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ARTICLE INFO ABSTRACT

Keywords: A key issue in decision problems is the selection and use of the appropriate response scale. In this paper
Multicriteria decision making verbal expressions are converted into numerical scales for a subjective problem instance. In our experiment,
Decision analysis we conducted a color selection test with 462 subjects by testing six colors on color-calibrated tablets in ISO

Preference modeling

o . standardized sensory test booths. The colors were evaluated both in a pairwise comparison matrix (indirect
Pairwise comparisons

ranking with four-item verbal category scale) and on a direct scoring basis. We determined scales that

2:11; s provide the closest results on average and individually to the direct scoring, based on the eigenvector and
the logarithmic least squares methods. All results show that the difference between verbal expressions is
much smaller than the one used by most of the common numerical scales. As a sensitivity analysis, different
discrepancy measures were investigated, and further experiments were also carried out. All the main findings
were confirmed to be robust regarding the weight calculation technique, the discrepancy measure, and the
problem instance as well. The results suggest that several methods (e.g., the AHP, and different ISO standards)
need substantial revision. The respondents’ inconsistency was also analyzed with a repeated question regarding
their preference between a given pair of colors. It is shown that most decision makers answer similarly for
the second time, but there can be significant (even ordinal) differences. The respondents whose answers are
further from the original tend to be more inconsistent in general.

1. Introduction In the classical AHP, the so-called Saaty-scale or fundamental

scale—i.e., the discrete scale of {1/9,1/8,..., 1/2,1,2,...,8,9}—is ap-
Pairwise comparisons are popular in decision making problems plied to make each comparison between the pairs of alternatives.

[1-3], preference modeling [4], supply chain management [5], as well However, these values are converted from the verbal assessments of the

as in sports [6]. One of the most frequently used multicriteria decision decision makers chosen from an appropriate discrete list of possibilities.

making (MCDM) methods is the Analytic Hierarchy Process (AHP) The data provided by empirical pairwise comparison matrices and
proposed by Saaty [7,8], which applies pairwise comparison matrices alternative methods of preference elicitation, such as direct scoring, can

(PCMs). The appropriate entry of a (multiplicative) PCM shows the
decision maker’s relative preference of the alternative in the row over
the alternative in the column.

Empirical pairwise comparison matrices are collected from real or
experimental decision problems [9,10]. They can substantially differ
from simulated or specifically chosen example matrices that are mainly
considered in the existing literature [11]. Thus, their analysis can lead
to important consequences and practical recommendations in decision
support.

be used to verify in what extent does a given scale correspond to the
decision makers’ judgments.

In this paper, we conduct sensory-based experiments with pairwise
comparisons to address the discrepancy between the commonly used
scales and reality. The preferences of university students regarding
different colors are collected via pairwise comparisons based on a
four-item verbal category scale as well as direct scoring. The empiri-
cal distributions of the comparisons calculated from direct evaluation
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scores, and the verbal category scale applied for pairwise comparisons
are analyzed to determine the optimal numerical scale that should be
used between the conversion of verbal and numerical scales of pairwise
comparisons in the given problem. Both the individually optimal scales,
and the one that is the best on average are determined using the
Eigenvector and the Logarithmic Least Squares Methods based on the
Euclidean distances calculated with the direct evaluation scores. One
of the questions regarding the preference between a pair of colors
was repeated at the end of the experiment that also led to interesting
findings regarding the inconsistency of the individuals.

It is important to mention that direct scoring is not considered
to be the ground truth, it is a simple benchmark method that is
necessary to evaluate a subjective problem instance. Naturally, several
other benchmark methods could have been applied. Direct scoring was
chosen mainly because its simplicity and extensive practical usage.
However, it has its own drawbacks, and it is also subject to noise,
instability, and scale effects [12,13].

As a robustness analysis, first, different discrepancy measures were
applied instead of the Euclidean distance. Then, several further ex-
periments were carried out with different samples of individuals and
different entities to compare as well. These experiments corroborate
all the findings presented in connection with the color-choice test.
The results suggest that several multicriteria decision making methods
(e.g., the AHP), and different ISO standards [14] need substantial
revision.

The rest of the paper is organized as follows. Section 2 contains a lit-
erature review related to converting verbal scales to numerical ones in
decision making problems. The methodology of the questionnaires and
their evaluation are detailed in Section 3. Section 4 presents the main
results, the relation of direct scoring and pairwise comparisons, as well
as the analysis of the respondents’ inconsistency. Section 5 shows the
results of a comprehensive robustness check. First, Section 5.1 presents
the analysis using different discrepancy measures, while Section 5.2
describes further experiments. Finally, Section 6 concludes and raises
further research questions.

2. Literature review

Empirical pairwise comparison matrices can significantly differ from
simulated ones, and form an essential source of research. Bozoki et al.
[9] examine 454 PCMs (with 227 decision makers) and analyze the
effect of the size, the question ordering, and the type of the problem
(subjective or objective) on the inconsistency of the matrices. Cavallo
and Ishizaka [13] compare the precision of more than 100 respondents
when they evaluate the area of nine geometric figures and five distances
between cities applying pairwise comparisons, direct scoring, and the
best-worst method [15].

Huizingh and Vrolijk [16] applies a laboratory study with 180 par-
ticipants to compare the results of the Analytic Hierarchy Process using
numerical values and verbal expressions converted by the fundamental
scale ({1,2,...,9}). The results show that the fundamental scale tends to
overestimate the differences in preference, but the numerical mode only
shows slightly better results (regarding inconsistency and the finally
chosen alternative).

