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Abstract. This paper presents an urban road environment-type (RET)
detection algorithm for an ego-vehicle that is equipped with an auto-
matic traffic sign recognition (TSR) system. The RETs considered in
the paper are the downtown, the residential, and the business/industrial
areas. The Galois-lattice (GL) often used in formal concept analysis
(FCA) is employed to specify the RET detection problem in a formal
manner. With the help of the GL, a correspondence between the traffic
sign (TS) and crossroad (CR) categories, on the one hand, and the RETs,
on the other, is established and represented. This correspondence is also
characterized by means of a fuzzy matrix structure, and its alpha-cuts.
After an FCA-based learning process, in the detection phase, i.e., while
the ego-car is driven along the route, the maximum couplings between
RETs and TS/CR sets are searched for in an on-the-fly manner. The
proposed RET detection method is suitable for real-time implementa-
tion. The paper underlines the importance and applicability of GLs in
classification problems.

Keywords: Road environment-type detection · Fuzzy sets ·
Galois-lattice · Formal concept analysis · Knowledge discovery and
representation

1 Introduction

A smart vehicle is capable of detecting its environment, and navigate along
a route either with the help of the driver, i.e., being driven by the driver, or
indeed all by its own, i.e., in total autonomy. The available technologies rely
on various input data streams. These streams can be generated by one or more
camera, one or more infrared sensor, one or more LiDAR, one or more radar,
etc. Current research developments produce innovative sensor fusion solutions
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that build upon computer vision, sensor networks, machine learning and artificial
intelligence techniques, including deep learning approaches, see e.g., [12].

A traffic sign (TS) based urban road environment-type (RET) detection sys-
tem was proposed in [5]. The RET detection system gathers TS data along the
route with the help of the TSR system, and employs a stochastic change detec-
tion method in respect of the collected TS data to identify RET change-points,
i.e., certain road locations, along a route. Various variants of TS-based RET
detection system was proposed later, e.g., [6–8] and [9]. These detection meth-
ods rely on different computing techniques ranging from the shallow artificial
neural networks (ANNs) to the heuristic rule-based decision making techniques.
Some of these approaches use additional input data types, such as types and
location of the encountered crossroads (CRs) along the route. Clearly, numerous
other input data-types could be employed for the purpose, e.g., number of lanes
along the route, width of the actual road/lane.

Galois lattices (GL) are algebraic structures related to the order theory, see
e.g., [3,4]. Galois structures and concept lattices are key structures of the formal
concept analysis (FCA), [10,13], which is a widely used data mining method-
ology for formal contexts composed of objects, which are in turn described by
attributes. A good introduction to GLs is given by [1] via a fairly common edu-
cational example: evaluation of class-test results by a teacher. The educational
and test-design conclusions are also interesting for an educational practitioner,
including those working in the higher education.

Closer to our present topic of detecting the road environment, in partic-
ular, the road environment meant in a socio-economic sense and viewed at a
corresponding scale, a knowledge-based agricultural landscape analysis frame-
work was proposed in [11]. The GL-based framework presented there includes a
concept lattice structure of topological relations for qualitative spatial reason-
ing. The main objective was to recognize landscape models on land-use maps
extracted from satellite images. These models are abstract models describing
agricultural spatial structures as sets of spatial entities and qualitative spatial
relations between these entities. The map-regions, or zones, can represent certain
agricultural environments, such as crops, meadows, forest, buildings, etc.

In the present paper, a GL is employed to capture the correspondence
between traffic signs (TSs) and crossroads categories (CRs), on the one hand, and
urban RETs, on the other. The three urban RETs considered are the downtown,
residential, and business/industrial areas. These characterize the road environ-
ments around the ego-car, and provide a hint for the driver about the traffic
safety risks associated with such areas. The detection approach presented here
takes into account only certain – i.e., relevant for the purpose – TS types. Fur-
thermore, for a TS to be considered in the computations, it needs to be visi-
ble/detectable from the ego-car moving along its route.

