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 A B S T R A C T

The cyclic hoist scheduling problem originates in electroplating lines, where a single or multiple hoists 
transport parts between processing tanks subject to technological constraints. The objective is typically to 
determine a cyclic sequence of hoist movements that minimizes the cycle time while satisfying travel and 
processing constraints. Although the problem has been widely studied for several decades, the literature 
contains a puzzling phenomenon: different studies often report different optimal cycle times for the same 
benchmark instances, which limits the comparability and reproducibility of computational results.

In this paper, we revisit the modelling of cyclic hoist scheduling problems from a unified perspective. We 
introduce a consistent modelling approach for single-hoist problems and analyse several mixed-integer linear 
programming (MIP) formulations proposed in the literature. Our analysis identifies modelling inconsistencies 
and clarifies the relationships between existing formulations. Based on these observations, we propose 
natural constraint programming (CP) models that can serve as baseline approaches, and we also derive 
improved MIP formulations. Extensive computational experiments compare the strength and performance of 
the investigated formulations.

To support reproducible research, we also provide a publicly available library containing benchmark 
instances and implementations of several CP and MIP formulations for single-hoist cyclic hoist scheduling.
1. Introduction

The hoist scheduling problem (HSP) originates in electroplating fa-
cilities, where hoists transfer parts between chemical baths according 
to their predefined processing sequences. The problem also naturally 
arises in other material handling contexts, such as robotic cell schedul-
ing (e.g., Dawande et al. (2005) and Feng et al. (2024)). Briefly stated, 
a single or multiple hoists transfer carriers containing the parts between 
tanks, and the scheduling of these movements must satisfy several tech-
nological constraints, including minimum and maximum processing 
times. The cyclic hoist scheduling problem (CHSP) aims to determine a 
repetitive sequence of hoist movements, called a cycle, which is then 
executed continuously in order to process a large number of identical 
parts. Determining a cycle with minimal duration is therefore directly 
related to maximizing the throughput of the production line.

50 years ago, Phillips and Unger (1976) published their paper in 
which the authors considered a problem to minimize the cycle time for 
a single hoist. Since then, several solution approaches have been devel-
oped for the problem and its variants, including the multi-hoist case. 
These approaches include mixed-integer linear programming (e.g., Li 
and Fung (2014), Nait-Sidi-Moh and El-Amraoui (2016), Feng et al. 
(2018) and Mao et al. (2018)), constraint programming (e.g., Wallace 
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and Yorke-Smith (2020) and Liu et al. (2025)), other exact approaches 
(e.g., Riera and Yorke-Smith (2002), Che and Chu (2004), Leung and 
Levner (2006) and Lei et al. (2014)), and heuristics or metaheuristic 
algorithms (e.g., Chtourou et al. (2013), El Amraoui and Elhafsi (2016), 
Yan et al. (2016), Laajili et al. (2021) and El Amraoui and Benrejeb 
(2024)).

Despite the extensive literature, the examination of published re-
sults reveals a puzzling phenomenon. Different studies that are sup-
posed to solve the same basic problem often report different optimal 
cycle times for the same benchmark instances. Table  1 illustrates this 
issue for a basic single-hoist problem for several widely used instances, 
where the reported optimal values vary significantly across papers. 
Even in the most recent articles, we can find results that are completely 
different from all previous ones.

Such discrepancies significantly limit the comparability of different 
approaches. In many cases, new methods are evaluated primarily by 
comparing their results with previously reported cycle times. If these 
reference values are inconsistent or incorrect, it becomes difficult to 
assess the true performance of new algorithms. This issue is particularly 
problematic for heuristic methods, whose quality may be measured to 
incorrect reference values.
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Table 1
Reported values in the literature for a basic single-hoist problem on some benchmark instances.
 Paper Instances

 PU Mini BO1 BO2 Cu Zn Ligne 1 Ligne 2 
 Phillips and Unger (1976) 580 – – – – – – –  
 Armstrong et al. (1994) 521 – 304.1 255.7 319.95 435.85 – –  
 Leung et al. (2004) 521 281 299.5 279.3 1847.2 1743.4 – –  
 Che et al. (2011) 521 – – – – – 393 712  
 Che et al. (2015) 521 287 281.9 279.3 – – 392 712  
 Mao et al. (2018) – 284 – 279.3 – 1743.4 – –  
 Laajili et al. (2021)a 521 340 333.2 279.3 1847.2 1743.4 425 712  
 Liu et al. (2025) 518 284 267 257 1847 1742 392 722  
– not reported.
a Values are not indicated as optimal.
Importantly, these inconsistencies rarely arise due to fundamentally 
different problem definitions. Hoist scheduling problems have been 
systematically classified by Manier and Bloch (2003), who introduced 
a unified notation, similar to the well-known classification scheme of 
Graham et al. (1979) for machine scheduling problems. This notation 
allows researchers to precisely describe the main characteristics of the 
investigated hoist scheduling problem. In principle, this should make 
it possible to define and reproduce the same problem settings across 
studies.

Although the notation used in the literature is relatively unified, the 
formalization of the problems is much less consistent. In many studies, 
the constraints are described only in text, without providing an explicit 
mathematical formulation that clearly characterizes the set of feasi-
ble solutions. To investigate the sources of these inconsistencies, we 
therefore focus primarily on constraint programming (CP) and mixed-
integer linear programming (MIP) models. In these approaches, the 
constraints must be explicitly specified in mathematical form, which 
makes it possible to clearly understand how the authors interpret the 
technological restrictions of the problem. Thus, these formulations pro-
vide a transparent and reproducible basis for analysing and comparing 
different models. Our analysis of the literature suggests that several 
factors may contribute to the observed discrepancies. In some cases, op-
timality claims appear to be incorrect; in others, published formulations 
contain modelling inaccuracies or omit important constraints. Subtle 
differences in modelling assumptions may also lead to different feasible 
solution spaces, and benchmark instances themselves may be used in 
slightly different forms. As a result, formulations that are intended 
to represent the same problem may in fact correspond to different 
variants.

These observations highlight the need for a systematic and repro-
ducible modelling framework for cyclic hoist scheduling problems. In 
this paper, we therefore revisit the modelling of cyclic hoist schedul-
ing problems from a unified perspective. Our main contributions are 
as follows: (1a) a unified modelling approach for single-hoist cyclic 
scheduling; (1b) new constraint programming formulations; (2a) revi-
sion of existing mixed-integer linear programming formulations from 
the literature; (2b) strengthened MIP formulations; (3) computational 
comparison of MIP formulations; and (4) a public library containing 
benchmark instances and solution approaches.
Unified modelling of single-hoist problems, new CP formulations. We pro-
pose a unified modelling framework for single-hoist cyclic scheduling 
problems, in which the requirements of feasible cyclic schedules are 
systematically identified, analysed, and formalized within a common 
notation and modelling structure. The fundamental requirements con-
sidered in the framework include travel-time feasibility, soaking con-
straints, and load-unload configurations; and the framework also covers 
several important extensions, including multi-function tanks, multi-
tank (multi-stage) operations, multi-degree problems (multi-cycles), 
and multi-part problems. Compared to existing models in the litera-
ture, our approach provides a more systematic treatment of extensions 
such as multi-function tanks and multi-degree problems, and explicitly 
2 
accounts for load-unload configurations, which are often neglected 
in previous formulations. In particular, the resulting formulation for 
multi-cycles arises naturally from the simple cycle model and is more 
transparent than existing formulations. The framework also provides 
a foundation for future extensions to multi-hoist problems. An addi-
tional consequence of this modelling framework is that the resulting 
scheduling requirements naturally translate into constraint program-
ming models. This leads to direct CP formulations for both the simple 
and the multi-cycle variants of the problem, which can serve as baseline 
models. For details, see Section 3.
Revised and strengthened MIP formulations. We conduct a systematic 
revision of several MIP formulations from the literature. Our analysis 
identifies modelling inconsistencies and subtle differences in assump-
tions. Building on this analysis, we derive strengthened MIP formu-
lations for the basic problem with simple cycles that combine the 
advantages of existing approaches. For details, see Section 4.
Computational comparison of MIP formulations. We perform extensive 
computational experiments to evaluate and compare the strength and 
computational performance of the investigated formulations. The re-
sults also clarify the optimal cycle times for several widely used bench-
mark instances. For details, see Section 5.
A public library for cyclic hoist scheduling. We publish a publicly avail-
able library1 containing benchmark instances and implementations of 
several CP and MIP formulations. The aim of this library is to support 
reproducible and comparable research in cyclic hoist scheduling. For 
details, see Section 6.

