R+ with xi = 0 then [M0 ψ (x)]i ≥ 0 for 1 ≤ i ≤ n.
2.2. Time delayed kinetic systems
Kinetic systems [3] form a special subclass of nonnegative polynomial systems. The description of a kinetic system is based upon
the notion of species Xi , 1 ≤ i ≤ n, complexes Cj , 1 ≤ j ≤ m and reactions between the complexes. The complexes that correspond to
the monomials above, are deﬁned by the linear nonnegative in
teger combination of the species, i.e C j = ni=1 Yi, j Xi for 1 ≤ j ≤ m.
The dynamic model of a kinetic system describes the transformation of the complexes, into each other through p reactions of the
form Ci → Cj . A positive constant is associated to each reaction as a
reaction rate coeﬃcient, and each reaction has also a nonnegative
real number τ i ≥ 0 for 1 ≤ i ≤ p associated to it that represents the
time delay of the reaction. Then the DDE model of time delayed
autonomous kinetic systems is as follows


x˙ (t ) = Y A0 −

p

i=0


diag(1T Ai )

ψ (x(t )) +

p


Y Ai ψ (x(t − τi )),

i=1

(3)
where Y ∈

Throughout the paper, the following notations are used. If n is a
positive integer, Rn and Zn denote the n-dimensional space of real
and integer column vectors, respectively. The symbols Rn+ (Zn+ ) and
n

n-dimensional column vector v, diag(v ) is the n × n diagonal matrix with vi for 1 ≤ i ≤ n in its diagonal. Finally, 1 denotes a column
vector with all entries being 1, and 0 denotes the zero vector.

n×m
Z+

is the complex composition matrix, ψ is the
n×n

monomial mapping deﬁned by Eq. (2), and Ai ∈ R+ for 0 ≤ i ≤ p.
Here [A0 ]j,k is the rate coeﬃcient of the non-delayed reaction from
complex Ck to Cj . Moreover, [Ai ]j,k , 1 ≤ i ≤ p is the rate coeﬃcient
of the reaction from complex Ck to Cj with delay τ i . If there is no
reaction between Ck and Cj (with time delay τ i ) then [Ai ] j,k = 0.
Solutions of (3) are generated by initial data x(t ) = φ (t ) for −τ ≤
t ≤ 0, where τ is the largest delay and φ ∈ C + is a nonnegative
continuous vector valued initial function.
Kinetic systems with the DDE model (3) are also called delayed
chemical reaction networks obeying the mass-action law, that is abbreviated by delayed CRN in this paper.
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delayed nonnegative system as it is deﬁned in [18]. Moreover, if Y
is ﬁxed then (5) is a linear constraint and thus it can be solved for
Ai , 0 ≤ i ≤ p, e.g. in the framework of linear programming (LP).
Positive stoichiometric compatibility classes. We deﬁne the stoichiometric subspace for the delayed kinetic model (3) as follows
Fig. 1. Reaction graph of the example model (4).

S = span Y·, j − Y·,k

Reaction graph of delayed CRNs. Generalizing the concept of reaction graphs by e.g. [7], we can represent the structure of a delayed CRN by a directed and labeled multigraph, where the label
of an edge is not only the reaction rate constant, but also the time
delay. Reactions with the same source and product complexes, but
with different time delays occur as parallel edges in the reaction
graph. Fig. 1 depicts an example of a reaction graph of a delayed
CRN. Moreover, delayed loop reactions having the same complex
as both the source and product may also appear in delayed CRNs
contrary to the case of classical, undelayed CRNs.
Important dynamic properties of a CRN depend on some of the
structural properties of the reaction graph, most notably on its
connectivity and on its strong components. A CRN is called weakly
reversible if whenever there exists a directed path from Ci to Cj in
its reaction graph, then there exists a directed path from Cj to Ci ,
too. In graph theoretic terms, this means that all components of
the reaction graph are strongly connected components.
Delayed example. Consider two species, X1 and X2 that react in a
reversible reaction 2X1  X2 , and let us have a third reaction converting X2 to 2X1 with a delay. Then the elementary reaction steps
are

κ1(,02)

κ2(,01)

κ2(,11) , τ1

2X1 GGGGGGGGA X2 ; X2 GGGGGGGGA 2X1 ; X2 GGGGGGGGGGGGA 2X1

Sφ =

θ ∈ C + | h (θ ) − h (φ ) ∈ S ,

where the functional h : C + →

h (φ ) = φ (0 ) +

p
m 
m







2
Y =
0



A0 =

0
,
1
0
(0 )

κ1,2

x1

ψ (x ) =
,
x2


κ2(,01)
0
0

, A1 =

0

(1 )

κ2,1
0


.

(4)

Time delayed kinetic realizations. We say that the time delayed
system (1) is kinetically realizable (or shortly, kinetic) with the
monomial composition matrix Y if it can be represented in the
form (3), i.e. there exist p + 1 nonnegative matrices Ai , 0 ≤ i ≤ p
such that



M0 = Y A0 −

p




diag(1T Ai ) ,

i=0

(5)

Mi = Y Ai , 1 ≤ i ≤ p.
The tuple of matrices (Y, A0 , . . . , A p ) is called a time delayed kinetic
realization.
It was shown in [34] that a delayed polynomial system of the
form (1) is kinetic if and only if the non-delayed part characterized
by M0 does not contain negative cross-effects and all the entries of
matrices Mi , 1 ≤ i ≤ p are nonnegative. In this case, it is also possible to algorithmically construct a delayed CRN that realizes the
dynamics of (1). It is important to remark that generally, several
different CRN structures may realize exactly the same dynamics,
and this non-uniqueness will be exploited for the feedback design
in the delayed case, too.
It is easy to verify that the existence of the factorization in
Eq. (5) allows the direct construction of the reaction graph of a

(6)

is deﬁned by
0

[Ai ] j,k

−τi

[ψk (φ (s )))] ds Y·,k .