As a first processing step, fuzzy sets are created based on the occurrence
probabilities of the TS types within the urban RETs. Then, the correspondence
between TSs and urban RETs – by means of the alpha-cuts applied to the fuzzy
matrix built in the previous step – are established. Then, a learning process –
based on a FCA method – explores and highlights the maximum couplings that
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exsist between a TSs and the RETs. In the next processing step, these maximum
couplings are used in the inference of the actual RET. A new, efficient closed
sets exploration procedure for characterizing the individual RETs is proposed in
the paper to support the inference.

The remainder of the paper is structured as follows. Section 2 provides a brief
recall of the fuzzy concepts used. In Sect. 3, an FCA-based RET detection app-
roach is described, while in Sect. 4, the software architecture of the implemented
prototype, as well as the methodology of its deployment is covered. A simple,
but illustrative example is given to show the main processing steps. Finally, in
Sect. 5, the conclusions are drawn.

2 Preliminaries

This work focuses on the algebraic calculations – carried out within and with the
help of GL structures – to reason about the relationships between the elements of
a domain, e.g., various TSs, CRs and the considered RETs. It also makes use of
the fuzzy sets and related concepts. The notations and the necessary definitions
for understanding the rest of the paper are given in this section. We recall the
definitions of fuzzy set and GL concepts based on [2,14,15].

2.1 Fuzzy Concepts

Definition 1: If X is a collection of objects denoted generically by x, then a
fuzzy set ˜A in X is a set of ordered pairs.

˜A = {x, μ
˜A(x)|x ∈ X} (1)

μ
˜A(x) is the membership function, or grade – in some publications also

referred to as the degree of compatibility, or the degree of truth – of x in ˜A
that maps X to the membership space M (When M ={0, 1}, ˜A is crisp set and
μ

˜A(x) is identical to the characteristic function of non-fuzzy set).
The (crisp) set of elements that belong to the fuzzy set ˜A at least to the

degree α is called the α − level set:

Aα = {x ∈ X | μ
˜A(x) ≥ α} (2)

A′
α = {x ∈ X | μ

˜A(x) > α} is called “strong α − level set” or “strong
α − cut”. Throughout this paper, the following notations have been used. R

+ =
[0,∞);X = {x1, x2, ..., xn} is the universal set; F(X) is the class of all fuzzy sets
of X; μA(xi) : X −→ [0.1] is the membership function of A ∈ F(X); Ac ∈ F is
the complement of A ∈ F .
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2.2 Formal Concept Analysis Concepts

Definition 2: A formal context k := (G,M, I) consists of two sets G and M
and a relation I between G and M . The elements of G are called the objects
and the elements of M are called the attributes of the context. In order to
express that an object g is in a relation I with an attribute m,we write gIm or
(g,m) ∈ I and read it as “the object g has the attribute m” [4,10,13].

Definition 3: For a set A ⊆ G of objects we define

A′ = {m ∈ M | gIm for all g ∈ A} (3)

(the set of attributes common to the objects in A). Correspondingly, for a set B
of attributes we define

B′ = {g ∈ G | gIm for all m ∈ B} (4)

(the set of objects which have all attributes in B ).

Definition 4: a formal concept of the context (G,M, I) is a pair (A,B) with
A ⊆ G,B ⊆ M,A′ = B and B′ = A. We call A the extent and B the intent
of the concept (A,B). B(G,M, I) denotes the set of all concepts of the context
(G,M, I).

Proposition: if (G,M, I) is a context, A,A1, A2 ⊆ G are sets of objects and
B,B1, B2 are sets of attributes. Then :

1) A1 ⊆ A2 ⇒ A′
2 ⊆ A′

1 1,) B1 ⊆ B2 =⇒ B′
2 ⊆ B′

1

2) A ⊆ A′′ 2,) B ⊆ B′′

3) A′ = A′′′ 3,) B′ = B′′′

4) A ⊆ B′ ⇐⇒ B ⊆ A′ ⇐⇒ A × B ⊆ I.