Poyhonen et al. [17] perform a comparative study applying an
experiment on areas of figures with different shapes. They compare
three different scales (linear (fundamental), 9/9 — 9/1, and balanced).
The main finding of the experiment is that the perceived meaning of
the verbal expressions varies from one decision maker to the other, and
also depends on the set of elements involved in the comparison. They
show that alternative numerical scales yield more accurate estimates
than the usual 1-to-9 scale, and these also reduce the inconsistency of
the comparison matrices measured by the consistency measure (CM)
that is independent from the choice of the scale [18,19].

Elliott [20] examines three different scale types, and based on the
answers of 64 respondents, finds that none of these scales can accu-
rately capture the preferences of all individuals. On a real engineering
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decision problem it is shown that the choice of scale can also affect
the preferred decision. Finan and Hurley [21] apply experiments to
argue for the calibration of the applied scales, particularly proposing
a geometric scale based on a single parameter.

Dong et al. [22] propose to generate the numerical scale of each
individual based on a linguistic model in order to handle the problem
caused by the fact that the individuals understand the same verbal
scale in a different manner. They apply nonlinear programming to
determine the numerical values based on five different scales known
in the literature.

Rokou and Kirytopoulos [23] show that the problem of choosing the
appropriate scale is essential in group decision making. They present
a group calibration process that adjusts individuals’ preferences based
on their answers on a set of standardized questions. Meesariganda
and Ishizaka [24] compare eight different numerical scales. First, they
apply the verbal scales to compare alternatives with known measures,
e.g., the surface of figures. Then, based on the Euclidean distances,
the best matching scale representing the real values is selected for
each individual. Ahmed and Kilic [25] propose a scale individualization
approach based on compatibility. Dutta et al. [26] recommend an ap-
proach comprising two steps to identify the most suitable personalized
numerical scale for individuals.

Koczkodaj et al. [27] propose a method to reduce the number of
rating scale items without the loss of predictability, while Koczkodaj
et al. [28] apply differential evolution optimization to improve rating
scale predictability.

Franek and Kresta [29] compare eight different scales regarding the
resulting priorities and consistency on an example problem. Results
suggest that judgment scales have a significant impact on criteria prior-
ities but not on the ranking of criteria. The inconsistency varies among
applied judgment scales for which the appropriate random indices have
been calculated by the authors (see Franek and Kresta [29, Table 7]) to
determine the suitable CR inconsistency values. Goepel [30] proposes
three different scales (generalized balanced, adaptive, and adaptive-
balanced scales) also depending on the number of examined criteria,
and provides a thorough comparative analysis as well.

Cavallo and Ishizaka [10] conduct experiments, where the decision
makers asked to compare the distance of different cities. Three prob-
lems are considered with 52 PCMs each, where eight different scales
examined earlier in the literature are compared to each other. They
find that the inverse linear scale provides the best results on average
in every problem.

Table 1 contains some of the most popular scales proposed in the
literature to assess verbal statements for pairwise comparison matrices.
It is worth mentioning that even though all of these scales are presented
in a general framework, they are used with a given parameter combi-
nation (shown in the ‘Usual choice of parameters’ column in Table 1)
in the vast majority of articles, and in practice as well.

Most of the studies comparing different scales focus on objective
problems, e.g., evaluating the size of figures. They also deal with
the usual parameter combinations of the different scales. This paper
examines a large number of scales using a subjective problem, i.e., com-
paring different colors, which could be significantly different from
objective tasks.

3. Methodology
3.1. Pairwise comparison matrices

In this study, the concept of pairwise comparison matrices and
related tools are widely used. Let us denote the number of alternatives

by n.

Definition 1 (Pairwise Comparison Matrix (PCM)). The n X n matrix
A = [a;;] is a pairwise comparison matrix, if it is
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Table 1
Popular scales proposed in connection with pairwise comparison matrices.
Name Description Parameters Usual choice Scale values Reference
of parameters
Linear a-x a>0, xe{l1,2,...,9} a=1 (1,2,...,9} [71
Affine a-x+p a>0, f>0, a=0.1, (1.1,12,...,1.9} [31]
xe(1,2,...,9} p=1
Power x* a>1, xe{l,2,...,9} a=2 {1,4,9,...,81} [32]
Root {/x a>1, xe{l,2,...,9) a=2 {(1,V2,1/3,...,3) [32]
Geometric ! a>1, xe{l,2,...,9}, a=12 (1,V2,2, ...,16} [33]
x€{1,15,...,4}, etc. ora=2 or {1,2,4,...,256}
Inverse linear 109-x xe{l,2,...,9} - {1,1.13,1.29...,9} [34]
R (2 :
ymptotic e xe{1,2,...,9} {1,1.13,1.29...,13.93} [35]
Balanced = (= 19%_’}) x € {05,055, ...,0.9}, - (1,122,15...,9} [36]
ye{l2,...,9)
Balanced power 9iT x€{1,2,...,n} n=9 {1,1.32,1.73...,9} [20]
Logarithmic log, (x+a—1) a>1, xe{l,2,...,n} a=2 {1,1.58,2...,3.32} [37]
Koczkodaj 1+t x€{1,2,...,n} n=9 {1,1.125,1.25...,2} [38]

n—1

* positive (a;; >0V i, j) and
+ reciprocal (1/a;; = a;; V i, j).