It was shown in [18] that the delayed positive stoichiometric compatibility classes Sφ are positively invariant under the mass-action
kinetic system (3), i.e. x0 ∈ Sφ implies xt ∈ Sφ for all t ≥ 0.
Equilibria and complex balance. By a positive equilibrium of (3),
we mean a positive vector x∗ ∈ Rn+ such that x(t) ≡ x∗ is a solution
of (3). We denote the set of all positive equilibria with E+ .
It is easy to see that Eq. (3) and its undelayed counterpart
share the same equilibria. To show this we deﬁne the matrices
p
p
M = i=0 Mi and A = i=0 Ai . Then we obtain the undelayed kinetic system corresponding to (3) as follows



x˙ (t ) = M ψ (x(t )) = Y A − diag(1T A )


ψ (x(t )),

(7)

A − diag(1T A )

where the matrix
is a column conservation matrix
(or a Kirchhoff matrix). Clearly, the positive vector x∗ ∈ Rn+ is an
equilibrium point of the time delayed kinetic system if and only if
it is an equilibrium point of the corresponding undelayed kinetic
system (7), i.e.



 2

Rn

i=1 j=1 k=1

Y A − diag(1T A )
The corresponding reaction graph is depicted in Fig. 1. The
DDEs (3) have the following parameters

| [Ai ] j,k > 0 .

We can introduce the time delayed positive stoichiometric compatibility classes in the form [18]


ψ ( x∗ ) = 0.

The positive equilibrium point x∗ is called complex balanced if it
fulﬁlls the equation [15]



A − diag(1T A )


ψ ( x∗ ) = 0.

(8)

It is well-known [14] that if Eq. (7) and hence (3) has a positive
complex balanced equilibrium x∗ , then any other positive equilibrium is complex balanced and the set of all positive equilibria E+
can be characterized by

E+ = x ∈ Rn+

| Ln(x ) − Ln(x∗ ) ∈ S ⊥ ,

(9)

where [Ln(x)]i = ln(xi ) for 1 ≤ i ≤ n. Therefore, we call a kinetic system complex balanced with or without time delay, if the complex
balanced property holds for any equilibrium point x∗ . It is known
from [15] that complex balance implies weak reversibility.
Unique complex balanced equilibrium. The structure of complex
balanced equilibria depends on the dimension of stoichiometric
subspace S. In the special case, when S = Rn then S ⊥ = {0}, so
there exists only one positive equilibrium E+ = {x∗ }. In the next,
we give an equivalent convex condition for the uniqueness of the
complex balanced equilibrium.
First, we introduce the Laplacian matrix L(x∗ ) at a positive equilibrium point [30] as





L(x∗ ) = diag(1T A ) − A diag(ψ (x∗ )).

(10)

Then, the positive equilibrium point x∗ is complex balanced if and
only if the Laplacian L(x∗ ) is balanced, i.e L(x∗ ) 1 = 0. This gives
rise to the uniqueness result below.
Theorem 2.1 [19]. Let the equilibrium x∗ be complex balanced. Then,
x∗ is a unique positive equilibrium if and only if the matrix





Y L ( x∗ ) + L ( x∗ )T Y T
is positive deﬁnite.
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Fig. 2. Structure and properties of the kinetic feedback loop.

2.3. Stability of complex balanced kinetic systems with time delay
A kinetic system may have a connected set of positive equilibria
E+ (see Eq. (9)), therefore we introduce the following deﬁnition. An
equilibrium x∗ of Eq. (3) is called semistable if it is Lyapunov stable
and there exists δ > 0 such that if φ ∈ C and φ − x∗  ≤ δ, then the
solution x(t) with initial data x(t ) = φ (t ) for −τ ≤ t ≤ 0 converges
to a Lyapunov stable equilibrium of (3) as t → ∞. For more details
on the notion and application of semistability, see [10]. We will
use the following recent stability result for complex balanced time
delayed kinetic systems.

where the matrices Ki ∈ Rr×m , 0 ≤ i ≤ p are the parameters of the
feedback. The control structure is illustrated in Fig. 2
With the above feedback (12), the closed loop system has the
form

x˙ (t ) = [M0 + BK0 ]ψ (x(t )) +

p


[Mi + BKi ]ψ (x(t − τi )).

(13)

i=1

3.2. Feedback design for closed loop semistability using linear
programming

Theorem 2.2 [18]. Every complex balanced equilibrium x∗ of the delayed kinetic system (3) is semistable. Moreover, when the system has
only one complex balanced equilibrium point, then it is locally asymptotically stable with respect to the positive orthant.