2. Hoist scheduling

In this section, we formally define and formulate the hoist schedul-
ing problems considered in this paper. In Section 2.1, we provide 
a high-level overview to give a global picture, followed by a de-
tailed description in Section 2.2. Table  2 summarizes the notation used 
throughout the paper.

While defining the problem, we draw on several works from the 
literature. In particular, papers that provide significant modelling con-
tributions are discussed in Section 2.2. For more comprehensive classi-
fications and surveys, we refer the reader to Manier and Bloch (2003), 
Dawande et al. (2005), Levner et al. (2010), Feng (2017), Feng et al. 
(2024) and Laajili (2021) (in French).

2.1. Main overview

Briefly stated, there is an electroplating line, consisting of a set of 
tanks, in which the parts are processed according to their predefined
processing sequence. At the load station, a part (or a batch of identical 
parts) is placed into a carrier (e.g., a basket), which is then transported 

1 https://github.com/hmarko89/CyclicHoistScheduling.
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Fig. 1.  A bi-directional line with a single hoist. Currently, carriers are soaking in tanks 2 and 𝑁 , and another one is being transported by the hoist. Tank 3 is 
not included in this processing sequence, however, the carrier re-enters multi-function tank 4.
Table 2
Notation for hoist scheduling problems.
 Parameter Domain Description  
 𝑁 Z1≤ Number of chemical baths.  
 𝑛 Z1≤ Number of soaking operations.  
 𝐿𝑖 R0≤ Minimum duration for soaking operation 𝑖.  
 𝑈𝑖 R0≤ Maximum duration for soaking operation 𝑖, may be ∞.  
 𝐿0 R0≤ Minimum duration to load a carrier to the load station.  
 𝐿𝑛+1 R0≤ Minimum duration to unload a carrier from the unload station. 
 𝑠𝑖 {0,1,… , 𝑁 + 1} The tank of operation 𝑖.  
 𝑆𝑖 ⊆ {1,… , 𝑁} The tanks of soaking operation 𝑖 (multi-tank case).  
 cap(𝑠𝑖) Z1≤ Capacity of tank 𝑠𝑖.  
 𝑑𝑖 R0≤ Duration of move 𝑖.  
 𝑒𝑖,𝑗 R0≤ Empty travel time from tank 𝑖 to tank 𝑗.  
 𝑒𝑖,𝑗 𝑒𝑖,𝑗 = 𝑒𝑠𝑖 ,𝑠𝑗 Empty travel time between the tanks of operation 𝑖 and 𝑗.  
by a single or multiple hoists between the tanks to soak according to the 
processing sequence, and is finally unloaded at the unload station, see 
Fig.  1. The hoists are identical and move on a single track. The hoist 
scheduling problem deals with the scheduling of the movements of the 
hoists. In the cyclic hoist scheduling problem, the goal is to determine 
a repetitive sequence of hoist movements to process a larger quantity 
of identical parts. The carriers are successively loaded onto the load 
station, and unloaded from the unload station.

In the rest of the paper, we consider cyclic problems. For com-
pleteness, we mention that Manier and Bloch (2003) distinguished 
three other problem classes, which are out of the scope of this pa-
per. Predictive hoist scheduling problems comprise static problems in 
which a non-cyclic schedule is sought; for example, scheduling a part 
through the line to minimize the makespan (e.g., El Amraoui and 
Elhafsi (2016)). In a dynamic hoist scheduling problem, the schedule 
must be recomputed whenever a new part enters the line (e.g., Feng 
et al. (2015) and Yan et al. (2017)). In a reactive hoist scheduling 
problem, decisions are made online by assigning tasks to hoists without 
a complete predefined schedule (e.g., Jégou et al. (2006)).

2.2. Problem definition

We consider a single line with dissociated load and unload stations 
and index the tanks from 0 to 𝑁 +1 following the track. That is, tank 0
is the load station, tanks 1,… , 𝑁 are the chemical baths (or soaking 
tanks), and tank 𝑁 + 1 is the unload station, see Fig.  1. We consider a 
single part type with a processing sequence consisting of 𝑛+2 operations, 
indexed from 0 to 𝑛+1. The first operation refers to loading the carrier 
to the load station 𝑠0 = 0, and the last operation refers to unloading 
the carrier from the unload station 𝑠𝑛+1 = 𝑁 +1. The soaking operations
1,… , 𝑛 refer to soaking the carrier in their designated tanks 𝑠1,… , 𝑠𝑛, 
respectively. Each soaking tank is a monofunction tank, that is, used to 
process only one operation of the processing sequence (i.e., 𝑠𝑖 ≠ 𝑠𝑗 for 
1 ≤ 𝑖 < 𝑗 ≤ 𝑛). Only one carrier can soak in a tank at a time. Associated 
load and unload stations, multiple part types, multi-function tanks, and 
multi-capacity tanks will be discussed later.
3 
Operations must be processed without preemption. The duration 
(or soak time) of a soaking operation 𝑖 (1 ≤ 𝑖 ≤ 𝑛) is bounded by 
minimum and maximum values, 𝐿𝑖 and 𝑈𝑖, respectively, which must be 
respected for quality reasons. The minimum and maximum durations 
may coincide, i.e., 𝐿𝑖 = 𝑈𝑖 for each soaking operation 𝑖 (e.g., Che et al. 
(2002), Leung and Levner (2006) and Che et al. (2010)); these fixed 
processing times are typical in the case of robot scheduling problems 
(e.g. Levner et al. (1997) and Yan et al. (2010)). There might also be 
lower bounds 𝐿0 and 𝐿𝑛+1 for loading and unloading, respectively, in-
dicating the minimum required time to load/unload a carrier; however, 
upper bounds may have little practical use (𝑈0 = 𝑈𝑛+1 = ∞). Loading 
and unloading are not the responsibility of the hoists. Loading and 
unloading might be performed simultaneously (which typically holds 
for dissociated load and unload stations) or not (which typically holds 
for associated load and unload stations). Operations are subject to no-
wait constraints; that is, once a part has been processed in a tank, it 
must be immediately transported to the next tank.

A hoist can only transport one carrier at a time. In case of multiple 
hoists, the hoists are identical and move on the same track. The empty 
travel time between tanks 𝑖 and 𝑗 is denoted by 𝑒𝑖,𝑗 . The travel times 
are symmetric and satisfy the triangle inequality. A move is a loaded 
travel in which a hoist transports a carrier from one tank to the 
next. A move actually consists of several sub-actions (e.g., lifting the 
carrier, dripping, transporting the carrier to the next tank, and lowering 
the carrier), however, the explicit modelling of these sub-actions is 
only necessary in the multi-hoist case to avoid collisions (e.g., Che 
et al. (2013)). The duration of move 𝑖, i.e., the move associated with 
operation 𝑖 (0 ≤ 𝑖 ≤ 𝑛), is denoted by 𝑑𝑖. Note that 𝑒𝑠𝑖 ,𝑠𝑖+1 ≤ 𝑑𝑖. Moves 
cannot be interrupted, and their durations are fixed. That is, once a 
move starts (i.e., the corresponding operation ends), the carrier must 
be transported to the next tank without any intermediate pause due 
to technological reasons. Very rarely, move durations are considered 
as lower bounds rather than exact values (e.g., Liu et al. (2002) and 
El Amraoui et al. (2008)).

In the cyclic hoist scheduling problem, a repetitive sequence of hoist 
movements is sought, called a cycle. Based on the number of hoists, 
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Fig. 2.  An optimal single-hoist schedule (𝐶 = 521) for the instance of Phillips and Unger (1976) with associated load and unload stations. The colours refer to 
the four carriers used in the simple cycle.
we have a single-hoist cyclic scheduling problem (SHCSP) or a multi-hoist 
cyclic scheduling problem (MHCSP). In each cycle, a new carrier enters 
the line, which leaves the line possibly several cycles later. Multi-
cycles are discussed later. The objective is typically to minimize the
cycle time (or period), i.e., the length of the cycle. Other objectives 
have also been considered (e.g., Xu and Huang (2004) minimized 
freshwater consumption), sometimes as secondary objectives (e.g., Che 
et al. (2015) maximized the robustness of the schedule, Feng et al. 
(2014) and Yan et al. (2016) minimized the travel time of the hoist). For 
the multi-hoist case, if the number of hoists is not fixed in advance, it 
may also be treated as an objective to minimize (e.g., Leung and Levner 
(2006)).

