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Abstract— The paper proposes a hierarchical control design
of an electro-hydraulic actuator, which is incorporated in the
active anti-roll bars. The aim of the control system is to
generate a reference torque, which is required by the vehicle
dynamic control. The control-oriented model of the actuator is
formulated in two subsystems. The upper-level hydromotor is
described in a linear form, while the lower-level spool valve is a
polynomial system. These subsystems require different control
strategies. At the upper-level a Linear Parameter Varying
control is used to guarantee performance specifications. At
the lower-level a Control Lyapunov Function-based algorithm,
which creates discrete control input values of the valve, is
proposed. The interaction between the two subsystems is
guaranteed by the spool displacement, which is control input for
the upper-level and must be tracked by the lower-level control.
The spool displacement has physical constraints, which must
also be incorporated into the control design. The operation of
the actuator control system is illustrated through a simulation
example.

I. I NTRODUCTION AND MOTIVATION

An anti-roll bar is a device which connects the leftand right-hand-side suspensions on an axle. It consists of
two torsion bars and a hydraulic actuator. It is essential
for vehicles with high center of gravity, such as heavy
commercial vehicles. The active anti-roll bar generates a
torque between the sprung and unsprung masses in order
to improve comfort by reducing body roll and balance the
effect of the destabilizing roll moment generated by lateral
acceleration.
Various methods in the fields of control design of active
anti-roll bars have been presented, see e.g., [1]. An LQG
method in the design of anti-roll control was proposed by
[2]. A combined differential braking and anti-roll bars with
an Linear Parameter Varying (LPV) control design method
was proposed by [3]. An active roll control system based on
a modified suspension system was developed with distributed
control architecture in [4]. A new H∞ /LPV control method
to improve the trade-off between comfort and suspension
travel was proposed by [5].
The literature of hydraulic control systems is also very
extensive. The robotic applications of the commonly used
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electronically-controlled actuators, such as electromagnetic
motors, hydraulic, pneumatic and piezoelectric actuators
were detailed and compared in [6]. Several papers have
proposed control methods for hydraulic actuators. A nonlinear PID controller for a hydraulic positioning system was
proposed by [7]. A velocity tracking robust PID control of
a hydraulic cylinder based on linear model with parameter
uncertainties was published in [8]. A sliding control to deal
with a highly nonlinear model was proposed by [9]. A
mathematical model for solenoid valves was proposed by
[10]. In [11] a robust low-order control design of an electrohydraulic cylinder was presented and analyzed on a test
bed. The modelling and control of a hydraulic servo system,
targeting at frequency domain based controller design and the
implementation of a LPV controller was proposed by [12].
An LPV modeling and control design with LMI approach
for position tracking control of a class of electro-hydraulic
servo systems driven by double-rod hydraulic actuators was
proposed by [13].

Fig. 1.

Oscillating hydromotor actuator

The paper analyses an electro-hydraulic actuator, namely
an oscillating hydromotor, controlled by a spool valve. The
oscillating hydromotor is a rotary actuator with two cells,
separated by vanes. The pressure difference between the
vanes generates a torque on the central shaft, which has a
limited rotation angle. The hydromotor is connected to a
symmetric 4/2 four-way valve and the spool is controlled by
a solenoid valve. The spool has a limited distance to move
and the input current can only take discrete values. Since
the system has high energy density, it requires small space

and it has low mass. In addition, the actuator has a simple
construction, however, it requires an external high pressure
pump [14].
In the paper a hierarchical control design of the actuator
is proposed. The actuator is modeled as two subsystems, i.e.,
the hydromotor and the valve. The hydromotor is modelled
as a linear system, while an LPV control method is designed
to handle physical constraints. The valve is modeled as a
polynomial system, while its control design is based on a
Control Lyapunov Function. The difficulty in valve control
is that its control input may only be discrete values. The
advantage of the hierarchical structure is that the hydromotor
and the valve are handled in two independent control design
steps.
The paper is organized as follows. Section II presents
the control-oriented hydromotor- and valve model. Section
III describes the interconnection of the two subsystems and
the LPV control strategy for the hydromotor. Section IV
proposes the controller of the spool valve based on a Control
Lyapunov Function. Section V illustrates the operation of
the multi-level control system through a simulation example.
Finally, Section VI concludes the contributions of the paper.
II. M ODELING THE E LECTRO - HYDRAULIC ACTUATOR