We are looking for the feedback parameters Ki , 0 ≤ i ≤ p
such that the closed-loop system (13) has a kinetic realization
(Y, A0 , . . . , A p ) which is complex balanced with an equilibrium
point x∗ (that may not be unique). Therefore, the decision variables
m×m
are Ki ∈ Rr×m , 0 ≤ i ≤ p, and Ai ∈ R+ , 0 ≤ i ≤ p. The optimization
problem for the feedback design can be written as

3. Formulation and solution of the feedback design problem

min (K0 , . . . , K p , A0 , . . . , A p ),

In this section, we consider a stabilizing feedback design
method for the open loop system




s.t. M0 + BK0 = Y A0 −

Mi ψ (x(t − τi )) + Bu(t ),

(11)

i=1

diag(1 Ai ) ,

(15)

where u(t ) ∈
is the input of the system, and B ∈
We remark that the above open loop system (11) is not necessarily kinetic, but it is a delayed polynomial system with linear
input structure. In the special case when the open system (11) is
kinetic, its model corresponds to a DDE model of an open delayed CRN where the inputs are chosen as the concentrations of
the species in the inlet ﬂows, see the discussion in [21] of the nondelayed case.
The aim of the feedback is to stabilize the open loop system
(11) at the given positive equilibrium point x∗ . For this, we transform the open loop system (11) into a complex balanced kinetic closed
loop system with a desired equilibrium point x∗ . The problem will be
formulated as a semideﬁnite programming (SDP) problem.

Mi + BKi = Y Ai , 1 ≤ i ≤ p,

(16)

L ( x∗ )1 = 0,

(17)

Rn×r .

Rr

We assume a polynomial feedback of the form


p

i=1

Ki ψ (x(t − τi )),

where
> 0 is given,  is a linear objective function and L(x∗ )
is deﬁned in (10). The constraints (15) and (16) guarantee that
the solution will be a kinetic realization of the closed-loop system.
Eq. (17) ensures that the closed loop system is complex balanced
with equilibrium x∗ . It is clear that all the constraints are linear
in the decision variables, therefore, the feasibility of (14)–(17) can
be easily decided and solution(s) can be found (if they exist) in the
framework of linear programming. Comments on the selection of the
objective function  are given at the end of Section 4 in remark
(R1).
x∗

3.3. Ensuring uniqueness of the equilibrium by semideﬁnite
programming

3.1. The state feedback law

u(t ) = K0 ψ (x(t )) +


T

i=0

p

x˙ (t ) = M0 ψ (x(t )) +

p


(14)

(12)

Let us recall Theorem 2.1 that gives a necessary and suﬃcient condition for the uniqueness of complex balanced equilibria.
Therefore, adding the constraint





Y L ( x∗ ) + L ( x∗ )T Y T > 0,

(18)
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to (15)–(17) ensures that the closed loop system has a unique complex balanced equilibrium point x∗ . However, (18) is not a linear constraint any more, but it can still be handled eﬃciently together
with (15)–(17) using semideﬁnite programming.
4. The effect of additional feedback monomials on the closed
loop dynamics
The results in this subsection show that involving new monomials into the feedback law (12) does not improve the solvability of the
feedback problem from the point of view of ﬁnding realizations with
weak reversibility or complex balance, but can ensure the uniqueness
of the equilibrium point of the closed loop system.
In the following, we call the kth monomial ψ k additional if
[Mi ]·,k = 0 for 0 ≤ i ≤ p, i.e. it does not occur on the right hand side
of the open loop system (11). Therefore, we call a controlled system of the form (13) a closed loop system without additional monomials, if for all monomials ψ k such that [Mi ]·,k = 0 for 0 ≤ i ≤ p,
then [Ki ]·,k = 0 for 0 ≤ i ≤ p.
4.1. The effect of additional monomials on complex balance

Lemma 4.1. Consider the open loop system (11) and the feedback law
(12). Assume that there exists a closed loop system with feedback parameters Ki , 0 ≤ i ≤ p and it has a realization (Y, A0 , . . . , A p ) where
the kth additional complex occur in delayed reactions as a source
complex, i.e. 1T [Ai ] · ,k > 0 for some 1 ≤ i ≤ p. Then, there exist other
feedback parameters Ki , 0 ≤ i ≤ p such that the corresponding closed
loop system has a realization (Y, A0 , . . . , A p ), where [Ai ]·, j = [Ai ]·, j for
j = k, 0 ≤ i ≤ p, [Ai ]·,k = 0 for 1 ≤ i ≤ p, and

[A0 ]·,k

p

=
[Ai ]·,k .

p

[Ki ]·,k ,

loop

system

with

the

realization

Lemma 4.2. Consider the open loop system (11) and the feedback law
(12). Assume that there exists a closed loop system with feedback parameters Ki , 0 ≤ i ≤ p and it has a realization (Y, A0 , . . . , A p ) where the
kth additional complex occur only in undelayed reactions as a source
complex, i.e. 1T [A0 ] · ,k > 0 and 1T [Ai ]·,k = 0 for 1 ≤ i ≤ p. Then, there
exist other feedback parameters Ki , 0 ≤ i ≤ p such that the corresponding closed loop system has a realization (Y, A0 , . . . , A p ), where



−1



−1

A0 = A0 + 1T [A0 ]·,k
Ai = Ai + 1T [A0 ]·,k

[A0 ]·,k [A0 ]k,· − ek [A0 ]k,· − [A0 ]·,k ek T



[K0 ]·,k [A0 ]k,· − [K0 ]·,k ek T ,

−1

[K0 ]·,k [A0 ]k,· − [K0 ]·,k ek T .