Definition 5: If (A1, B1) and (A2, B2) are concepts of a context, (A1, B1) is
called a subconcept of (A2, B2), provided that A1 ⊆ A2(which is equivalent
to B2 ⊆ B1). In this case, (A2, B2) is a superconcept of (A1, B1), and we
write (A1, B1) � (A2, B2). The relation � is called the hierarchical order(or
simply order) of the concepts. The set of all concepts of (G,M, I) ordered in this
way is denoted by B(G,M, I) and is called the concept lattice of the context
(G,M, I).

2.3 Fuzzy Galois Lattice

Inaccurate and fuzzy values either measured in physical systems, or detected
in, calculated for biological, economic, or social systems inspired great deal of
research among others in the field of fuzzy FCA [2], particularly with regard
to the generalization of closure operators concerning fuzzy relations and the
underlying problem of fuzzy formal concepts generation.
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The FCA consists in inducing formal concepts <Objects,Attributes> from
a formal binary context. These formal concepts are based on the following def-
inition: “An object belongs to the Objects subset, if it has all the attributes”
[10]. Since the relation considered in the formal context is Boolean, an object
has an attribute altogether, or does not have it at all. Indeed, in real problems
the FCA is brought to use formal contexts of various nature, obtained by mea-
surements, observations, judgments, etc., where the relation between an object
and an attribute can be more uncertain, and less specific. Or even gradual, or
imprecise. Various approaches have been proposed for the extension of the FCA
to the fuzzy ‘worls’.

3 RET Detection by Means of FCA

3.1 Notation

Hereinafter, we describe some useful notations for the rest of the paper.
Ei = {spatial object of layer (i)} =

{

em,i
j |j = 1..n

}

which defines a layer.
The set of all layers: E = ∪iEi.

ϑi (m, ε) = {o ∈ Ei |δ (m, o) ≤ ε
∨ L (m, o) � true} all the objects of the

layer Ei which are at a distance ε from the mobile (i). L (m, o) defines a spatial
predicate between the mobile m and the object o.

C = Road Environment − Type (RET ) = {σi |i = 1..m} .

Example:
C = {downtown, residential area, business |industrial area , . . .}

θm,j
i,k = L

(

σi, e
m,j
k

)

� true

The context is built by a learning process, e.g., a set of vehicles col-
lects information concerning the RETs and the CR categories along certain
routes. Induction type urban area explained by the other variables (according
to layer) :C × Ei, ou C ×j=k

j=1 ⊕Ej . This correspondence will be designated by

: �
{�:layers}
m being the set of topics considered for the context. Induction type

urban area explained by the other variables (according to selected layers). We
define �

{�:layers}
� =j=k

j=1 ⊕�
{�:layers}
m , where ⊕ denotes an algebraic operation on

matrices (t-conorm of fuzzy relations sets) Λα (γi, σj) = {1; if [∧(γi,σj)�α]
0; otherwise

Where:

ETS = {γ1, γ2, γ3, γ4}; ECR = {γ5, γ6, γ7, γ8, γ9}; C = {σ1, σ2, σ3}.

Hereafter we illustrate this process by infered fuzzy sets:

(D)σ1 =
{
γ1/0.22, γ2/0.18, γ3/0.07, γ4/0.02, γ5/0.28, γ6/0.13, γ7/0.01, γ8/0.001, γ9/0.05

}

(R)σ2 =
{
γ1/0.03, γ2/0.025, γ3/0.08, γ4/0.04, γ5/0.32, γ6/0.08, γ7/0.005, γ8/0.002, γ9/0.02

}

(IC)σ3 =
{
γ1/0.04, γ2/0.017, γ3/0.055, γ4/0.02, γ5/0.20, γ6/0.015, γ7/0.001, γ8/0.002, γ9/0.04

}
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Table 1. The probability of occurrence of TS’s and CR’s – along a 50m path-length
– in the three urban RE’s considered from [6].