The hydromotor is modelled as a linear system with a
control input xv and a reference Mref . The output of the
system is the actuator torque Mact . The pressures in the
chambers depend on the flows of the circuits Q1 , Q2 . pL is
the load pressure difference between the two chambers.
The average flow of the system, assuming the supply
pressure ps is constant, is as follows:
s
xv
1
QL (xv , pL ) = Cd A(xv )
(1)
pL ).
(ps −
|xv |
ρ
This equation can be linearized around (xv,0 ; pL,0 ) such as
QL = Kq xv − Kc pL ,

(2)

where Kq is the valve flow gain coefficient and Kc is the
valve pressure coefficient. In this modeling, the hydromotor
does not take into account the friction force and the external
leakage flow, see [14]. Moreover, the compressibility of the
fluid is considered constant.
The volumetric flow in the chambers is formed as
4βE
(QL − Vp ϕ + cl1 ϕ̇ − cl2 pL ),
(3)
ṗL =
Vt

where βE is the effective bulk modulus, Vt is the total volume
under pressure and Vp is proportional to the areas of vane
cross-sections. cl1 and cl2 are parameters of the leakage flow.
The motion equation of the shaft rotation due to the
pressure difference ṗL and the external load Mref is formed
as follows:
J φ̈ = −da ϕ̇ + Vp pL + Mref ,

(4)

where J is the mass of the hydromotor shaft and vanes, da
is the damping constant of the system. Using the principle

of momentum, the output torque is
Mact = Av de pL

(5)

ẋHM = AHM xHM + B1HM w + B2HM u,

(6)

with Av being the area of the vanes and de is the effective
diameter of the vanes. Using (3) and (4) the state-space
representation of the hydromotor subsystem is formulated.
The the states of the linear system are the load pressure
velocity
pl , the angular

T ϕ̇ and displacement ϕ of the shaft:
xHM = pL , ϕ̇, ϕ . The state equation is as follows:

where the matrices are the following:
 4βE
E
− Vt (c2l + Kc ) 4β
Vt c1l
Vp

AHM =
− dJa
J
0
1
 
0
B1HM =  J1  ,
0
 4βE 
Vt Kq
B2HM =  0  .
0


E
− 4β
Vt Vp
0 ,
0

The measured output is yHM = Mact .
The electronically-controlled spool valve is modeled as
a polynomial system, which creates dependence between
current i and spool displacement xv . In the modeling the
nonlinear friction is ignored. The equation of motion is
written as follows:
1
2Dv
ẍv +
ẋv + xv = kv ωv2 i,
(7)
2
ωv
ωv

where kv valve gain equals

QN

kv = p

1

ΔpN /2 uvmax

,

(8)

where QN is the rated flow at rated pressure and maximum
input current, pN is the pressure drop at rated flow and uvmax
is the max rated current. Dv is the valve damping coefficient,
which can be calculated from the apparent damping ratio. ωv
stands for the natural frequency of the valve, see [15].
Let Kf = ωv2 , which is a spring-stiffness-like parameter.
In [14] the flow force stiffness of the system can be approximated as follows:
0

Kf ≈ 0.43w(xv )(ps − pL ),

where w(xv ) is the area ratio and is a function of xv . For
control-oriented modeling purposes a polynomial approximation is used for the expression of Kf .
In the paper Kf is approximated by a tenth-order polynomial of xv on the domain [−xv,max , +xv,max ]:
9
Kf (xv ) = p10 x10
v + p9 xv + ... + p1 xv + p0 ,

(9)

where pi s are the coefficients of the polynomial. Prior to the
control design (7) is rewritten into the following form:
ẍv = −2Dv ωv x˙v − Kf (xv )xv + kv ωv2 i.