To construct the delayed feedback gains Ki , we consider





= Mi + B Ki + 1T [A0 ]·,k

Y Ai

−1



[K0 ]·,k [Ai ]k,· , for 1 ≤ i ≤ p,

so the feedback gains have the form



Ki = Ki + 1T [A0 ]·,k

−1

[K0 ]·,k [Ai ]k,· , for 1 ≤ i ≤ p.


Lemma 4.3. Let Ai and Ai be nonnegative matrices where the matrices Ai are constructed by (19), for 0 ≤ i ≤ p. Then,







Ker A − diag(1T A ) ⊆ Ker A − diag(1T A ) .





Proof. Let us take an element q of Ker A − diag(1T A ) , then



qk = 1T A·,k

−1

Ak,· q.

(20)

Let us consider the product (A − diag(1T A ))q as follows





A − diag(1T A ) q





−1

= A − diag(1T A ) + 1T A·,k A·,k Ak,· − ek Ak,· q
− (A·,k − 1T A·,k ek )qk .

(21)



A p − diag(1T A ) q





= A − diag(1T A ) + 1T A·,k



− 1T A·,k

−1

−1

A·,k Ak,· − ek Ak,·



A·,k Ak,· + ek Ak,· q





that means q ∈ Ker A − diag(1T A ) .



Theorem 4.1. Consider the open loop system (11) and the feedback
law (12). Suppose there exists a complex balanced closed loop system
(13) with additional complexes and equilibrium points in the set E+ of
Eq. (9). Then there exists another complex balanced closed loop system
without additional complexes that has equilibrium points E+ such that
E+ ⊆ E+ .
Proof. Now we make use of the previously proven Lemmas.
If there exists a closed loop system with a complex balanced realization (Y, A0 , . . . , A p ), then there exists another one
with realization (Y, A0 , . . . , A p ) where the additional complexes



[A0 ]·,k [Ai ]k,· − ek [Ai ]k,· , for 1 ≤ i ≤ p,
(19)

A = A + 1 A·,k



K0 = K0 + 1T [A0 ]·,k



−1

−1



and therefore the feedback parameter K0 is



which gives a closed
(Y, A0 , . . . , A p ). 

T



= A − diag(1T A ) q = 0.

i=0





= M0 + B K0 + 1T [A0 ]·,k



Proof. Proof of Lemma 4.1 To prove this lemma, we can construct
the feedback parameters Ki , 0 ≤ i ≤ p as [Ki ]·, j = [Ki ]·, j for j = k,
0 ≤ i ≤ p, [Ki ]·,k = 0 for 1 ≤ i ≤ p, and

and



Y A0 − diag(1T A + 1T [A0 ]·,k ek T )

We can now substitute (20) into (21) to obtain

i=0

[K0 ]·,k =

Then, we can construct the corresponding feedback gains such
that



The following three lemmas and a theorem show that additional complexes in the feedback loop do not improve the complex
balanced property of the realization and the equilibrium point.

5

T

A·,k Ak,· − ek Ak,· − A·,k ek .

Proof. Proof of Lemma 4.2 The matrices Ai , 0 ≤ i ≤ p remain nonnegative, because [Ai ]k,k = 0, so (Y, A0 , . . . , A p ) is a valid realization.



are isolated (see Lemma 4.2). Furthermore, Ker A − diag(1T A ) ⊆





Ker A − diag(1T A ) (according to Lemma 4.3.). From the assumption it follows that (Y, A0 , . . . , A p ) is complex balanced, therefore
the set of equilibrium points of (13) can be described as

E+ = x ∈ Rn+



| ψ (x ) ∈ Ker A − diag(1T A ) .

Therefore, (Y, A0 , . . . , A p ) is also complex balanced and E+ ⊆ E+ .
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4.2. The effect of additional monomials on the uniqueness of the
equilibrium point
Finally we show that considering additional monomials in the
feedback can ensure the uniqueness of the complex balanced equilibrium point of the closed loop system.
The following lemma is the immediate consequence of Corollary 4.6 in [7].

Remarks.
(R1) In the optimization problem (14)–(17), we use an arbitrary linear objective function, since the fundamental control
goals are achieved through satisfying the constraints. Deﬁning the goal of the optimization as minimizing the L1 norm
of the vector composed of the feedback gain entries, i.e.

min

Lemma 4.4. If (Y, A0 , . . . , A p ) is weakly reversible then

 

Ki ,Ai



S = Im Y A − diag(1T A ) .
Using this result, we can prove the following theorem.
Theorem 4.2. Consider the open loop system (11) and the feedback
law (12). Suppose there exists a complex balanced closed loop system (13) with the equilibrium
points E+ . Furthermore, assume that

dim Im(M ) + Im(B ) = n and B has a rational basis. Then, there exists another feedback law with additional monomials such that the
new closed loop system has only one positive equilibrium point, i.e.
E+ = {x∗ }, where x∗ ∈ E+ and it is complex balanced.
Proof. Consider the new feedback in the form

u (t ) = u(t ) + K+ ψ+ (x(t )) + K− ψ− (x(t )),
where ψ+ and ψ− contain the new monomials. The new monomials are generated by Y+ , and Y− such that Im(Y+ − Y− ) = Im(B ),
and Y+ , and Y− are nonnegative integer matrices. The feedback parameters fulﬁll the following conditions

and

BK− = (Y+ − Y− ) · diag(ψ− (x∗ ))−1 .
The new closed loop system has a kinetic realization in the form