One of the most commonly analyzed questions is the (in)consistency
of PCMs.

Definition 2 (Consistent PCM). A PCM is consistent if a; = a;;a;
Vi, j, k. If a PCM is not consistent, then it is called inconsistent.

The level of inconsistency can be measured several ways [39],
and there are different systems to validate such inconsistency metrics
[40]. However, in practice, still the Consistency Ratio [7] is the most
commonly used index for these purposes. It is also related to the 10%
rule (or 0.1 rule), which states that a decision maker should be asked
to reconsider a PCM in the case when the corresponding CR is larger
than 10%.

Definition 3 (Consistency Ratio (CR)). The consistency ratio (CR) of
an n x n PCM A is determined by Eq. (1).

Cl
R= = 1
c RI' @
where CI denotes the Consistency Index, which is defined by Eq. (2).
A —
cr = Zmx =1 )
n—1

where A, is the principal eigenvalue of matrix A, and RI is the
Random Index, which is the average CI obtained from a sufficiently
large set of randomly generated PCMs of size n using the fundamental
scale ({1,2,...,9}) and discrete uniform distribution.

It is common to calculate a weight vector from a given PCM that
represents the estimation of the underlying preferences of the decision
maker. Two of the most commonly used weight calculation techniques
are the Eigenvector Method [7], and the Logarithmic Least Squares
(Geometric Mean) Method [41].

Definition 4 (Eigenvector Method (EM)). The weight vector w of an nxn
PCM A determined by the EM is defined by Eq. (3).

Aw= AW 3

max "'

where the componentwise positive principal eigenvector w is unique up
to a scalar multiplication.

Definition 5 (Logarithmic Least Squares Method (LLSM)). The weight
vector w of an nxn PCM A determined by the LLSM is given by Eq. (4).

n o n 2
ngnzzon(aij)-ln(%)) , )
J

i=1 j=1

where w; is the ith coordinate of w.
3.2. Framework of the ratio scale generation and comparison

In an experiment, it is interesting to examine the scale that provides
the best results on average. Where ‘the best’ in our methodology means
the closest (based on the Euclidean distance) to the objective values for
an objective analysis, and the closest to the values calculated from other
(benchmark) preference elicitation methods, such as the direct scoring,
in the case of subjective problems. However, it also makes sense to find
the optimal scale for each individual as well.

In order to answer these questions in our experiment, the EM
and LLSM weight vectors of the individual pairwise comparison ma-
trices have been calculated for several scales, applying the following
parametrization of the used four-item verbal scale.

+ 1 - equally like;

+ S - like it a little bit more;

* M - like it moderately more;
+ L - like it much more.

Where 1 < S < M < L, thus a strict relation is assumed between
the different levels, and the category representing indifference (‘equally
like”) must be converted to 1 as a numerical value.

All parameter combinations were tested on a grid with a step size
of 0.1 in each variable, where the above assumptions hold, and S <5,
M <10, and L < 15. That is a total of 236 880 parameter combinations.

3.3. Conducted experiments

In the conducted color-choice test, the colors selected were those
that were clearly distinguishable on the subjects’ mental maps: red,
green, blue, magenta, turquoise and yellow. The RGB coordinates of
these color names can be found in the Color Namer database (https://
colornaming.net/#colour-namer): red (R:189, G:62, B:57), green (R:90,
G:151, B:90), blue (R:84, G:110, B: 183), magenta (R: 179, G: 55,
B: 151), turquoise (R: 63, G: 185, B: 177), and yellow (R: 227, G:
203, B: 78) [42]. The tests were conducted on color-calibrated tablets
(Samsung Galaxy Tab A 2018, 10.5) with identical test geometry and
maximum brightness settings in the sensory test booths of the Sensory
Laboratory, Institute of Food Science and Technology, Hungarian Uni-
versity of Agricultural and Life Sciences. The laboratory conforms to
the International Standard for the design requirements for sensory test
[43].

In the test, each color was initially compared with every other color
in pairs based on their stated preferences, resulting in a total of 15 pairs
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(calculated as n(n—1)/2). In the first phase, participants were first asked
to indicate their preferred color in pairs based on their preference, and
then to rate their level of preference using a four-item verbal category
scale: equally like, like it a little bit more, like it moderately more,
like it much more (see Fig. A.1 in Appendix). In the second phase of
the experiment, the participants were asked to rate the colors on an
eleven-point scale, with 0 indicating a strong dislike and 10 indicating
a strong preference (see Figs. A.2 and A.3 in Appendix). Consequently,
the colors were evaluated both on a pairwise comparison (indirect
ranking) and on an individual basis (direct ranking). In the third phase,
participants were asked a series of socio-demographic questions. These
included queries regarding gender, age, and county. To assess the
consistency of the responses, the question regarding the preference of
the secondly asked pair of colors was repeated at the conclusion of the
test in reverse order.

4. Results

There were a total of 462 respondents in our color-choice test.
However, before the calculations, it was necessary to clean the dataset
as follows.

1. The results of the individuals who did not use the whole verbal
scale (e.g., there were no pair of colors for which they liked
one a little bit more than the other) were removed. This could
have caused problems when the individually best scales were
determined as there would have been a number of optimal cases.
For instance, in the previous example S is not used, thus, M
and L are optimized, and S can take any value that satisfies the
assumptions. This results in the removal of the answers of 98
respondents.