(10)

valve displacement xv,sat . Thus, the hydromotor control
must guarantee input saturation. In the upper-level actuator
control the LPV method is applied, in which the limitation
can be incorporated using parameter-dependent weighting
functions. Further advantages of the LPV method are its disturbance rejection capability and the guarantee of robustness
against unmodelled dynamics.

III. H IERARCHICAL DESIGN OF ACTUATOR CONTROL

The actuator is separated into two subsystems, the hydromotor (upper-level) and the valve (lower-level), which are
interconnected, see Figure 2. The purpose of the hydromotor
control is to track a reference torque Mref required by
the vehicle dynamics. The output signal of the upper-level
controller Kact,up is a reference spool displacement xv,ref ,
which must be realized by the valve. The tracking of this
reference signal is ensured by the lower-level controller
Kact,low , which computes discrete values of current i on
the solenoids, which cause the displacement of the spool.
UPPER-LEVEL

In the design method two performances are defined which
must be guaranteed by the control system such as:
• Torque tracking
The aim of the control design is to track a reference
torque signal Mref , which is defined by the vehicle
dynamic control. The performance is formulated as:
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z1 = Mref − Mact ;

•

act,up

In LPV control design several weighting functions are
formulated which guarantee a balance between the performances and scale the different signals of the system. Figure 3
illustrates the closed-loop interconnection structure of control
design.
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(11)

|z1 | → min

Valve displacement minimization
Because of limited control input, the valve motion must
be handled. The minimization of valve displacement
leads to:
|z2 | → min
(12)
z2 = x v ;

act

Δ
Δ
W

Architecture of control systems

The two subsystem controls must guarantee different requirements, which require different control approaches. The P
difficulty in the valve design is that its control input can
only be discrete values. The separated modeling also makes
it possible to add a double constraint to the model, so the
hydromotor controller will never calculate higher reference
spool displacements xv,ref than what the spool can realize.
However, there is always a phase difference between the K
reference signal and the output signal xv , therefore the output
signal may overshoot and xv may overstep the constraint.
To avoid this, there is a constraint for xv in the valve
subsystem in the form of a polynomial expression (9). In
the independent control design the global stability of the
controlled interconnected system must be ensured by the
existence of a Common Lyapunov Function. Further details
about hierarchical control design are found in [16].
In the following the control design of the upper-level
hydromotor is presented. The goal of the control design
is to guarantee the tracking of the reference torque Mref
by an appropriate valve motion xv . The control input xv
is physically realized by the lower-level controlled valve
system.
An important factor in hydromotor control is the limited
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Closed-loop interconnection structure

The performances z1 , z2 are considered with parameterdependent weighting functions in the following forms:
1
α1,1 s + α1,0
∙
,
1 − ρ T1,1 s + T1,0
1 α2,1 s + α2,0
= ∙
,
ρ T2,1 s + T2,0

Wz,1 =
Wz,2

(13a)

(13b)

where α1,1 , α1,0 , α2,1 , α2,0 and T1,1 , T1,0 , T2,1 , T2,0 are
design parameters. In the LPV system the scheduling variable
ρ = [ρmin . . . ρmax ] incorporates the information about the
actuator saturation.
Figure 4 shows the relationship between ρ and xv , where

where i0 = 0. The control strategy is based on the Control
Lyapunov Function. It is used to test whether a control input
is able to stabilize the system.
Definition 1: Let a dynamical system be given of the form

ρ
0. 9 9

(16)