Y = Y

Y+



Y− ,

⎡

A

0

A0 = ⎣ 0

0

0
and

Ai =



Ai
0
0

To show
the
new


0

0
0
0

⎤



M0 =

that x∗ is a complex balanced equilibrium of
closed
 loop system, we rewrite the expression

⎤

⎣diag(ψ− (x∗ ))−1 ψ− (x∗ ) − diag(ψ+ (x∗ ))−1 ψ+ (x∗ )⎦ =
diag(ψ+ (x∗ ))−1 ψ+ (x∗ ) − diag(ψ− (x∗ ))−1 ψ− (x∗ )

 

0
0 .
0

By using the Lemma 4.4, we get the corresponding stoichiometric subspace as follows



BK−

BK+



(22)

where x1 , x2 are the states, u is the input and τ 1 > 0 is an arbitrary
constant time delay. The open loop system is characterized by the
following matrices



A ψ (x∗ ) − diag(1T A ) ψ (x∗ )

5.1. A simple low dimensional computational example

x˙ 2 (t ) = −x2 (t ) + x21 (t − τ1 ),

0

0
0 , for 1 ≤ i ≤ p.
0

S = Im M + BK

5. Illustrative examples

x˙ 1 (t ) = 2x21 (t ) − 2x1 (t )x2 (t ) + u(t )

A − diag(1T A ) ψ (x∗ ) as follows

⎡

results in sparse feedback matrices, and can be easily ﬁt into
both linear programming and semideﬁnite programming.
There are other possible choices, e.g. in [21], we proposed
an objective function which minimizes the eigenvalue of the
linearized closed-loop system with the largest real part.
(R2) It is straightforward to introduce additional linear constraints for the feedback structure, e.g. we can prescribe a
distributed control structure, or exclude certain delays from
the feedback.
(R3) The existence of a solution to the feedback design problem
can be decided by checking the feasibility of the optimization
problem (14)–(17) in the framework of linear programming. If
it is infeasible with the given input structure then there is
no feedback that could make the closed loop system complex balanced kinetic with the given equilibrium point.

5.1.1. System description
Let us consider the nonnegative open loop system in the form

diag(ψ− (x∗ ))−1 ⎦,

diag(ψ+ (x∗ ))−1

|[Ki ] j,k |

i=0 j=1 k=1

In the following, we present the applicability of the proposed
design technique on illustrative examples. The algorithms were
implemented in [26] using the YALMIP modeling language [23].
MOSEK [1] was used to solve the SDP problems.

BK+ = (Y− − Y+ ) · diag(ψ+ (x∗ ))−1 ,



p
m 
m



,

which contains the subspace Im(M ) and Im(B). Therefore, the dimension of the stoichiometric subspace is n which implies that the
new closed loop system has only one positive equilibrium x∗ which
is complex balanced. 


Y =

0
1

0
−1
2
0

2
0







−2
0
, M1 =
0
0



1
1
, B=
1
0





0
1

0
,
0

.

For u(t ) = 0, the system has an unstable positive equilibrium point
in x∗1 = x∗2 = 1.
5.1.2. Stabilizing feedback design
The aim of the feedback is to stabilize x∗ . In this case, we extend the original optimization problem (14) by an additional constraint to exclude the delay element from the feedback. Then the
optimization gives the following feedback parameters



K0 = 3.2089

−4





0.7911 , K1 = 0

0



0 ,

and therefore, the input is computed as

u(t ) = 3.2089x2 (t ) − 4x21 (t ) + 0.7911x1 (t )x2 (t ).

(23)
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Fig. 3. Reaction graph of the closed loop realization (24).

Fig. 5. Simulation results for the system described in Section 5.2.1 with the
delay τ1 = 0.5. The loop was closed with the stabilizing feedback described in
Section 5.2.2. The different initial functions are randomly sampled constant functions (blue asterisks). In this case, we have a set of complex balanced equilibria
(red dashed line), so the trajectories (solid blue curves) converge to different equilibria. (For interpretation of the references to color in this ﬁgure legend, the reader
is referred to the web version of this article.)
Fig. 4. Simulation results for the system (22) with the stabilizing feedback (23).
The simulation is started from two different constant initial functions, φ1 (s ) = 1.3,
and φ2 (s ) = 0.8 with two different time delays τ1 = 0.5, and τ1 = 1. The blue and
green curves show the simulated states x1 and x2 , respectively. The dashed-curves
correspond to the larger delay τ1 = 1. (For interpretation of the references to color
in this ﬁgure legend, the reader is referred to the web version of this article.)

x˙ 2 (t ) = 4x1 (t − τ1 )x2 (t − τ1 )x3 (t − τ1 ) + 3x21 (t )x2 (t )

The computed feedback (23) does not contain delay. The computed
kinetic realization of the closed loop system is given by

where x1 , x2 , and x3 are the states, u is the input, and τ 1 denotes
the state delay. Using the notations of this paper, we can construct
the following matrices



A0 =

0
1
1.209

0
0
0



1.209
0
, A1 =
0



0
0
0

1
0
0



0
0 ,
0

(24)

which is complex balanced at the equilibrium point x∗1 = x∗2 = 1, so
the closed loop system is stable. The stability is guaranteed by the
following Lyapunov–Krasovskii functional [18]

V (xt ) = x1 (t )[ln(x1 (t )) − 1] + x2 (t )[ln(x2 (t )) − 1] + 2
+

t
t−τ1





x21 (s ) ln(x21 (s )) − 1 + 1 ds.