A solution to a cyclic hoist scheduling problem consists of three 
parts: (i) each move must be assigned to exactly one hoist; (ii) for each 
hoist, the execution order and timing of the assigned moves must be 
determined; and (iii) the movements between consecutive moves must 
be specified. The solution can be illustrated by a time-way diagram. In 
the single-hoist case, the move-hoist assignment is trivial; and it is easy 
to see that, in addition to the loaded travel, two types of movements 
are sufficient: the empty travel of the hoist to the tank of the next move; 
and idle waiting at a tank. Fig.  2 indicates the time-way diagram of an 
optimal single-hoist solution for the instance proposed in Phillips and 
Unger (1976). Note that in each cycle, four carriers are in use, and each 
carrier leaves the line three cycles after it enters.

In summary, the basic single-hoist cyclic scheduling problem con-
sists of a single line, and a simple cycle schedule is sought for a single 
hoist to process a single part type, where each operation is associated 
with a single-capacity monofunction tank. Some variants and possible 
extensions of the basic problem are discussed in the following.
Associated load and unload stations. The load and unload stations may 
be associated, that is, loading and unloading are performed at the same 
station (i.e., 𝑠𝑛+1 = 𝑠0). However, in the single-hoist case, problems 
with associated load and unload stations can be converted into dis-
sociated ones without changing the set of feasible solutions or the 
optimal cycle time. This can be achieved by introducing a fictive unload 
station with the same travel times as the load station. For details, see 
Section 3.1.
Multi-function tanks. A soaking tank is a multi-function tank (or reentrant 
tank) if it is used to process multiple operations of the same processing 
4 
sequence (i.e., 𝑠𝑖 = 𝑠𝑗 for some 0 < 𝑖 < 𝑗 − 1 < 𝑛) (e.g., Liu et al. 
(2002) and Feng et al. (2018)). The operations associated with the same 
tank cannot overlap. In some papers, using the same tank for different 
operations is called reentrance or recirculation.
Multi-degree problems, multi-part problems. In contrast to a simple cycle
(or 1-degree cycle), in an 𝑟-degree cycle (or 𝑟-cycle), 𝑟 carriers enter and 
leave the line in each cycle (e.g., Che et al. (2011), Li and Fung (2014) 
and Mao et al. (2018)).

The multi-part case is analogous. Multiple part types must be pro-
cessed simultaneously on the same line, so that in each cycle, one 
carrier for each part type enters the line. It is also possible that the 
different part types do not enter in a 1:1 ratio within a cycle, but rather 
according to a prescribed production ratio (e.g., Zhao et al. (2013)). 
In a flow shop environment, the different part types follow the same 
processing sequence (e.g., El Amraoui et al. (2008, 2012, 2013)); in a 
job shop environment, each part type has its own processing sequence 
(e.g., Feng et al. (2018)).
Multi-tank (multi-stage) operations, duplicated tanks. Operations with 
relatively long minimum durations may create bottlenecks. In such 
cases, duplicated tanks (or parallel tanks) are introduced to improve the 
throughput of the line (e.g., Shapiro and Nuttle (1988)). That is, a multi-
tank (multi-stage) operation 𝑖 is associated not with a single tank 𝑠𝑖, 
but with a set 𝑆𝑖 = {𝑠1𝑖 ,… , 𝑠𝑚𝑖 } of tanks, and each carrier must be 
soaked in exactly one of them. This setting is similar to the case where 
the operation is associated not with multiple single-capacity tanks, but 
with a single multi-capacity tank, which allows multiple carriers to soak 
simultaneously.

Most often, multi-tank operations are handled within a simple cycle 
(e.g., Zhou and Li (2003)). In each cycle, one carrier enters the line. For 
a multi-tank operation 𝑖, the carrier is assigned to an available tank 
in 𝑆𝑖, typically the one most recently vacated. The carrier is removed 
several cycles later, allowing it to soak over multiple cycles. Carriers 
are removed from the tanks in 𝑆𝑖 in the same order in which they 
were inserted. In some cases, the number of tanks used for a multi-tank 
operation is not fixed but treated as a decision variable (e.g., Liu et al. 
(2002), El Amraoui et al. (2012) and Feng et al. (2018)).

2.3. Related literature

In the past decades, many variants of hoist scheduling problems 
have been investigated, for which several solution approaches have 
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Table 3
Selected MIP formulations for single-hoist scheduling problems from the literature.
 Paper Degree Load-unload Multi-function Multi-tank 
 Phillips and Unger (1976) simple cycle – (yes) –  
 Liu et al. (2002) simple cycle associated yes variable  
 Zhou and Li (2003) simple cycle associated (yes) fixed  
 Leung et al. (2004) simple cycle – – –  
 Feng et al. (2014) simple cycle – – –  
 Che et al. (2015) simple cycle – – –  
 El Amraoui and Nait-Sidi-Moh (2012) simple cycle associated yes variable  
 Nait-Sidi-Moh and El-Amraoui (2016) simple cycle associated yes variable  
 Zhou et al. (2012) multi-cycle – – –  
 Li and Fung (2014) multi-cycle – yes –  
 El Amraoui et al. (2008) 2-part – – –  
 El Amraoui et al. (2012) 2-part associated yes variable  
 El Amraoui et al. (2013) multi-part – – –  
 Feng et al. (2018) multi-part – yes variable  
been developed. For an overview, we refer the reader to the recent sur-
vey of Feng et al. (2024). In the following, we review some papers that 
provide formulations for single-hoist problems and are thus relevant to 
our primary goal: to develop a unified modelling framework for single-
hoist cyclic scheduling. Table  3 summarizes the main features of the 
reviewed MIP formulations.

Phillips and Unger (1976) proposed the first MIP formulation to 
minimize the cycle time for a single part type in a simple cycle. The 
authors also extended their model to multi-function tanks. We revise 
the formulation in  Section 4.1, where we show that it is too restrictive; 
therefore, the resulting solution is not actually optimal in all cases.

Shapiro and Nuttle (1988) developed a branch-and-bound solution 
procedure for the same problem setting. Their model can be applied 
to lines with duplicated tanks, where all these tanks must be used in a 
solution, and can be generalized to determine multi-cycles.

Ng (1995) considered the scenario where the number of duplicated 
tanks is not fixed. The authors iteratively applied the solution method 
of Shapiro and Nuttle (1988) to determine the optimal number of 
duplicated tanks.

Liu et al. (2002) pointed out that the multi-function tank constraints 
of Phillips and Unger (1976) do not prevent operations using the same 
tank from overlapping. The authors proposed a corrected formulation 
for the problem, revised in  Section 4.5. They considered a scenario 
where the move times are not exact, but lower bounds. The authors 
also extended their formulation to multi-tank stages, where the number 
of tanks used for a multi-tank operation is a decision variable.

Zhou and Li (2003) extended the model of Phillips and Unger (1976) 
to multi-tank operations, where the number of tanks used for a multi-
tank operation is fixed. The formulation, revised in  Section 4.3, uses a 
correct calculation of the cycle time. The corresponding multi-function 
tank constraints are not specified in that paper.

Leung et al. (2004) tightened the MIP formulation of Phillips and 
Unger (1976), and introduced a set of valid inequalities for the convex 
hull of the feasible solutions, see Section 4.2. However, similarly to the 
original model, this formulation does not guarantee optimal solutions 
in certain cases.

El Amraoui and Nait-Sidi-Moh (2012) and Nait-Sidi-Moh and El-
Amraoui (2016) proposed MIP formulations for the basic problem as 
well as extensions to multi-function tanks and multi-tank operations.

Feng et al. (2014) considered minimizing the travel time of the hoist 
as a secondary objective assuming non-Euclidean travel times.

Che et al. (2015) adjusted the formulation of Liu et al. (2002) to a 
bi-objective MIP formulation for a robust optimization problem. This 
model was then used to minimize the cycle time for a given level of 
robustness, where delays may occur in the execution of the moves or 
in the empty travels.