ẋ(t) = f (x(t)) + g(x(t))u,

0. 01
xv, 0

0
Fig. 4.
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Scheduling variable ρ

xv,0 and xv,sat are design parameters. If ρ = 0.01 then z2
performance has priority, which leads to the avoidance of
xv > xv,sat signal. However, z1 performance is degraded,
which results in increased torque tracking error. If ρ = 0.99
then adequate tracking is achieved, however, it requires larger
valve displacement. Consequently, the weighting procedure
is the following. If xv < xv,0 then ρ = ρmax , if xv between
xv,0 and xv,sat then
ρ = ρmax

xv,sat − xv
xv − xv,0
+ ρmin
,
xv,sat − xv,0
xv,sat − xv,0

and otherwise if xv > xv,sat then ρ = ρmin . In the method
ρmin = 0.01 and ρmax = 0.99 are selected.
The role of Wdist and Wref is to scale the torque
disturbance signal Mdist and reference torque Mref . The
control system requires the measurement of tracking error
Mref − Mact . The sensor noise of the measured signal is
considered with weighting function Wn , which gives information about the bound of noise amplitude. Δ represents the
uncertainty on the control input signal, which is derived from
the inaccurate realization of xv at the lower-level control.
Based on the closed-loop structure the control problem
is formed, in which the robustness against uncertainties and
disturbance rejection must be guaranteed. The quadratic LPV
performance problem is to choose the parameter-varying
controller K(ρ) in such a way that the resulting closed-loop
system is quadratically stable and the induced L2 norm from
the disturbance and the performances is less than the value
γ [17], [18]. The minimization task is the following:
inf sup

sup

K %∈FP kwk 6=0,w∈L2
2

kzk2
.
kwk2

(14)

The relation between the state, or output, and the parameter ρ = σ(x) is used in the construction of the LPV
controller, where σ(x) is a measured signal.
IV. C ONTROL STRATEGY OF THE VALVE

The valve control aims to track the reference spool displacement, defined by the controller of the hydromotor. This
performance must be satisfied with the shortest settling time
possible. Also the control input i can only take three discrete
values:
(15)
i = {−imax , i0 , imax } ,

where x(t) ∈ Rn , u(t) ∈ R and f and g are smooth vector
fields and f (0) = 0. The function V is a Control Lyapunov
Function if V : Rn → R is a smooth, radially unbounded
and positive definite function.
The existence of such function implies that the system is
asymptotically stabilizable at the origin, see [19].
The dynamical system has a differentiable ControlLyapunov Function if and only if there exists a regular
stabilizing feedback u(x). It is called Artstein’s theorem.
The tracking error of the control is given as follows:
e = xv,ref − xv .

(17)

ė = −ẋv .

(18)

r =ė + αe = −x˙v + α(xv,ref − xv ),
ṙ =ë + αė = −ẍv − αẋv ,

(19a)
(19b)

The derivative of this expression, assuming that the reference
signal is constant for a given interval:
Define the function r and its derivative:

where α is a positive tuning parameter. Let the Lyapunov
Function be given in the form

1 2
r
(20)
2
This function is positive definite for every r. By deriving
this function and substituting (19) the following equation is
obtained:
V =

V̇ = rṙ = (−x¨v − αx˙v )(−x˙v + α(xv,ref − xv ))

(21)

By substituting the first row of (10) into (21), formally an
equation of an ellipsoid for ẋv and xv is obtained. The
solution to the equation gives the limit of the controllable
regions, wherein the states of the system can exist. The
equation is written as follows:

Ae x˙v 2 + Be x2v + Ce x˙v xv + De x˙v + Ee xv + Fe = 0 (22)

where Ae , Be , Ce , De , Ee , Fe are the coefficients of the
ellipsoid which are achieved by rearranging:
Ae = α − 2Dv

Be = −Kf (xv ) − 2Dv α + α2
Ce = −Kf (xv )α

De = kv ωv2 i + 2Dv αxv,ref − α2 xv,ref
Ee = Kf (xv )αxv,ref + kv ωv2 iα
Fe = −kv ωv2 iαxv,ref

The parameter α must be tuned so that the system can
reach the feasible states with the given control input. Note

that Ae , Be , Ce , De , Ee , Fe are all functions of α so it has a
significant effect on the shape of the set of the controllable
regions. To achieve an acceptable performance, the aforementioned parameter must be chosen carefully.