Fig. 3 shows the reaction graph of the closed loop system and
Fig. 4 illustrates the time domain behavior.
5.2. Illustrative example on choosing the additional monomials in the
feedback structure
In this subsection, we show a simple example, where we can
achieve a unique complex balanced equilibrium only with additional monomials. First, we design a feedback which transforms
the open loop system to a complex balanced closed loop. After
that, we choose additional monomials according to Theorem 4.2.
Finally, we compute a new feedback with these additional monomials which transforms the system such that it has a unique complex balanced equilibrium.

− 5x1 (t )x22 (t ) + u(t )
x˙ 3 (t ) = −x1 (t )x2 (t )x3 (t ) + 2x1 (t )x22 (t ),



M0 =


Y =

−5
3
0

0
0
−1

1
1
1



2
1
0





−3
−5 , M1 =
2

1
2 , B=
0

 

5
4
0

0
0
0



0
0 ,
0

1
1 .
0

The goal of this feedback design is transform the open-loop
system such that it has a unique complex balanced equilibrium
x∗ = [1 2 4]T .
5.2.2. Stabilizing feedback design without additional monomials
Without additional complex the optimization problem (14)–(18)
is infeasible, there exists no complex balanced closed loop system
with only one equilibrium. Without the constraint (18), however,
the problem is feasible. Then we get the following feedback matrices



K0 = −1

0.2387





3 , K1 = −3

0.7613

and closed loop realization matrices



A0 =

0
0
0

0
0
3.7462



2
0 , A1 =
0



0
1
0

0
0.2538
0.2538



0 ,



0
0 .
0

5.2.1. System description
Consider the three dimensional time delay system with one input as follows

The set of positive equilibria is

x˙ 1 (t ) = 5x1 (t − τ1 )x2 (t − τ1 )x3 (t − τ1 ) − 5x21 (t )x2 (t )

Fig. 5 shows the simulation result of this case with different
constant initial functions. It is visible that different initial functions
lead to different equilibria with this constrained type of feedback.

− 3x1 (t )x22 (t ) + u(t )

E+ = x ∈ Rn+

| x ∈ Im(x∗ ) .
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Feedback designed by optimization. We may also consider the additional monomials in the optimization problem (14)–(18) to get
the new feedback. In that case, the new feedback gains are





K0 = −1

0.0716

3

0

0.1363 ,

K1 = −3

0.2954

0

0

0.4967 .





The corresponding realization has the form

⎡0

⎢0
A 0 = ⎢0
⎣
0
0

2
0
0
0
0

0
0
0
0
0

0
0.5267⎥
0.5267⎥,
⎦
0
0

⎢1
A 1 = ⎢0
⎣
0
0

0
0.0670
0.0670
0
0.0946

0
0
0
0
0

0
0
0
0
0

0
0.1063⎥
0.1063⎥.
⎦
0
0.1778

⎡0

Fig. 6. Simulation results for the system described in Section 5.2.1 with the delay τ1 = 0.5. The loop was closed with the stabilizing feedback constructed by
Theorem 4.2. The different initial functions are randomly sampled constant functions (blue asterisks). In this case, we have a unique complex balanced equilibrium
(red asterisk). Trajectories (solid blue curves) converge to the desired equilibrium
x∗ = [1 2 4]T . (For interpretation of the references to color in this ﬁgure legend, the
reader is referred to the web version of this article.)

5.2.3. Stabilizing feedback design with additional
monomials

As the condition dim Im(M ) + Im(B ) = n is fulﬁlled, and B has
a rational basis, we can design a new feedback with additional
monomials which guarantees the uniqueness of x∗ . We use the
construction of Theorem 4.2 to get a suﬃcient set of new monomials as follows

 

2
2 , Y− =
0

Y+ =

 

1
1 .
0

⎤

0
0
3.3
0
1.1715

⎤

Comparison of the two feedback design methods. It is important
to note that both feedback result in a closed loop system which
is complex balanced and has the unique equilibrium x∗ = [1 2 4]T ,
but their feedback gains and complex balanced realizations are different.
The optimization based method offers the possibility to specify
other design goals (e.g. no delay in the feedback), too. In this case,
one computes the L1 minimization of the feedback coeﬃcients that


gives i, j,k |[Ki ] j,k | = 8.75 and i, j,k |[Ki ] j,k | = 8.
The other difference between the two feedback gains is that
the optimization based feedback uses less monomials, namely ψ+
has zero coeﬃcient in K0 and K1 . On the other hand, the method
based on Theorem 4.2 is computationally simpler, it requires only
to solve an LP optimization problem.
6. Conclusions and future work

Then the extended complex composition matrix is



Y =

1
1
1

2
1
0

1
2
0

2
2
0

1
1
0



with the additional feedback monomials in the last two columns.
There are two ways to obtain the new feedback: by using the
construction of Theorem 4.2, or by using the result of the optimization problem (14)–(18). Next we show the results of both
methods.
Feedback constructed by using Theorem 4.2. In this case, the
gains of the additional monomials are K+ = −0.25 and K− = 0.5.
Then the corresponding feedback gains are