Wallace and Yorke-Smith (2020) proposed a non-linearized CP for-
mulation capable of handling multiple tank capacities.

Liu et al. (2025) emphasized the substantial potential of modern 
constraint programming solvers for hoist scheduling problems. The 
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authors transformed the classical single-hoist MIP formulation (cf. Zhou 
and Li (2003)) into a CP formulation, and solved the widely-used 
benchmark instances with OR-Tools CP-SAT. However, based on the 
reported cycle times (see Table  1), there appear to be discrepancies: 
either the implementation is incorrect, or the benchmark dataset differs 
from those available in the literature. For further discussion, we refer 
to Section 5.1.1.

Zhou et al. (2012) developed the first MIP formulation for process-
ing a single part type in multi-cycles. The model of Li and Fung (2014) 
is applicable in the presence of multi-function tanks. These two papers 
follow different modelling approaches, which we will discuss later in 
Section 3.3.

El Amraoui et al. (2008) proposed an MIP formulation for two part 
types with the same processing sequence. The model of El Amraoui 
et al. (2013) is applicable for an arbitrary number of part types that 
follow the same processing sequence. El Amraoui et al. (2012) provided 
extensions for the 2-part formulations, including multi-function tanks 
and multi-tank operations.

Zhao et al. (2013) considered a multi-part hoist scheduling problem 
in which the number of carriers entering the line per cycle for each part 
type is determined according to prescribed production ratios.

Feng et al. (2018) developed an MIP formulation for multiple 
part types with different processing sequences, which may contain 
multi-capacity multi-function tanks.

Some works are closely related to our primary goal, as they intro-
duce systematic modelling approaches. However, our approach for the 
single-hoist case covers a broader range of extensions and additionally 
provides reproducible formulations and benchmark instances to sup-
port systematic comparison. El Amraoui and Nait-Sidi-Moh (2012) and 
Nait-Sidi-Moh and El-Amraoui (2016) used P-temporal Petri Nets to 
formally model and analyse single-hoist cyclic schedules for the basic 
problem, as well as for extensions involving multi-function tanks and 
multi-tank operations. Recently, Feng et al. (2024) provided a compre-
hensive review of robotic cell scheduling. In addition, the authors drew 
on several of these modelling approaches to present an MIP formulation 
for the basic problem and for extensions such as multi-function tanks, 
multi-tank operations, multi-cycle settings, and multiple hoists.

3. Modelling single-hoist cyclic scheduling problems

In this section, we address the modelling of single-hoist cyclic 
scheduling problems. In  Section 3.1, we introduce the necessary defi-
nitions and notation. Sections 3.2 and 3.3 present the formulations for 
simple cycles and multi-cycles, respectively. Before that, we describe 
the considered problem settings using two complementary classification 
schemes.

First, we characterize the problem settings according to the classifi-
cation of Manier and Bloch (2003) (with the corresponding notation in 
parentheses). We consider a single line (𝛽1 = 𝛽2 = 𝛽3 = ∅), a single hoist 
(𝛽 = ∅), and an arbitrary number of soaking tanks (𝛽 = 𝑁) with unit 
41 42
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Table 4
Notation for the singe-hoist formulations.
 Variables Domain Description  
 𝐭𝑖 R0≤ Start time of move 𝑖 (0 ≤ 𝑖 ≤ 𝑛).  
 𝐂 R0≤ Cycle time.  
 𝐲𝑖,𝑗 {0,1} Indicates whether move j starts after move i (0 ≤ 𝑖, 𝑗 ≤ 𝑛, 𝑖 ≠ 𝑗). 
 𝐳𝑖 {0,1} Indicates whether move i is the latest move (0 ≤ 𝑖 ≤ 𝑛).  
 𝐭max R0≤ Maximum start time among all moves.  
capacity (𝛽43 = ∅). We also consider an extension in which bottleneck 
operations are associated with multi-capacity tanks (𝛽43 = 𝑐𝑡). The 
number of available carriers can be either unlimited or limited (𝛽5 ∈
{∅, 𝑛𝑐}), and a storage is available for them; thus, empty carriers do 
not remain on the line (𝛽8 = ∅). Load and unload stations can be either 
associated or dissociated (𝛽9 ∈ {∅, 𝑎𝑠𝑠, 𝑑𝑖𝑠𝑠}), when relevant. An infinite 
number of identical parts are processed on the line (𝛿1 = ∅, 𝛿2 = ∅), with 
an arbitrary number of soaking operations (𝛿3 = 𝑛), which may use 
the same tanks multiple times (𝛿5 ∈ {∅, 𝑟𝑒𝑐𝑟}). After being unloaded, 
the carriers do not require cleaning (𝛿4 = ∅). We also consider the 
multi-part case (𝛿2 = 𝑛𝑝𝑠). The objective is to find a cyclic schedule 
(𝛼 = 𝐶𝐻𝑆𝑃 ) with a minimum cycle time (𝛾 = 𝑇𝑚𝑖𝑛), however, our 
modelling approach is mostly independent of the objective function.

Next, we describe the problem settings using the more recent clas-
sification of Feng et al. (2024). Tank settings: in addition to basic 
systems, we consider extended systems with reentrant tanks, parallel 
tanks, or both. Number of hoists: a single hoist is used to transport 
the carriers. Part processing time: each operation is associated with 
a processing time window, where the minimum and maximum du-
rations may coincide (i.e., fixed processing times). Part processing 
routine: in addition to the single-part case (single-part flow shop), 
we consider the multi-part extension, where different part types may 
follow different processing sequences (multiple part-type flow shop 
or job shop). Scheduling mode: we consider both one-degree cyclic 
scheduling (i.e., simple cycles) and multi-degree cyclic scheduling. In 
the latter case, either a single part type is processed in a multi-cycle, or 
multiple part types are processed within a single cycle. Optimization 
criteria: our modelling approach is mostly independent of the objective 
function; however, in all considered formulations, the cycle time is 
minimized.

3.1. Preliminaries

Table  4 summarizes the notation that is used throughout Sections 3
and 4. The continuous start time variable 𝐭𝑖 denotes the start time of the 
move 𝑖 (0 ≤ 𝑖 ≤ 𝑛), and the cycle time variable 𝐂 denotes the cycle time. 
The binary ordering variable 𝐲𝑖,𝑗 indicates whether move 𝑗 starts after 
move 𝑖 (0 ≤ 𝑖 < 𝑗 ≤ 𝑛), i.e., 𝐭𝑖 < 𝐭𝑗 . Some formulations may interpret 
variables 𝐲𝑖,𝑗 with 𝑖 > 𝑗 as well. Clearly, 𝐲𝑗,𝑖 = 1−𝐲𝑖,𝑗 holds for all 𝑖 ≠ 𝑗. 
We call a formulation a base formulation if it uses only the variables 𝐂, 
𝐭𝑖, and 𝐲𝑖,𝑗 . An extended formulation uses additional variables as well. 
The binary variable 𝐳𝑖 indicates whether the move 𝑖 is the latest move 
(0 ≤ 𝑖 ≤ 𝑛), and the continuous variable 𝐭max denotes the maximum 
start time among all moves (i.e., the start time of the latest one).

Without loss of generality, we assume that the cycle starts with the 
immediate execution of move 0, that is, 𝐭0 = 0. This implies that 𝐲0,𝑗 = 1
(1 ≤ 𝑗 ≤ 𝑛) and 𝐳0 = 0. Moreover, this means that no move crosses the 
cycle boundary, that is, 𝐭𝑖 + 𝑑𝑖 ≤ 𝐂 holds for each move 𝑖.

To simplify the notation, let 𝑒𝑖,𝑗 = 𝑒𝑠𝑖 ,𝑠𝑗  denote the empty travel 
time from the tank of operation 𝑖 to the tank of operation 𝑗. Recall 
that the travel times satisfy the triangle inequality, and that 𝑒𝑖,𝑖+1 ≤ 𝑑𝑖
holds (0 ≤ 𝑖 ≤ 𝑛); both properties are used in the formulations. In some 
constraints, we use an appropriately large constant M, which must be 
an upper bound on the cycle time. For this purpose, we apply the upper 
bound (1) defined in the next subsection.