For energy saving considerations, the control strategy
presented above shall be augmented with an additional
criterion. If the reference torque on the upper-level Mref is a
predefined small value, the control input is always set at zero.
This criterion is necessary because otherwise the output xv
would fluctuate around the reference xv,ref , which is zero
at this point and the controlled system would never reach
equilibrium.
Figure 6 illustrates the domains where each controller can
operate at a given reference signal with the given control
strategy explained above.

Fig. 5. Controllability regions of the discrete control inputs (xv,ref = 0m)

The states which can be stabilized by the control input are
shown in Figure 5. Since the coefficients in (22) depend on
the states, the ellipsoid is degenerated and opened on the ẋv ,
xv plane. The reference signal xv,ref can only take values
between ±xv,sat , which represent the saturation where the
spool of the valve can not open more. The subsets where
each control input can stabilize the plant are indicated with
different colors.
•

•

•

There are two domains where none of the control inputs
can stabilize the system. However, this does not pose a
problem, since the system is stable, see (10).
There are also domains where multiple inputs can take
the system to the reference value. The control strategy
exploits this feature to switch between control inputs.
For different values of xv,ref the shape of the controllable regions changes, therefore the domain where each
control input can operate also changes.

The control algorithm for the spool valve is based on
solving the Control Lyapunov Function. For every time step
the control strategy calculates the values of the ellipsoids
(22) by substituting the momentary values of the states and
the reference signal, for each discrete control input. The
controller switches between input signals by choosing the
appropriate solution. In our strategy the lowest value of the
possible solutions is chosen in order to guarantee reference
tracking, i.e., xv tends toward xv,ref .
Assuming Emax , E0 , Emin are the solution of the ellipsoid equations (22) for imax , i0 , imin respectively, the control algorithm can be formulated mathematically as follows:

when
min {Emax , E0 , Emin } ≥ 0

 0

imax when min {Emax , E0 , Emin } = Emax
i=
i0
when
min {Emax , E0 , Emin } = E0



imin when min {Emax , E0 , Emin } = Emin
(23)

Fig. 6.

Control regions of the proposed strategy at xv,ref = 0.005m

V. S IMULATION EXAMPLE

The operation of the electro-hydraulic actuator is presented
through a simulation example. In the scenario the parameters
of an anti-roll bar actuator of a light vehicle are used. The
maximum spool valve displacement is |xv,sat | = 10 mm,
the discrete current states are 0A and ±0.35A.
The input of the system is the reference torque Mref ,
which is required by the vehicle dynamic control. The
torque tracking performance of the actuator is shown in
Figure 7(a). Noise on the torque measurement is found in
Figure 7(b), which does not have a significant effect on the
tracking performances. The undesirable sensor noise can be
eliminated by the LPV control.
At high values of the reference torque (eg. at 8 sec and
26 sec) the tracking error increases because of the limitation
of xv , see Figure 7(c). In order to avoid the saturation
of xv,ref the scheduling variable ρ is reduced, see Figure
7(d). Thus, the minimization of the valve displacement has
a priority, while the tracking error increases. The reference
valve position signal xv,ref computed by the LPV control
and the real position xv realized by the lower-level control
are illustrated in Figure 7(c).
It is shown that the lower-level controller guarantees the
tracking of the reference displacement with an appropriate
threshold. Note that the error xv,ref − xv does not degrade
the torque tracking owing to the uncertainty consideration in

the LPV design. The control current of the valve i is shown
in Figure 7(e).
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VI. C ONCLUSION

valve model has a state constraint for the spool displacement
due to physical considerations and the valve control uses the
Control Lyapunov Function to calculate discrete input current
values.
The simulation results show that the two-step hierarchical
actuator control is able to guarantee the tracking of the
reference torque signal adequately. Both of the controllers in
the hierarchy guarantee the tracking and saturation avoidance
capability of the system. Moreover, the controlled system is
robust against torque sensor noise and lower-level control
imprecision.

In the paper an electro-hydraulic actuator control design
has been proposed. It is based on a hierarchical structure.
The actuator is separated into two subsystems. The control
of the hydromotor is based on the LPV method and tracks a
reference torque while fulfilling a robustness criterion. The
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