K0 = −1

0.2387

3

−0.25

K1 = −3

0.7613

0

0





0.5 ,



0 ,

and the complex balanced realization is

⎡0

⎢0
A0 = ⎢0
⎣
0
0

0
0
3.7462
0
0

2
0
0
0
0

0
0
0
0
0.25

⎢1
A 1 = ⎢0
⎣
0
0

0
0.2538
0.2538
0
0

0
0
0
0
0

0
0
0
0
0

⎡0

⎤

0
0 ⎥
0 ⎥,
⎦
0.5
0

⎤

0
0⎥
0⎥.
⎦
0
0

Fig. 6 shows the simulation result of this case using different
constant initial functions. The ﬁgure shows that now all trajectories
converge to the desired unique equilibrium point.

A feedback design method was proposed in this paper to transform a delayed polynomial system with linear input structure
to a delayed complex balanced kinetic system which guarantees
semistability or local asymptotic stability.
The existence and computability of the feedback do not depend on the magnitude of the delays. Moreover, the applied
optimization-based computation framework allows the introduction of additional design requirements by appropriately selecting
the objective function or by introducing further linear constraints
such as the exclusion of delayed monomials from the feedback.
All the required computations can be performed by convex optimization. The problem can be solved by linear programming, when
only semistability of the chosen equilibrium point is needed. If one
wants to ensure the uniqueness of the chosen closed loop equilibrium point, then the extended optimization problem requires the
application of semideﬁnite programming.
Furthermore, we have shown that involving new monomials
into the feedback law does not improve the solvability of the
feedback design problem from the point of view of the existence
of complex balanced closed loop realizations. However, assuming
mild conditions, two alternative systematic methods have been
proposed to extend the initial feedback with additional monomials
to ensure the uniqueness of the selected complex balanced equilibrium. One of the design methods requires to solve an LP optimization problem even in this extended case. This result can also
be applied for non-delayed polynomial models and therefore, improves the methodology described in [21] as well.
Further work will be focused on generalizing our method to
handle parametric uncertainty, similarly to our previous results in
[21]. Furthermore, we plan to relate our stability conditions to
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other existing results such as [2] and [6] that were derived for different delayed model classes.
Acknowledgments
The authors acknowledge the support of the National Research, Development and Innovation Oﬃce through the grant NKFIH 131501/131545. The work was partially supported by the European Union, co-ﬁnanced by the European Social Fund through the
grant EFOP-3.6.3-VEKOP-16-2017-0 0 0 02. We acknowledge the constructive and useful comments and suggestions of the anonymous
Reviewers of both the present paper and its earlier conference version [17] that helped us to improve the manuscript signiﬁcantly.
Supplementary material
Supplementary material associated with this article can be
found, in the online version, at doi:10.1016/j.ejcon.2020.06.007.
References
[1] M. ApS, 2017. The MOSEK Optimization Toolbox for MATLAB Manual. Version
8.1. https://docs.mosek.com/9.2/toolbox/index.html.
[2] C. Briat, Stability and performance analysis of linear positive systems with
delays using input–output methods, Int. J. Control 91 (7) (2017) 1669–1692,
doi:10.1080/00207179.2017.1326628.
[3] V. Chellaboina, S.P. Bhat, W.M. Haddad, D.S. Bernstein, Modeling and analysis
of mass-action kinetics, IEEE Control Syst. 29 (4) (2009) 60–78, doi:10.1109/
mcs.2009.932926.
[4] V. Chellaboina, W. Haddad, J. Ramakrishnan, T. Hayakawa, Direct adaptive control of nonnegative and compartmental dynamical systems with time delay, in:
Proceedings of the 2004 American Control Conference, IEEE, 2004, pp. 1235–
1240, doi:10.23919/acc.2004.1386742.
[5] G. Craciun, 2015. Toric Differential Inclusions and a Proof of the Global Attractor Conjecture. arXiv:1501.02860.
[6] E. Devane, I. Lestas, Delay-independent asymptotic stability in monotone systems, IEEE Trans. Autom. Control 61 (9) (2016) 2625–2631, doi:10.1109/tac.
2015.2498137.
[7] M. Feinberg, Lectures on Chemical Reaction Networks, Notes of Lectures Given
at the Mathematics Research Center, University of Wisconsin, 1979.
[8] G. Franze, D. Famularo, A. Casavola, Constrained nonlinear polynomial timedelay systems: a sum-of-squares approach to estimate the domain of attraction, IEEE Trans. Autom. Control 57 (10) (2012) 2673–2679, doi:10.1109/tac.
2012.2190189.
[9] I. Györi, Two approximation techniques for functional differential equations, Comput. Math. Appl. 16 (3) (1988) 195–214, doi:10.1016/0898-1221(88)
90180-0.
[10] W.M. Haddad, Nonnegative and Compartmental Dynamical Systems, Princeton
University Press, 2010.
[11] W.M. Haddad, V. Chellaboina, Stability theory for nonnegative and compartmental dynamical systems with time delay, Syst. Control Lett. 51 (2004) 355–
361, doi:10.1016/j.sysconle.20 03.09.0 06.
[12] J.K. Hale, S.M.V. Lunel, Introduction to Functional Differential Equations,
Springer, New York, 1993.
[13] K. Hangos, I. Cameron, Process Modelling and Model Analysis, Academic Press,
London, 2001.