As defined in Section 2.2, we consider dissociative load and unload 
stations (i.e., 𝑠 = 0 and 𝑠 = 𝑁 + 1). This is not a restriction: in 
0 𝑛+1

6 
the single-hoist case, any problem instance with associative load and 
unload stations (i.e., 𝑠0 = 𝑠𝑛+1 = 0) can be converted to an equivalent 
instance with dissociative stations without changing the set of feasible 
solutions or the optimal cycle time. Specifically, a fictive unload station, 
𝑁 + 1, is introduced for the unloading operation such that 𝑒0,𝑁+1 = 0
and 𝑒0,𝑗 = 𝑒𝑁+1,𝑗 = 0 (0 ≤ 𝑗 ≤ 𝑁), i.e., the travel times from/to the 
load station are identical to those from/to the unload station.

3.1.1. Bounds on the cycle time
We present some lower and upper bounds on the cycle time for 

the case of minimizing the cycle time. Note, however, that due to 
some loading/unloading configurations (see Section 3.2.4) or due to 
multi-tank operations (see Section 3.2.6), these bounds may need to be 
adjusted.

One can construct a primitive feasible solution for the problem in 
the following way. The hoist executes the moves in the prescribed 
processing order. When the carrier is placed in a tank, the hoist waits 
there until the corresponding operation is finished with its minimum 
processing duration. After the execution of the last move, the hoist 
travels back to the load station. This schedule provides an upper bound 
on the optimal cycle time, see (1), which will be used as the big-M 
constant or variable upper bounds in the formulations. 

UB = 𝑑0 +
𝑛
∑

𝑖=1
(𝐿𝑖 + 𝑑𝑖) + 𝑒𝑛+1,0 (1)

The hoist trajectory includes all moves and at least one empty 
travel. Thus, the sum of move durations plus the minimum travel 
time to the load station is a lower bound on the cycle time. For each 
soaking operation 𝑖, the following are disjoint events: execution of 
move 𝑖 − 1, processing of operation 𝑖, execution of move 𝑖, travelling 
(indirectly) from 𝑠𝑖+1 to 𝑠𝑖−1. Thus, the total minimum duration of these 
events provides another lower bound on the cycle time. These two 
observations can be combined in a single lower bound, see (2). 

LB = max

{

min
1≤𝑖≤𝑛

{𝑑𝑖−1 + 𝐿𝑖 + 𝑑𝑖 + 𝑒𝑖+1,𝑖−1}, min
0≤𝑖≤𝑛

{𝑒𝑖+1,0} +
𝑛
∑

𝑖=0
𝑑𝑖

}

(2)

3.1.2. Time-way diagram
The solution, i.e., the determined hoist movements, can be illus-

trated in a time-way diagram. It is easy to see that in the single-hoist 
case, no other movements are needed in additional to the following 
ones: (i) the hoist executes a move; (ii) the hoist travels empty from the 
tank where the previous move is finished to the tank where the next 
move starts; (iii) the hoist waits either at the tank where the previous 
move is finished or at the tank where the next move starts. Based on 
these observations, the start times of the moves and the cycle time 
are sufficient to describe a solution for a single-hoist cyclic scheduling 
problem.

For given move start times 𝑡0,… , 𝑡𝑛 and cycle time 𝐶, the following 
procedure constructs the time-way diagram.
Step 1 (Operation start times). Let 𝑡+0 = 𝑡𝑛 + 𝑑𝑛 be the start time of 
unloading. Let 𝑡+𝑖 = 𝑡𝑖−1 + 𝑑𝑖−1 (mod 𝐶) be the start time of operation 𝑖
(1 ≤ 𝑖 ≤ 𝑛), that is, if 𝐶 ≤ 𝑡𝑖−1 + 𝑑𝑖−1, then 𝑡+𝑖 = 𝑡𝑖−1 + 𝑑𝑖−1 − 𝐶.

Step 2 (Execution order). Let 𝜋 denote the execution order of moves, 
that is, 0 = 𝑡 < 𝑡 < ⋯ < 𝑡 < 𝐶.
𝜋0 𝜋1 𝜋𝑛
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Step 3 (Trajectory). Following the execution order 𝜋, we construct the 
parts of the hoist’s trajectory. For the incumbent move 𝜋𝑖:

(1) Time interval [𝑡𝜋𝑖 , 𝑡𝜋𝑖 + 𝑑𝜋𝑖 ]: the hoist executes move 𝜋𝑖.
(2) Time interval [𝑡𝜋𝑖 + 𝑑𝜋𝑖 , 𝑡𝜋𝑖 + 𝑑𝜋𝑖 + 𝑒𝜋𝑖+1,𝜋𝑖+1 ] (may be empty): the 

hoist travels empty from tank 𝑠𝜋𝑖+1 to tank 𝑠𝜋𝑖+1 , where 𝑠𝜋𝑛+1
denotes the unload station. Note that the time interval is empty 
if 𝑠𝜋𝑖+1 = 𝑠𝜋𝑖+1 .

(3) Time interval [𝑡𝜋𝑖+𝑑𝜋𝑖+𝑒𝜋𝑖+1,𝜋𝑖+1 , 𝑡
+
𝜋𝑖+1

] (may be empty): the hoist 
waits at tank 𝑠𝜋𝑖+1 , where 𝑡+𝜋𝑛+1 = 𝐶.

3.2. Modelling simple cycles

A valid formulation for a single-hoist cyclic hoist scheduling prob-
lem with simple cycles must enforce four basic constraints:

• There must be enough time for empty travel between the consec-
utive moves, see Section 3.2.1.

• The cycle time must be long enough for the hoist to return to the 
load station after the latest move, see Section 3.2.2.

• Minimum and maximum soak times must be respected, see Sec-
tion 3.2.3.

• Loading and unloading times must be respected, see Section 3.2.4.

We also consider the following extensions:

• In case of multi-function tanks, operations using the same tank 
cannot overlap, see Section 3.2.5.

• Operations associated with multiple single-capacity tanks or a 
single multi-capacity tank, may be soaked for several cycles, see 
Section 3.2.6.

• The number of carriers used in a cycle may be limited, see 
Section 3.2.7.

3.2.1. Travel time constraints
There must be enough time between consecutive moves to allow 

the hoist to execute the former one and then travel empty to the next 
tank. That is, if move 𝑗 is the immediate successor of move 𝑖, then 
𝐭𝑖 + 𝑑𝑖 + 𝑒𝑖+1,𝑗 ≤ 𝐭𝑗 must hold. This can be enforced, for example, by 
the following indicator constraints (3)–(4).

𝐲𝑖,𝑗 = 1→ 𝐭𝑗 ≥ 𝐭𝑖 + 𝑑𝑖 + 𝑒𝑖+1,𝑗 0 ≤ 𝑖 < 𝑗 ≤ 𝑛 (3)

𝐲𝑖,𝑗 = 0→ 𝐭𝑖 ≥ 𝐭𝑗 + 𝑑𝑗 + 𝑒𝑗+1,𝑖 0 ≤ 𝑖 < 𝑗 ≤ 𝑛 (4)

These constraints imply the following lower bound on the start time 
variables: 𝐭𝑗 ≥ 𝑑0 + 𝑒1,𝑗 (1 ≤ 𝑗 ≤ 𝑛), since 𝐭0 = 0 and 𝐲0,𝑗 = 1. Moreover, 
the actual interpretation of the 𝐲-variables is the following: 𝐲𝑖,𝑗 = 1 if 
𝐭𝑖 + 𝑑𝑖 ≤ 𝐭𝑗 , and 𝐲𝑖,𝑗 = 0 if 𝐭𝑗 + 𝑑𝑗 ≤ 𝐭𝑖.

In an MIP formulation, for example, the linearized constraint (5) 
can be used: 

𝐭𝑗 ≥ 𝐭𝑖 + 𝑑𝑖 + 𝑒𝑖+1,𝑗 −M(1 − 𝐲𝑖,𝑗 ) 0 ≤ 𝑖, 𝑗 ≤ 𝑛 ∶ 𝑖 ≠ 𝑗 (5)

where M is an appropriate big constant (an upper bound on the cycle 
time) as described in Section 3.1.

3.2.2. Cycle time constraints
The cycle time must be long enough for the hoist to return to the 

load station after the latest move. Constraint (6) ensures that this is 
fulfilled for every move. 