2. It is easy to compare the numerical scale values with the ratio of
the direct scoring results. However, it was possible to determine
0 as the score of a color. The answers of the 63 respondents who
used this value were also removed from the calculations.

After that a total of 301 PCMs and direct scoring results were
evaluated. It is also worth mentioning that we did calculate the results
without excluding these respondents (using transformations for the
second point), and all the main findings were the same.

4.1. Optimal scales

Fig. 1 shows the histograms of the 1, .S, M, and L parameters from
the direct evaluations, respectively, i.e., the histograms of the ratios of
directly evaluated values, where the pairwise comparison resulted as
‘equally like’ (indifference), ‘like it a little bit more’, ‘like it moderately
more’, and ‘like it much more’ for the given two colors, respectively.

One can see that in the first histogram which is representing the
indifference between the two colors, 1 is the most common value of
the ratio of direct evaluation scores. The distribution is more or less
symmetric to that in the sense that the ratio value is smaller than 1
approximately the same number of times as it is greater than 1.

Then, as we go on to the more extreme preference values (like it a
little bit more, moderately more, and much more) the common values
for the ratio of direct evaluation scores starting to be larger and larger
as one would expect. However, interestingly enough, there are still
smaller than 1 ratios for the most extreme case as well, showing the
inconsistency of the respondents.

Here we only present the results for those parameter combinations,
where S, M, L < 4, while all the other assumptions hold, as it turned
out that the scales including larger values are almost never optimal
for any individuals. Figs. 2 and 3 show the number of individuals for
whom a given scale has been optimal based on the Euclidean distance
using the Eigenvector and the Logarithmic Least Squares weight cal-
culation techniques, respectively. The greater number of individuals is
highlighted by the color and the size of the given point as well.

Operations Research Perspectives 17 (2026) 100416

300 1 1

1 ~ Equally like

_ 200 1

100 |- B

0 1 2 3 1 5 6 7 8 9 10
Ratio of the direct evaluation scores

300 m B

S ~ Like it a
little bit more

100 1

UJ‘ ‘ AOR 0 = - ‘ ‘ =

0 1 2 3 4 5 6 7 8 9 10
Ratio of the direct evaluation scores
L L L L L L L L L L

300 B

M ~ Like it

5 20f moderately more

100 |- B

5 6 7

0 " " ﬂﬂﬁﬂ - - -
: 3 4

10

®
o

Ratio of the direct evaluation scores

300 | 4

L ~ Like it

. 200
z much more

100 |- B

LU

9 10

7
Ratio of the direct evaluation scores

Fig. 1. The histograms of the 1, .S, M, and L values from the direct evaluation,
respectively, i.e., the histograms of the ratios of directly evaluated values,
where the pairwise comparison resulted as ‘equally like’ (indifference), ‘like
it a little bit more’, ‘like it moderately more’, and ‘like it much more’ for the
given two colors, respectively.

As one can see, the results of the two weight calculation methods are
similar, and the most important conclusions are the same for both. All
the commonly optimal scales include smaller than 3 parameter values
for even L. The scale that results in the smallest average Euclidean
distance uses the parameter combination of S = 1.5, M = 1.7, and
L =2 for both weight calculation techniques.

However, it is important to highlight the fact that the parameter
combinations that are relatively close to the one that is proved to be
optimal on average according to the Euclidean distance, all provide
close-to-optimal values. Meanwhile, the average distance for the scales
that include larger values (> 3) are far from being optimal.
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The optimal scales of individuals for the EM

12

10

Fig. 2. The optimal scales of individuals based on the Eigenvector Method,
11<5<38, 12<M <39, 13<L<4, and S<M < L.

The optimal scales of individuals for the LLSM

10

Fig. 3. The optimal scales of individuals based on the Logarithmic Least
Squares Method, 1.1 <.§ <38, 1.2<M <39, 1.3<L <4, and S<M < L.

4.2. Comparison with existing scales

The obtained optimal scale is compared with the previously pre-
sented existing scales (Table 1) based on the Euclidean distances be-
tween the normalized weight vectors (whose elements sum up to 1)
calculated from pairwise comparisons and direct scoring in Table 2.

It is important to highlight that in the experiments of the current
study, a four-item scale is used, while the already existing scales apply
nine possible values. However, it has been shown in the literature
that odd numbers are significantly more often used in empirical pair-
wise comparison matrices than even numbers. Gass and Standard [44]
reported that odd numbers are twice as often chosen based on 384
matrices, while the contrast found to be even stronger by Poesz [45]
based on 137 PCMs, i.e., odd numbers were used roughly four times
as often as even ones. A reason behind this could be the fact that the
AHP puts explicit word descriptions only on the odd numbers. It is
also shown by both above-mentioned studies that extreme comparison
values (e.g., 8 and 9) are especially rarely used (approximately 7
percent of the comparisons resulted in an 8 or 9 value combined in
both investigations).

Based on these results, the already existing scales were modified to
make it possible to have a fair comparison with the scales examined by
the current study. Namely, in the case of the most commonly used Saaty

Operations Research Perspectives 17 (2026) 100416

80
60 |- R
3>
% I
ERTE ]
g
=
20 - N
0 ’—‘ " " H’_’_l_\’_"—‘  — 1 y = =
0 0.01 0.03 0.05 0.07 0.09 0.11

CR value

Fig. 4. The histogram of the CR values based on the S = 1.5, M = 1.7, and
L =2 scale.