9

[14] F. Horn, Necessary and suﬃcient conditions for complex balancing in chemical kinetics, Arch. Ration. Mech. Anal. 49 (3) (1972) 172–186, doi:10.1007/
bf00255664.
[15] F. Horn, R. Jackson, General mass action kinetics, Arch. Ration. Mech. Anal. 47
(2) (1972) 81–116, doi:10.10 07/bf0 0251225.
[16] G. Lipták, K.M. Hangos, G. Szederkényi, Approximation of delayed chemical
reaction networks, React. Kinet. Mech. Catal. 123 (2) (2018) 403–419, doi:10.
1007/s11144- 017- 1341- 5.
[17] G. Lipták, K.M. Hangos, G. Szederkényi, Stabilization of time delayed nonnegative polynomial systems through kinetic realization, in: Proceedings of the
18th European Control Conference (ECC), 2019, pp. 3138–3143, doi:10.23919/
ecc.2019.8795606.
[18] G. Lipták, M. Pituk, K.M. Hangos, G. Szederkényi, Semistability of complex balanced kinetic systems with arbitrary time delays, Syst. Control Lett. 114 (2018)
38–43, doi:10.1016/j.sysconle.2018.02.008.
[19] G. Lipták, J. Rudan, K.M. Hangos, G. Szederkényi, Stabilizing kinetic feedback
design using semideﬁnite programming, IFAC-PapersOnLine 49 (24) (2016) 12–
17, doi:10.1016/j.ifacol.2016.10.744.
[20] G. Lipták, G. Szederkényi, K.M. Hangos, Computing zero deﬁciency realizations
of kinetic systems, Syst. Control Lett. 81 (2015) 24–30, doi:10.1016/j.sysconle.
2015.05.001.
[21] G. Lipták, G. Szederkényi, K.M. Hangos, Kinetic feedback design for polynomial
systems, J. Process Control 41 (2016) 56–66, doi:10.1016/j.jprocont.2016.03.002.
[22] X. Liu, Constrained control of positive systems with delays, IEEE Trans. Autom.
Control 54 (7) (2009) 1596–1600, doi:10.1109/tac.2009.2017961.
[23] J. Lofberg, YALMIP : a toolbox for modeling and optimization in MATLAB,
in: Proceedings of the 2004 IEEE International Conference on Robotics and
Automation (IEEE Cat. No.04CH37508), IEEE, 2004, pp. 284–289, doi:10.1109/
cacsd.2004.1393890.
[24] M.S. Mahmoud, Recent progress in stability and stabilization of systems with
time-delays, Math. Probl. Eng. (2017), doi:10.1155/2017/7354654. ID: 7354654.
[25] L. Márton, G. Szederkényi, K.M. Hangos, Distributed control of interconnected
chemical reaction networks with delay, J. Process Control 71 (2018) 52–62,
doi:10.1016/j.jprocont.2018.09.004.
[26] MATLAB, Version 8.3.0 (R2014a), The MathWorks Inc., Natick, Massachusetts,
2014.
[27] A. Papachristodoulou, Robust stabilization of nonlinear time delay systems using convex optimization, in: Proceedings of the 44th IEEE Conference on Decision and Control, IEEE, 2005, pp. 5788–5793, doi:10.1109/cdc.2005.1583086.
[28] J.-P. Richard, Time-delay systems: an overview of some recent advances
and open problems, Automatica 39 (10) (2003) 1667–1694, doi:10.1016/
s0 0 05-1098(03)0 0167-5.
[29] M.R. Roussel, The use of delay differential equations in chemical kinetics, J.
Phys. Chem. 100 (20) (1996) 8323–8330, doi:10.1021/jp9600672.
[30] A. van der Schaft, S. Rao, B. Jayawardhana, Complex and detailed balancing of
chemical reaction networks revisited, J. Math. Chem. 53 (6) (2015) 1445–1458,
doi:10.1007/s10910-015-0498-2.
[31] H.L. Smith, Monotone Dynamical Systems. An Introduction to the Theory of
Competitive and Cooperative Systems, Mathematical Surveys and Monographs,
41, American Mathematical Society, Providence, Rhode Island, 1995.
[32] E. Sontag, Structure and stability of certain chemical networks and applications
to the kinetic proofreading model of T-cell receptor signal transduction, IEEE
Trans. Autom. Control 46 (7) (2001) 1028–1047, doi:10.1109/9.935056.
[33] Y. Takeuchi, Global Dynamical Properties of Lotka–Volterra Systems, World Scientiﬁc, Singapore, 1996.
[34] M. Vághy, G. Szlobodnyik, G. Szederkényi, Kinetic realization of delayed polynomial dynamical models, IFAC-PapersOnLine 52 (7) (2019) 45–50, doi:10.
1016/j.ifacol.2019.07.008.
[35] P. Érdi, J. Tóth, Mathematical Models of Chemical Reactions. Theory and Applications of Deterministic and Stochastic Models, Manchester University Press,
Princeton University Press, Manchester, Princeton, 1989.

Please cite this article as: G. Lipták, K.M. Hangos and G. Szederkényi, Stabilizing feedback design for time delayed polynomial systems
using kinetic realizations, European Journal of Control, https://doi.org/10.1016/j.ejcon.2020.06.007