σ1 σ2 σ3
RET Downtown Residential Industrial/Commercial

TS
γ1 22% 3% 4%
γ2 18% 2,5% 1,7%
γ3 7% 8% 5,5%
γ4 2% 4% 2%
γ5 28% 32% 20%
γ6 13% 8% 1,5%
γ7 1% 0,5% 0,1%
γ8 0,1% 0,2% 0,2%
γ9 5% 2% 4%

4 The FCA-based RET Detection Process

The analysis of formal concepts is an analytical practice based on graph theory
and strongly linked to Galois lattices [3]. It is a theory of mathematical algebra
that makes it possible to formalize concepts as basic units of human thought
and to analyze data in attribute-object form [10]. Created in the early 80’s and
over the last three decades, it has become a popular engineering tool for human-
centered knowledge representation and data analysis with many applications in
many fields. In this section, we rely on the GL foundations, [3,4], and illustrate
with a simple example the use and the interpretation of its elements. The main
definitions regarding Galois correspondences and GLs are presented in [3]. Other
results on GL redefined in the field of FCA appear in [10]. Herein, we use the
broad presentation given in [13].

4.1 RET Detection Process

1. Pre-processing: Fuzzy and alpa-cuts context construction,
2. Generation of closed sets and calculation of associated fuzzy sets,
3. For each detection vector do,
4. associate closed sets with extent (TSs) containing it,
5. For each closed set compute the fuzzy cardinality,
6. Select the closed set with maximum fuzzy cardinality and associate the intent

(RET) with the detection vector.

The data table below represents an example of the RET as a fuzzy formal context
(from Table 1)

We have:

(D) σ1 = {γ1/0.22, γ2/0.18, γ3/0.07, γ4/0.02, γ5/0.28, γ6/0.13, γ7/0.01, γ8/0.001, γ9/0.05}
(R)σ2 = {γ1/0.03, γ2/0.025, γ3/0.08, γ4/0.04, γ5/0.32, γ6/0.08, γ7/0.005, γ8/0.002, γ9/0.02}
(IC)σ3 = {γ1/0.04, γ2/0.017, γ3/0.055, γ4/0.02, γ5/0.20, γ6/0.015, γ7/0.001, γ8/0.002, γ9/0.04}
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Fig. 1. GL of the context given by Table 1, thresholds level: 0.04

Table 2. RET-fuzzy formal context illustration

Fuzzy closed set Fuzzy set– extent/intent

[γ3, γ4, γ5, γ6/R] {γ1/0, γ2/0, γ3/0.08, γ4/0.04, γ5/0.32, γ6/0.08, γ7/0, γ8/0, γ9/0}
[γ3, γ5, γ6/D, R] {γ1/0, γ2/0, γ3/0.07, γ4/0, γ5/0.28, γ6/0.13, γ7/0, γ8/0, γ9/0} ˜∩

{γ1/0, γ2/0, γ3/0.08, γ4/0, γ5/0.32, γ6/0.08, γ7/0, γ8/0, γ9/0}
= {γ1/0, γ2/0, γ3/0.07, γ4/0, γ5/0.28, γ6/0.08, γ7/0, γ8/0, γ9/0}

[γ3, γ5/R, D, IC] {γ1/0, γ2/0, γ3/0.07, γ4/0, γ5/0.28, γ6/0, γ7/0, γ8/0, γ9/0} ˜∩
{γ1/0, γ2/0, γ3/0.08, γ4/0, γ5/0.32, γ6/0, γ7/0, γ8/0, γ9/0} ˜∩
{γ1/0, γ2/0, γ3/0.055, γ4/0, γ5/0.20, γ6/0, γ7/0, γ8/0, γ9/0}
= {γ1/0, γ2/0, γ3/0.055, γ4/0, γ5/0.20, γ6/0, γ7/0, γ8/0, γ9/0}