(linear) scale, only the odd numbers were used, and the most extreme
evaluation was omitted from the analysis. Thus, the resulting four-
element scale is {1,3,5,7}. A similar logic was applied to all existing
scales, only the first, third, fifth, and seventh element was used for the
comparison presented in Table 2.

As one can see the scales applying relatively high values (e.g., the
linear, power, and geometric scales) tend to perform rather poorly.
While the ones with smaller, denser items (for instance, the affine, root,
inverse linear, asymptotic, and Koczkodaj scales) provide reasonable
results. This is in line with the aforementioned fact that the scales
that are relatively close to the one that is proved to be optimal on
average according to the Euclidean distance tend to provide close-to-
optimal values. In a sense, based on the results, the existing scales
benefit from the omission of the most extreme values. Nevertheless, the
best performing alternative is the empirically optimal scale. As shown
earlier, individually optimal scales tend to disperse around the scale
that is optimal on average, thus, the individual analysis shows the exact
same pattern.

It is also worth highlighting that the linear (Saaty) scale that is
one of the most frequently applied option in practice, is among the
worst performing scales regarding the average Euclidean distance. Its
provided distance is approximately three times as large as the one
belonging to the empirically optimal scale. The magnitude of this Eu-
clidean distance (0.2245) is roughly the same as the Euclidean distance
(0.2236) between weight vectors w = (0.45,0.3,0.15,0.1) and w' =
(0.3,0.45,0.1,0.15). A robustness analysis for other metrics is conducted
in Section 5.1 that shows the results are not heavily dependent on the
chosen discrepancy measure (see also Table A.1).

4.3. The inconsistency of participants

One can see the histogram of the respondents’ inconsistencies mea-
sured by the CR index in Fig. 4.

However, the CR consistency index heavily builds on the funda-
mental scale with the generation of the RI. For a 6 x 6 matrix, the
original RI is 1.249 calculated by simulations in several studies (see,
for instance, Bozdki and Rapcsdk [46] or Agoston and Csatd [47]).
We ran a simulation with 10 million randomly generated PCMs using
the scale which resulted in the smallest average Euclidean distance
(S =15, M = 1.7, and L = 2). The calculated modified random
index (let us denote it by RI ) is 0.09224. Thus, a modified CR can
be calculated using RI, where the original CR index is multiplied by
~13.5.
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Comparison with existing scales using the Eigenvector Method for weight calculation. Each scale is
obtained by using the usual choice of parameters presented in Table 1. For the geometric scale, the
parameter choice that provides the better results, a« = \/5, is applied. For the affine scale, always the
alternative that is first in the (red, green, blue, magenta, turquoise, yellow) list was marked as preferred
with 1.1 value, if the decision maker indicated indifference between the given pair.

Name 1 N M L Average Euclidean
distance
Empirically optimal scale 1 1.5 1.7 2 0.0800
Linear 1 3 5 7 0.2245
Affine 1.1 1.3 1.5 1.7 0.0855
Power 1 9 25 49 0.4426
Root 1 1.73 2.24 2.65 0.0941
Geometric 1 2 4 8 0.2191
Inverse linear (9/9 - 9/1) 1 1.29 1.8 3 0.0942
Asymptotic 1 1.29 1.72 2.6 0.0864
Balanced 1 1.5 2.33 4 0.1239
Balanced power 1 1.73 3 5.2 0.1612
Logarithmic 1 2 2.58 3 0.1101
Koczkodaj 1 1.25 1.5 1.75 0.0849

This shows the importance of the numerical scale in evaluating
inconsistency as well. However, we do not recommend the applica-
tion or generalization of the common 10% rule in this case. The
problem is highly subjective, and of a larger size (6 x 6 PCM). Further-
more, the number of options is also much smaller than the ones ap-
plied in the fundamental scale resulting in differences of the measured
inconsistency.

To assess the consistency of the respondents in a different way, the
preference elicitation of the secondly asked pair was repeated at the
conclusion of the test in reverse order.

Fig. 5 shows the CR inconsistencies for the previously examined
PCMs via Box plots for the possible categories of individuals depending
on how far their repeated answer was from the original, as well as the
number of individuals in the different categories.

One can see that the measured inconsistency tends to be higher
as the repeated answer is further from the original one. There are
much less individuals who made totally different judgments for the
second time compared to their original answer. More than 77% of the
respondents (232/301) made the same judgment for the second time
as well, or only modified their answer with one step in the verbal
scale. However, we can even see one respondent, who reversed the most
extreme preference between the pair. For that individual, only a point
measuring the corresponding CR is displayed on Fig. 5 instead of a Box
plot.

It is also worth mentioning that if there are at least 3 steps in the
four-item verbal scale between the original and the repeated prefer-
ence, that means even the ordinal preference (which color is preferred)
is changed at least to indifference. If the number of steps is even larger
than 3, then the preference must be reversed. However, the number of
individuals whose decisions resulted in a difference of at least 3 steps
are a little bit less than 10% of the respondents (30/301).

There are two interesting findings based on the repeated preference
elicitation.

1. Even though most of the respondents (~ 77%) answered almost
the same way, there can be significant (even ordinal) differences
in the results depending on when we ask the decision maker a
given question.

2. The individuals who are inconsistent regarding their (repeated)
answer to a question tend to be more inconsistent in general.

5. Robustness analysis

A twofold robustness analysis of the results was performed in order
to demonstrate the generality of the findings. First, the sensitivity
of the results to the chosen discrepancy metric is analyzed. Then,
the robustness regarding the problem instance is shown via further,
sufficiently different, experiments.