𝐂 ≥ 𝐭𝑖 + 𝑑𝑖 + 𝑒𝑖+1,0 0 ≤ 𝑖 ≤ 𝑛 (6)

Note that constraint (6) implies that each move starts and ends within 
the same cycle, that is, 𝐭 + 𝑑 ≤ 𝐂 (0 ≤ 𝑖 ≤ 𝑛).
𝑖 𝑖
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3.2.3. Soaking constraints
Minimum and maximum soak times must be respected. For a soak-

ing operation 𝑖 (1 ≤ 𝑖 ≤ 𝑛), there are two possible scenarios:

(i) 𝐭𝑖−1+𝑑𝑖−1 ≤ 𝐭𝑖: operation 𝑖 starts and ends within the same cycle, 
see Fig. 3(a). The soak time is 𝐭𝑖 − (𝐭𝑖−1 + 𝑑𝑖−1).

(ii) 𝐭𝑖 < 𝐭𝑖−1 + 𝑑𝑖−1: operation 𝑖 is in process at the beginning of the 
cycle, see Fig.  3(b). The soak time is (𝐂 + 𝐭𝑖) − (𝐭𝑖−1 + 𝑑𝑖−1).

Variable 𝐲𝑖−1,𝑖 is suitable to distinguish these two cases for operation 𝑖, 
see constraints (7)–(8).
𝐲𝑖−1,𝑖 = 1→ 𝐿𝑖 ≤ 𝐭𝑖 − (𝐭𝑖−1 + 𝑑𝑖−1) ≤ 𝑈𝑖 1 ≤ 𝑖 ≤ 𝑛 (7)

𝐲𝑖−1,𝑖 = 0→ 𝐿𝑖 ≤ (𝐂 + 𝐭𝑖) − (𝐭𝑖−1 + 𝑑𝑖−1) ≤ 𝑈𝑖 1 ≤ 𝑖 ≤ 𝑛 (8)

Chen et al. (1998) expressed these constraints with non-linear in-
equalities: 𝐿𝑖 ≤ (𝐲𝑖,𝑖−1𝐂 + 𝐭𝑖) − (𝐭𝑖−1 + 𝑑𝑖−1) ≤ 𝑈𝑖 (1 ≤ 𝑖 ≤ 𝑛). In an 
MIP formulation, constraints (7) and (8) can be linearized, for example, 
using big-M formulations, see constraints (9) and (10), respectively.
𝐿𝑖 −M(1 − 𝐲𝑖−1,𝑖) ≤ 𝐭𝑖 − (𝐭𝑖−1 + 𝑑𝑖−1) ≤ 𝑈𝑖 1 ≤ 𝑖 ≤ 𝑛 (9)

𝐿𝑖 ≤ (𝐂 + 𝐭𝑖) − (𝐭𝑖−1 + 𝑑𝑖−1) ≤ 𝑈𝑖 +M 𝐲𝑖−1,𝑖 1 ≤ 𝑖 ≤ 𝑛 (10)

As Leung et al. (2004) pointed out, no big-M term is needed for the 
upper bound inequality of constraint (9) and for the lower bound in-
equality of constraint (10), since the corresponding inequalities hold in 
both of the two scenarios. Our computational experiments in Section 5 
will also demonstrate the strength of these improvements.

3.2.4. Loading and unloading constraints
Loading and unloading times must be respected. We consider the 

following two load-unload configurations:

(i) Dissociated load and unload stations: the loading and unloading 
operations can be performed simultaneously.

(ii) Associated load and unload stations: the loading and unloading 
operations cannot be performed simultaneously. Each carrier 
must be unloaded from the load–unload station before the next 
one can be loaded.

In case of dissociated stations, the cycle time must be long enough 
to perform either operation: 
max{𝐿0, 𝐿𝑛+1} ≤ 𝐂 (11)

Although such upper bounds may be of limited practical relevance, they 
can also be handled easily: 𝐂 ≤ min{𝑈0, 𝑈𝑛+1}.

In case of associated stations, there must be enough time for unload-
ing the carrier and loading the next one: 
(𝐭𝑛 + 𝑑𝑛) + 𝐿𝑛+1 + 𝐿0 ≤ 𝐂 (12)

One can assume that 𝐿𝑛+1 = 0, since the unloading time can be merged 
into the loading time. Note that in the presence of constraint (12), the 
upper bound (1) must be adjusted by replacing the term 𝑒𝑛+1,0 with 
max{𝑒𝑛+1,0, 𝐿0 +𝐿𝑛+1}. If upper bound 𝑈0 is also given, then constraint 
𝐂 ≤ (𝐭𝑛+𝑑𝑛)+𝑈0 can be used. However, if 𝑒𝑛+1,0 < 𝑈0, then the primitive 
schedule is not feasible, and thus the upper bound (1) is not valid.

3.2.5. Multi-function tanks
The operations processed in the same multi-function tank cannot 

overlap. Assume that operations 𝑖 and 𝑗 (0 < 𝑖 < 𝑗 − 1 < 𝑛) require 
the same tank (i.e., 𝑠𝑖 = 𝑠𝑗). The former constraints ensure that an 
appropriate amount of time elapses between moves. The remaining task 
is to ensure that the start and finish times of the operations are in the 
correct cyclic order. There are four possible scenarios:

(i) 𝐭𝑖−1 + 𝑑𝑖−1 < 𝐭𝑖 < 𝐭𝑗−1 + 𝑑𝑗−1 < 𝐭𝑗 : both operations start and end 
within the cycle, operation 𝑖 starts earlier;
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(a) Soak time: 𝐭𝑖 − (𝐭𝑖−1 + 𝑑𝑖−1).

  
(b) Soak time: (𝐂 + 𝐭𝑖) − (𝐭𝑖−1 + 𝑑𝑖−1).

 

Fig. 3.  Soaking either starts and ends within the same cycle (𝐲𝑖−1,𝑖 = 1, i.e., 𝐭𝑖−1 < 𝐭𝑖) or it is in process at the beginning of the cycle (𝐲𝑖−1,𝑖 = 0, i.e., 𝐭𝑖−1 > 𝐭𝑖).
Fig. 4.  An example of a schedule with three operations that use the same tank. A later operation (red carrier) appears between two earlier operations (blue 
carrier) in the cyclic timeline, showing that feasible schedules are not restricted to cyclic shifts of the operation order in the processing sequence.
(ii) 𝐭𝑗 < 𝐭𝑖−1 + 𝑑𝑖−1 < 𝐭𝑖 < 𝐭𝑗−1 + 𝑑𝑗−1: operation 𝑗 is in process at the 
beginning of the cycle;

(iii) 𝐭𝑗−1 + 𝑑𝑗−1 < 𝐭𝑗 < 𝐭𝑖−1 + 𝑑𝑖−1 < 𝐭𝑖: both operations start and end 
within the cycle, operation 𝑗 starts earlier;

(iv) 𝐭𝑖 < 𝐭𝑗−1 + 𝑑𝑗−1 < 𝐭𝑗 < 𝐭𝑖−1 + 𝑑𝑖−1: operation 𝑖 is in process at the 
beginning of the cycle

These four cases correspond to the cyclic shifts of the tuple (𝐭𝑖−1 +
𝑑𝑖−1, 𝐭𝑖, 𝐭𝑗−1+𝑑𝑗−1, 𝐭𝑗 ). Therefore, exactly one of the four intervals [𝐭𝑖−1+
𝑑𝑖−1, 𝐭𝑖], [𝐭𝑖, 𝐭𝑗−1+𝑑𝑗−1], [𝐭𝑗−1+𝑑𝑗−1, 𝐭𝑗 ], [𝐭𝑗 , 𝐭𝑖−1+𝑑𝑖−1] is reversed (i.e., the 
corresponding event crosses the cycle boundary). Thus, infeasible sce-
narios can be prevented, for example, with the following constraint (cf. 
Feng et al. (2018)): 
𝐲𝑖−1,𝑖 + 𝐲𝑖,𝑗−1 + 𝐲𝑗−1,𝑗 + (1 − 𝐲𝑖−1,𝑗 ) = 3 (13)

This implies 𝐲𝑖−1,𝑖 + 𝐲𝑗−1,𝑗 ≥ 1, which means that operations cannot be 
simultaneously in process at the beginning of the cycle (i.e., carriers 
cannot soak simultaneously at the same tank at the beginning of the 
cycle). Despite this, papers usually use two constraints, 𝐲𝑖−1,𝑖 + 𝐲𝑖,𝑗−1 +
𝐲𝑗−1,𝑗 + (1 − 𝐲𝑖−1,𝑗 ) ≥ 3 and 𝐲𝑖−1,𝑖 + 𝐲𝑗−1,𝑗 ≥ 1, to avoid such overlaps 
(e.g., Liu et al. (2002) and El Amraoui and Nait-Sidi-Moh (2012)).