[γ1, γ2, γ3, γ5, γ6, γ9/D] {γ1/0.22, γ2/0.18, γ3/0.07, γ4/0, γ5/0.28, γ6/0.13, γ7/0, γ8/0, γ9/0.05}
[γ1, γ3, γ5, γ9/D, IC] {γ1/0.22, γ2/0, γ3/0.07, γ4/0, γ5/0.28, γ6/0, γ7/0, γ8/0, γ9/0.05} ˜∩

{γ1/0.04, γ2/0, γ3/0.055, γ4/0, γ5/0.20, γ6/0, γ7/0, γ8/0, γ9/0.04}
= {γ1/0.04, γ2/0, γ3/0.055, γ4/0, γ5/0.20, γ6/0, γ7/0, γ8/0, γ9/0.04}

[γ1, γ2, γ3, γ4, γ5, γ6, γ7, γ8, γ9/∅] {γ1/0, γ2/0, γ3/0, γ4/0, γ5/0, γ6/0, γ7/0, γ8/0, γ9/0}

Table 2 gives the results of browsing within the GL. For each detection vector,
we associate the closed (intent/extent) set of the GL, whose intent contains it,
or with which the intersection with the intent is not empty. If several closed sets
are found, the fuzzy intersection of the intents is performed to determine the
extent (Table 3).

Table 3. RET detection process results

Detected sequence (50m) Closed set Fuzzy Sets RET
γ1 γ2 γ3 [γ1, γ2, γ3, γ5, γ9/D] {γ1/0.22, γ2/0.18, γ3/0.07} D
γ2 γ3 γ4 [γ3, γ4, γ5, γ6/R]

[γ1, γ2, γ3, γ5, γ9/D]
{γ3/0.08, γ4/0.04} /R[0.12]
{γ2/0.18, γ3/0.07} /D[0.25]

D

γ4 γ5 [γ3, γ4, γ5, γ6/R] {γ4/0.04, γ5/0.32} /R R
γ3 γ9 [γ1, γ2, γ3, γ5, γ9/D]

[γ1, γ3, γ5, γ9/D, IC]
{γ3/0.07, γ9/0.05} /D[0.12]
{γ3/0.055, γ9/0.04} /D, IC[0.095]

D

γ1 γ5 [γ1, γ2, γ3, γ5, γ9/D]
[γ1, γ3, γ5, γ9/D, IC]

{γ3/0.07, γ9/0.05} /D[0.12]
{γ3/0.055, γ9/0.04} /D, IC[0.095]

D

4.2 FCA Process and Architecture

In this section, we describe the use of the closed GL associated with the rela-
tionship expressing the dependencies between the TSs and the CRs, on the one
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hand, and RET, on the other hand. The exploration process starts with the col-
lection of various data from the road environments observed within the urban
network. This relatively large volume of data is then exploited to form probabil-
ities and matrix structures defining the dependencies, or couplings between the
elements being in relation. This step requires the choice of objects and attributes
in the (TS, CR) x RET repository. These structures materialize as fuzzy con-
texts, which will be subsequently thresholded (i.e., binarized according to some
thresholds) to create binary Galois correspondences. Then these contexts will be
used to generate GLs and thus lead to the exploration according to the holistic
exploration practice as presented in Fig. 1. It shows an illustrative example of
the process and the corresponding software architecture.

5 Conclusion

In this paper, an FCA approach was applied to the problem of urban RET
detection. Our purpose was to characterize the road environment – swishing
past around an ego-car – based on TS and CR occurrences detected by a TSR
system. The results obtained by browsing GL closed sets provide insight to the
detection intricacies. The results of the pilot-study was rather promising, but
large-scale tests are required to thoroughly validate the approach.
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