5.1. Sensitivity to the applied discrepancy metric

All the previously presented results depend on the Euclidean dis-
tance between the weight vector obtained from pairwise comparisons
and the vector derived from direct scoring. However, several other
discrepancy measures are applied in preference analysis. Therefore,
a sensitivity analysis was performed on the data regarding the met-
ric of discrepancy, which included the following measures estimating
cardinal difference.

» The most commonly used further distance metrics, such as, the
Chebyshev (d,), and Manhattan distances (d,,);

« similarity or compatibility indices (typically ratio-based discrep-
ancy measures), such as, the cosine and dice similarity indices (C
and D, respectively [48,49]), as well as the Jaccard (J) and Garuti
(G) compatibility indices [50,51].

Egs. (5)—(10) show the formulas of the above-mentioned metrics,
respectively, where w denotes the weight vector obtained from pairwise
comparisons and v is the weight vector calculated from direct scoring.
w and v are normalized by Y7  w; =1 and Y | v; = 1, respectively,
and v; and w; denote the ith element of the appropriate vectors. In
the case of the distances, the lower level is preferred, while for the
similarity and compatibility measures (all of which has a range of
[0, 11), the higher value is better.

d.(w,v) = max |w; — v 5)
i€l,..., n

d,(w,v) = Y |w; = v;| (6)
i=1

C(w,v) = Lio1 Wit @)
VI )T @2

23w,

D(w,v) = — Lici w’:’ (8)

Zi=1(wi)2 + Zi=1(vi)2
Z?:l w;v;
J ’ = n n n (9)
(. Tin W + X 07 = XL, wiv;

1 - [ min(w;, v;)

G(w,v) = 5 Z (m(w, + Ui)> (10)

i=1

Table 3 presents the scales that are optimal on average in the case
of the different discrepancy measures.

As one can see, from the six measures applied in the sensitivity
analysis, only two (the Dice similarity, and the Jaccard compatibility
indices) provided different optimal scales than the one supported by
the Euclidean distance. However, the difference is the smallest possible
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Fig. 5. The CR inconsistency of the individuals depending on the distance (measured in the steps of the verbal scale) of the repeated question’s result from
the original answer via Box plots (highlighting the minimum, first, second, and third quartile, and the maximum). The number of individuals included in the
given category is displayed for each case as well. Instead of a Box plot, only a point representing the corresponding CR is shown for the category with only one

individual.

Table 3
The scales that are optimal on average in the case of different discrepancy
metrics.

Name S M L
Euclidean distance 1.5 1.7 2
Manhattan distance 1.5 1.7 2
Chebyshev distance 1.5 1.7 2
Cosine similarity 1.5 1.7 2
Dice similarity 1.5 1.7 2.1
Jaccard compatibility 1.5 1.7 2.1
Garuti compatibility 1.5 1.7 2

one on the considered grid, and it only affects one element (L) of the
scale. As previously mentioned, the objective function of the Euclidean
distance is relatively flat for the problem, i.e., the parameter combina-
tions that are relatively close to the one that is proved to be optimal
on average, all provide close-to-optimal values, which remains true for
all the examined metrics. Thus, the analysis supports the robustness of
the results regarding the chosen discrepancy (similarity) metric. For a
comparison of existing scales with all the presented metrics, see Table
Al

As for measuring the ordinal difference (rank agreement) of the
weight vectors calculated from pairwise comparisons and the bench-
mark direct scoring results, the Spearman and Kendall rank correlation
coefficients were considered. However, the scales seem to have quite
modest effect on the ranking, as it was also earlier reported in the
literature [29]. This was shown by the fact that even in the most con-
servative case (Kendall rank correlation coefficient and the Eigenvector
Method is used) more than 10% of the 236 880 considered parameter
combinations provided the same average rank correlations rounded
to two decimal places (among which one can find the scale that was
optimal according to the Euclidean distance as well). Thus, the flatness
of the objective function is even more significant here, and the earlier
results of the literature, namely that judgment scales have a significant
impact on priorities, but not necessarily on the ranking, is confirmed.

5.2. Sensitivity to the problem instance — further experiments

In order to demonstrate the robustness and generality of the results
and corroborate the former analysis, besides repeating the same color-
choice test on a different sample of individuals (133 participants), a
number of further experiments have been carried out in a sufficiently
different setting (e.g., different entities to compare or even differ-
ent modality stimuli, i.e., smell). The details of the additional tests
alongside the original experiments are presented in Table 4.

133 participants’ pairwise and direct evaluations were collected
and used in a repeated color-choice test, however, afterwards the
individuals were also asked the same questions where the colors were
presented in reverse order in every pair.

Another 119 evaluators’ pairwise comparisons and direct scoring
results were collected comparing six completely different entities than
before (chocolate, coffee, almond, cinnamon and vanilla). The partici-
pants compared the odor of these entities three different ways, based
on simple text, then based on an image of each entity, and finally based
on the odors of the entities themselves.