These pairwise no-overlap constraints can be also used if more than 
two soaking operations use the same tank. In the following, however, 
we show that the intuitively generalized single-constraint formulation 
(see constraint (14)) is not valid in general. Assume that 𝑠𝑖1 = 𝑠𝑖2 =
⋯ = 𝑠𝑖𝑟  for operations 𝑖1, 𝑖2,… , 𝑖𝑟 (𝑖𝑝 + 1 < 𝑖𝑝+1 for each 1 ≤ 𝑝 < 𝑟). 
Then, considering the cyclic shifts of the tuple (𝐭𝑖1−1+𝑑𝑖1−1, 𝐭𝑖1 ,… , 𝐭𝑖𝑟−1+
𝑑𝑖𝑟−1, 𝐭𝑖𝑟 ) would lead to the following constraint: 
𝑟
∑

𝑝=1
(𝐲𝑖𝑝−1,𝑖𝑝 + 𝐲𝑖𝑝 ,𝑖𝑝+1−1) = 2𝑟 − 1 (14)

where the substitution 𝐲𝑖𝑟 ,𝑖𝑟+1−1 = (1 − 𝐲𝑖1−1,𝑖𝑟 ) is applied to simplify 
the notation. However, feasible schedules are not limited to cyclic 
shifts of this tuple (𝑟 ≥ 3), and therefore constraint (14) is not valid 
in general. Fig.  4 depicts an optimal schedule for an example, where 
𝑠 = (0,1,2,1,3,1,0); 𝑒 = 10 × |𝑖 − 𝑗| (0 ≤ 𝑖, 𝑗 ≤ 3); 𝑑 = 𝑒
𝑖,𝑗 𝑖 𝑖,𝑖+1
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(0 ≤ 𝑖 ≤ 5); 𝐿𝑖 = 50 and 𝑈𝑖 = ∞ (1 ≤ 𝑖 ≤ 5); 𝐿0 = 𝐿6 = 0. 
Notice that the operation sequence in multi-function tank 1 is the 
following: operation 1 (carrier 1), operation 5 (carrier 2), operation 3 
(carrier 1), which is not a cyclic shift of the operation order (1,3,5). 
This occurs because a later operation can be shifted across the cycle 
boundary, effectively being inserted between earlier operations in the 
cyclic timeline. Indeed, for the depicted schedule, the left-hand side of 
constraint (14) evaluates to (𝐲0,1+𝐲1,2)+(𝐲2,3+𝐲3,4)+(𝐲4,5+(1−𝐲0,5)) =
(1 + 1) + (1 + 0) + (1 + 0) = 4, whereas constraint (14) would require a 
value of 5.

3.2.6. Bottleneck operations: multi-capacity tanks, duplicated tanks
For this subsection, fix a bottleneck operation 𝑖 (1 ≤ 𝑖 ≤ 𝑛), which has 

a relatively long processing time. Assume that 𝑠𝑖 is a monofunction tank 
with capacity greater than one, allowing a carrier to soak in the tank 
for multiple cycles. The processing of the operation follows an 𝑚-period 
pattern for some fixed 1 ≤ 𝑚 ≤ cap(𝑠𝑖), defined as follows. In each cycle, 
a new carrier is inserted into the tank. The carrier inserted into the tank 
in a given cycle is removed several cycles later, after being soaked for 
a duration between (𝑚 − 1)𝐂 and 𝑚𝐂. Fig.  5 depicts an example of an 
operation that is processed for three cycles. Then, the corresponding 
constraints (7)–(8) must be replaced with constraints (15)–(16).

𝐲𝑖−1,𝑖 = 1→ 𝐿𝑖 ≤ ((𝑚 − 1)𝐂 + 𝐭𝑖) − (𝐭𝑖−1 + 𝑑𝑖−1) ≤ 𝑈𝑖 (15)

𝐲𝑖−1,𝑖 = 0→ 𝐿𝑖 ≤ (𝑚𝐂 + 𝐭𝑖) − (𝐭𝑖−1 + 𝑑𝑖−1) ≤ 𝑈𝑖 (16)

Notice that variable 𝐲𝑖−1,𝑖 indicates whether the carrier that is inserted 
into the tank in a given cycle is removed 𝑚 − 1 or 𝑚 cycles later. Also 
note that constraints (7)–(8) are the same as constraints (15)–(16) for 
𝑚 = 1.

In an MIP formulation, linearized constraints (17)–(18) can be used.

𝐿𝑖 −M(1 − 𝐲𝑖−1,𝑖) ≤ ((𝑚 − 1)𝐂 + 𝐭𝑖) − (𝐭𝑖−1 + 𝑑𝑖−1) ≤ 𝑈𝑖 (17)

𝐿𝑖 ≤ (𝑚𝐂 + 𝐭𝑖) − (𝐭𝑖−1 + 𝑑𝑖−1) ≤ 𝑈𝑖 +M 𝐲𝑖−1,𝑖 (18)
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Fig. 5.  The process of operation 𝑖 follows a 3-period pattern. The carrier inserted into the tank in a given cycle is removed three cycles later, after being soaked 
for a duration between 2𝐂 and 3𝐂.
Lower and upper bounds on the cycle time. Since the soak time of 
operation 𝑖 is between (𝑚 − 1)𝐂 and 𝑚𝐂, (𝑚 − 1)𝐂 ≤ 𝑈𝑖 and 𝐿𝑖 ≤ 𝑚𝐂
must hold, otherwise the problem is infeasible. This observation gives 
the following lower and upper bounds on the cycle time: 
𝐿𝑖
𝑚

≤ 𝐂 ≤
𝑈𝑖

𝑚 − 1 (19)

The bounds (1)–(2) on the cycle time must be adjusted accordingly.
Duplicated tanks. If the bottleneck operation 𝑖 is associated with mul-
tiple single-capacity tanks (duplicated tanks) instead of a single multi-
capacity tank, the situation can be handled similarly. The group 𝑆𝑖 =
{𝑠1𝑖 , 𝑠

2
𝑖 ,… , 𝑠𝑚𝑖 } of tanks where operation 𝑖 can be processed can be 

merged into a single 𝑚-capacity tank, say 𝑠′𝑖 . Each tank can belong to 
at most one group.

The advantage of this approach is that all carriers have identical 
soak times, ensuring consistent production quality. However, move and 
travel times must be adjusted, which may lead to suboptimal solutions. 
For instance, if 𝑒𝑠′𝑖 ,𝑠𝑗 = max1≤𝑘≤𝑚{𝑒𝑠𝑘𝑖 ,𝑠𝑗 } is used, i.e., the largest travel 
time among the tanks in the group, additional waiting times may be 
required when the hoist travels to or from tanks that are closer than 
the furthest one (Shapiro and Nuttle, 1988).