The logical structure of the text-based test was identical to that
of the original color-choice test, but instead of individual colors, we
provided the names of foods in text form, and we tested their odor’s
likability (see Figs. A.4 and A.5 in Appendix). The structure of the
image-based test is identical to that of the text-based test, but in this
test we provided both images and names of the foods (see Figs. A.6
and A.7 in Appendix). The structure of the odor-based test is identical
to that of the text-based and image-based tests (see Figs. A.8 and A.9
in Appendix). However, we tested the likability of various food odors
using cellulose paper strips (150 mm x 7 mm) sealed in odorless, screw-
top test tubes, with undiluted aromas absorbed into the bottom 20 mm
of the strips. We used food-grade Flavorchem aromas tested during
the study (chocolate flavor, coffee natural flavoring, apple flavoring,
natural flavoring almond, natural cinnamon flavoring, natural flavoring
substances vanilla). During the odor-based test, to minimize sensory
fatigue, we took a few-minute break halfway through the pairwise
comparison test tasks and before the direct evaluation test tasks.
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Table 4
The details of the different experiments.
Name Entities to compare Basis of Number of
comparison participants
Original color-choice test red, green, blue, Image 301
magenta, turquoise, yellow
Repeated color-choice test red, green, blue, Image 133
magenta, turquoise, yellow
Reversed color-choice test red, green, blue, Image 133
magenta, turquoise, yellow
Text-based test chocolate, coffee, apple, Text 119
almond, cinnamon, vanilla
Image-based test chocolate, coffee, apple, Image 119
almond, cinnamon, vanilla
Odor-based test chocolate, coffee, apple, Odor 119

almond, cinnamon, vanilla

Table 5

The scales that are optimal on average for each experiment.
Name S M L
Original color-choice test 1.5 1.7 2
Repeated color-choice test 1.4 1.7 2.2
Reversed color-choice test 1.5 1.7 2.1
Text-based test 1.4 1.5 1.8
Image-based test 1.4 1.6 1.8
Odor-based test 1.4 1.5 2

The applied verbal scales and methodological details were the same
in these experiments as the ones presented in Section 3, except that
for the direct scoring a ten-point scale was used, with 1 indicating a
strong dislike and 10 indicating strong preference. This way no further
cleaning of the data was necessary.

The scales that result in the smallest average Euclidean distance
for both weight calculation techniques in the case of the different
experiments are presented in Table 5.

As one can see, although the optimal scales are not always the same,
the results are close enough to each other even for completely different
experiments, corroborating the former findings.

With this examination, the list of sensitivity analyses is completed,
and it is shown that the presented results are robust regarding

+ the weight calculation technique (Eigenvector or Logarithmic
Least Squares Method);

+ the used discrepancy metric (see Section 5.1 and Table 3);

+ and the problem instance as well (see Table 5).

6. Conclusion and further research

In this paper, we analyzed the individually and on average optimal
numerical scales related to a four-item verbal scale based on a color-
choice test carried out on color-calibrated tablets in ISO standardized
sensory laboratory and test booths [43]. 462 respondents participated
in the experiment providing verbal pairwise comparisons, as well as
direct evaluation scores regarding the six colors (red, green, blue,
magenta, turquoise, and yellow).

The Eigenvector and the Logarithmic Least Squares Methods were
used to calculate the preference representing weight vectors from the
pairwise comparison matrices. To compare the obtained weight vectors
with the corresponding values calculated from the direct evaluation
scores, the Euclidean distance was used. A total of 236 880 different
numerical scales were considered.

It turned out that both on average and individually the numerical
scales using smaller (< 3) numbers even for the extreme preference
prevail in this subjective problem. The results do not depend on the
used weight calculation technique. This is a significant finding, as
it contradicts to both the common practice in Multicriteria Decision
Making (especially the AHP), and to several ISO standards related to

sensory tests, where verbal expressions are mechanically converted
into great numbers (e.g., 9). Thus, the results suggest that several
methods based on pairwise comparisons (for instance, the AHP) and
ISO standards need to be revised.

A twofold robustness analysis was carried out to corroborate the
findings. First, additional discrepancy metrics were investigated instead
of the Euclidean distance, including other distances, rank correlations,
and similarity, and compatibility indices. Then a number of further
experiments were conducted with different samples of individuals and
in some cases with different entities to compare or even with different
modality stimuli (i.e., smell). The main findings were the same for all
the different metrics and tests. However, the former result from the
literature that scales have significant impact on priorities, but modest
effect on ranking was confirmed [29].

Following the findings of transforming the verbal expressions
of the category scale into numerical values, it is necessary to revisit
some of the international standards, such as the ‘Guidelines for the
use of quantitative response scales’ [14], ‘Selection and training of
sensory assessors’ [52], ‘Guidelines for monitoring the performance of a
quantitative sensory panel’ [53], and ‘General guidance for conducting
hedonic tests with consumers in a controlled area’ [54].

We also analyzed the inconsistency of the respondents. It was
emphasized that the scale itself heavily influences most of the inconsis-
tency measures (for instance the C R inconsistency index). The modified
random index (RI) related to a modified CR for the numerical scale
that proved to be optimal was calculated. However, the generalization
of the known 10% rule is not recommended based on the different
number of possibilities (four-item scale instead of nine-item one), the
nature (subjective) and size (6 x 6) of the problem.

A further inconsistency analysis was carried out in the paper, that
included a repeated answer to a preference relation between a given
pair of colors at the conclusion of the experiment. The ratio of respon-
dents who provided answers that resulted in a sure ordinal difference
in the preference (at least a distance of 3 steps in the four-item verbal
scale) was a little bit less than 10%. However, ~ 77% of the respondents
answered almost the same way for the second time as well (at most
a distance of 1 step in the four-item verbal scale). Examining the
inconsistency of respondents whose repeated answer was further from
the original, it turned out that they tend to be more inconsistent in
general.

Further research questions include analyzing the conversion be-
tween verbal and numerical scales on other subjective problems as well,
e.g., applying further sensory tests (odor, flavor, etc.); and studying
the effect of choosing a different benchmark method instead of direct
scoring. A future research can also investigate the extent in which the
used numerical scales can be personalized in several fields of decision
making and in different practical problems as well.

The use of verbal category scales is widespread in preference stud-
ies, so the cognitive conversion of verbal categories into numbers
is necessary. Furthermore, it is important to underline that there is
currently very limited knowledge available on the stability of individual
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Comparison with existing scales using the Eigenvector Method for weight calculation. Each scale is obtained by using the usual
choice of parameters presented in Table 1. For the geometric scale, the parameter choice that provides the better results, a = \/5,
is applied. For the affine scale, always the alternative that is first in the (red, green, blue, magenta, turquoise, yellow) list was
marked as preferred with 1.1 value, if the decision maker indicated indifference between the given pair. The following notations
are applied: d,~Euclidean distance, d,~Chebyshev distance, d,,~Manhattan distance, C-cosine similarity index, D-dice similarity
index, J-Jaccard compatibility index, G-Garuti compatibility index. For d,, d,, and d,, the smaller values show better performance,
while in the case of C, D, J, and G, the greater figures are preferred.

Name d, d, d, c D J G

Empirically optimal scale 0.0800 0.0541 0.1675 0.9816 0.9806 0.9623 0.8546
Linear 0.2245 0.1768 0.4370 0.9035 0.8864 0.8015 0.6642
Affine 0.0855 0.0573 0.1790 0.9785 0.9770 0.9556 0.8469
Power 0.4426 0.3746 0.8399 0.7694 0.7006 0.5547 0.4480
Root 0.0941 0.0654 0.1931 0.9753 0.9744 0.9507 0.8328
Geometric 0.2191 0.1737 0.4242 0.9060 0.8890 0.8074 0.6724
Inverse linear (9/9 - 9/1) 0.0942 0.0661 0.1920 0.9748 0.9737 0.9493 0.8342
Asymptotic 0.0864 0.0595 0.1786 0.9786 0.9778 0.9569 0.8450
Balanced 0.1239 0.0923 0.2457 0.9599 0.9567 0.9188 0.7931
Balanced power 0.1612 0.1240 0.3154 0.9399 0.9325 0.8770 0.7433
Logarithmic 0.1101 0.0785 0.2234 0.9677 0.9660 0.9352 0.8092
Koczkodaj 0.0849 0.0570 0.1777 0.9788 0.9773 0.9562 0.8479

cognitive categories, including their dependence on the type of test Acknowledgments
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Appendix

(® option2

How much more do you like your chosen colour? *

O equally like
(@ likeitalittle bit more
(O like it moderately more

(O like it much more

Fig. A.1. A representative example of the questions for pairwise comparisons used in our color-choice test.



Z. Szddoczki et al. Operations Research Perspectives 17 (2026) 100416

How do you like this colour? o
Please rate this colour from 0 to 10!
(0=don't like it at all; 10=favourite colour)

0 1 2 3 4 5 6 & 8 9 10

OO0 O0OO0OO0OO0O®OoOOoOo o

Fig. A.2. A representative example of the questions for direct evaluation used in our color-choice test.

How do you like this colour? *
Please rate this colour from 0 to 10!
(0=don't like it at all; 10=favourite colour)

0 1 2 3 4 5 6 7/ 8 9 10

OO O0OO0OO0OO0OO0OO0® 0o Oo

Fig. A.3. Another example of the questions for direct evaluation used in our color-choice test.
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Which food odor do you prefer? *
Click on the picture!

chocolate almond

O chocolate @ almond

How much more do you like your chosen food odor? *

O equally like
O like it a little bit more
@ like it moderately more

O like it much more

Fig. A.4. A representative example of the questions for pairwise comparisons used in the text-based test.

How do you like the chocolate odor? #
Please rate the chocolate odor from 0 to 10!
(0=don't like it at all; 10=favourite odor)

chocolate

1 2 3 4 5 6 7 8 9 10

O 0O O OO0 o0 ® O O

Fig. A.5. A representative example of the questions for direct evaluation used in the text-based test.

11
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Which food odor do you prefer? *
Click on the picture!

O chocolate @ almond

How much more do you like your chosen food odor? *
QO equally like

QO like talittle bit more

@ like it moderately more

O like it much more

Fig. A.6. A representative example of the questions for pairwise comparisons used in the image-based test.

How do you like the chocolate odor? i
Please rate the chocolate odor from 0 to 10!
(0=don't like it at all; 10=favourite odor)

1 2 3 4 5 6 7 8 9 10

0O 0 o o o o o ® o0 O

Fig. A.7. A representative example of the questions for direct evaluation used in the image-based test.
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Which food odor do you prefer? *
Click on the picture!

chocolate almond

O chocolate

@ almond

How much more do you like your chosen food odor? *
O equally like

O like it a little bit more

@ like it moderately more

O like it much more

Fig. A.8. A representative example of the questions for pairwise comparisons used in the odor-based test.

How do you like the chocolate odor? #
Please rate the chocolate odor from 0 to 10!
(0=don't like it at all; 10=favourite odor)

chocolate

1 2 3 4 5

7 8 9 10

O 0O O OO0 o0 ® O O

Fig. A.9. A representative example of the questions for direct evaluation used in the odor-based test.
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