An alternative way of handling duplicated tanks will be discussed 
in Section 3.3.
Determining the optimal number of duplicated tanks. The number 𝑚 of 
duplicated tanks used for operation 𝑖 (i.e., the utilized portion of 
the capacity cap(𝑠𝑖)) may also be treated as a decision variable. Let 
the binary variable 𝐮𝑖,𝑚 indicate whether exactly 𝑚 units of the tank 
capacity are used (1 ≤ 𝑚 ≤ cap(𝑠𝑖)). Of course, exactly one value must 
be selected: 
cap(𝑠𝑖)
∑

𝑚=1
𝐮𝑖,𝑚 = 1 (20)

Now, the soak time of the operation also depends on the chosen 
capacity level:
𝐲𝑖−1,𝑖 = 1 and 𝐮𝑖,𝑚 = 1→ 𝐿𝑖 ≤ ((𝑚 − 1)𝐂 + 𝐭𝑖)

− (𝐭𝑖−1 + 𝑑𝑖−1) ≤ 𝑈𝑖 1 ≤ 𝑚 ≤ cap(𝑠𝑖) (21)
𝐲𝑖−1,𝑖 = 0 and 𝐮𝑖,𝑚 = 1→ 𝐿𝑖 ≤ (𝑚𝐂 + 𝐭𝑖)

− (𝐭𝑖−1 + 𝑑𝑖−1) ≤ 𝑈𝑖 1 ≤ 𝑚 ≤ cap(𝑠𝑖) (22)

For an MIP formulation, the constraints can be linearized as:
𝐿𝑖 −M(2 − 𝐲𝑖−1,𝑖 − 𝐮𝑖,𝑚) ≤ ((𝑚 − 1)𝐂 + 𝐭𝑖) − (𝐭𝑖−1 + 𝑑𝑖−1)

≤ 𝑈𝑖 +M(1 − 𝐮𝑖,𝑚) 1 ≤ 𝑚 ≤ cap(𝑠𝑖)
(23)

𝐿𝑖 −M(1 − 𝐮𝑖,𝑚) ≤ (𝑚𝐂 + 𝐭𝑖) − (𝐭𝑖−1 + 𝑑𝑖−1)

≤ 𝑈𝑖 +M(𝐲𝑖−1,𝑖 + 1 − 𝐮𝑖,𝑚) 1 ≤ 𝑚 ≤ cap(𝑠𝑖)
(24)

Similar to the fixed-capacity scenario, move and travel times may 
require adjustment based on the number of tanks used (Liu et al., 2002).
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3.2.7. Limited number of carriers
The number of carriers available for production may be limited 

(e.g., Wallace and Yorke-Smith (2020)). Constraint (25) requires that 
at most 𝑘 carriers can be used in each cycle, i.e., exactly one carrier 
enters the line, and at most 𝑘 − 1 carriers soak at the beginning of the 
cycle. 

1 +
𝑛
∑

𝑖=1
(1 − 𝐲𝑖−1,𝑖) ≤ 𝑘 (25)

Note that in case of multi-tank operations, constraint (25) must be 
adjusted according to the tank capacities. That is, for operation 𝑖, the 
term (1−𝐲𝑖−1,𝑖) must be replaced with (𝑚−𝐲𝑖−1,𝑖) or (

∑cap(si)
𝑚=1 𝑚𝐮𝑖,𝑚−𝐲𝑖−1,𝑖), 

depending on whether the number of tanks/units, 𝑚, used for the 
operation is fixed or a decision variable.

3.2.8. Valid inequalities
As the 𝐲-variables define a linear order, each formulation containing 

these variables may be strengthened by valid inequalities for the linear 
ordering polytope (see e.g., Grötschel et al. (1985)).

3.2.9. A natural CP formulation for simple cycles
Our modelling considerations for simple cycles naturally lead to 

a direct CP formulation. The objective, for example, is to minimize 
the cycle time 𝐂, subject to constraints (3)–(4), (6), (7)–(8), where 
𝐂 ∈ {0,… ,M}, 𝐭0 = 0, 𝐭𝑖 ∈ {0,… ,M} (1 ≤ 𝑖 ≤ 𝑛), 𝐲0,𝑗 = 1
(1 ≤ 𝑗 ≤ 𝑛), 𝐲𝑖,𝑗 ∈ {0,1} (1 ≤ 𝑖 < 𝑗 ≤ 𝑛). Depending on the load-
unload configuration, constraint (11) or (12) can be used. In case of 
multi-function tanks, constraint (13); in case of multi-tank operations, 
constraints (20) and (21)–(22) are added to the model.

3.3. Modelling multi-degree cycles

In case of an 𝑟-cycle, 𝑟 carriers enter (and leave) the line, thus 
each operation 𝑖 has 𝑟 copies. The modelling observations in Section 3.2 
for simple cycles can be easily adapted for multi-degree problems. In 
the following, we discuss only the modelling of the basic feasibility 
constraints and the extension to multi-function tanks.

Let operation (𝑝, 𝑖) refer to the 𝑝th copy of operation 𝑖 (1 ≤ 𝑝 ≤ 𝑟, 
0 ≤ 𝑖 ≤ 𝑛 + 1). That is, operation (𝑝, 𝑖) refers to a carrier that enters 
the 𝑝th position in some cycle. For moves (𝑝, 𝑖) and (𝑞, 𝑗), we use the 
lexicographic order: (𝑝, 𝑖) ≤ (𝑞, 𝑗) if and only if 𝑝 < 𝑞, or 𝑝 = 𝑞 and 
𝑖 ≤ 𝑗. Let the variable 𝐭(𝑝,𝑖) denote the start time of move (𝑝, 𝑖), and 
let the binary variable 𝐲(𝑝,𝑖),(𝑞,𝑗) indicate whether 𝐭(𝑝,𝑖) < 𝐭(𝑞,𝑗) ((1,0) ≤
(𝑝, 𝑖) < (𝑞, 𝑗) ≤ (𝑟, 𝑛)). Without loss of generality, we assume that 
the cycle starts with the execution of move (1,0), that is, 𝐭(1,0) = 0. 
Consequently, 𝐲(1,0),(𝑞,𝑗) = 1 holds for each (1,0) < (𝑞, 𝑗). Note that 
𝑠(𝑝,𝑖) = 𝑠𝑖, 𝑑(𝑝,𝑖) = 𝑑𝑖, 𝑒(𝑝,𝑖),(𝑞,𝑗) = 𝑒𝑖,𝑗 , 𝐿(𝑝,𝑖) = 𝐿𝑖 and 𝑈(𝑝,𝑖) = 𝑈𝑖, however, 
we use the general notation, because the formulation in the presented 
form will be easily adaptable to some extensions, including multiple 
part types, see Section 3.3.7.
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3.3.1. Symmetry breaking constraints
Without loss of generality, we can assume that the carriers enter the 

line in the order 1,… , 𝑟: 
𝐲(𝑝,0),(𝑝+1,0) = 11 ≤ 𝑝 < 𝑟 (26)

However, we do not use this simplification in the following expressions, 
because the formulation in the presented form will be easily adaptable 
to the multi-part case, see Section 3.3.7.

3.3.2. Travel time constraints
The travel time constraints are the following (cf. constraints (3)–(4)):

𝐲(𝑝,𝑖),(𝑞,𝑗) = 1→ 𝐭(𝑞,𝑗) ≥ 𝐭(𝑝,𝑖) + 𝑑(𝑝,𝑖) + 𝑒(𝑝,𝑖+1),(𝑞,𝑗) (1,0) ≤ (𝑝, 𝑖) < (𝑞, 𝑗) ≤ (𝑟, 𝑛)

(27)
𝐲(𝑝,𝑖),(𝑞,𝑗) = 0→ 𝐭(𝑝,𝑖) ≥ 𝐭(𝑞,𝑗) + 𝑑(𝑞,𝑗) + 𝑒(𝑞,𝑗+1),(𝑝,𝑖) (1,0) ≤ (𝑝, 𝑖) < (𝑞, 𝑗) ≤ (𝑟, 𝑛)

(28)

3.3.3. Cycle time constraints
The cycle time must be long enough for the hoist to return to the 

load station (cf. constraint (6)): 
𝐂 ≥ 𝐭(𝑝,𝑖) + 𝑑(𝑝,𝑖) + 𝑒(𝑝,𝑖+1),(𝑝,0) (1,0) ≤ (𝑝, 𝑖) ≤ (𝑟, 𝑛) (29)

Note that 𝑠(𝑝,0) = 0 for all 1 ≤ 𝑝 ≤ 𝑟, that is, the loading station is the 
same for all copies. This also holds for all part types, in the multi-part 
case, see Section 3.3.7.

3.3.4. Soaking constraints
The soaking constraints are the following (cf. constraints (7)–(8)):

𝐲(𝑝,𝑖−1),(𝑝,𝑖) = 1→ 𝐿(𝑝,𝑖) ≤ 𝐭(𝑝,𝑖)
− (𝐭(𝑝,𝑖−1) + 𝑑(𝑝,𝑖−1)) ≤ 𝑈(𝑝,𝑖) (1,1) ≤ (𝑝, 𝑖) ≤ (𝑟, 𝑛) (30)

𝐲(𝑝,𝑖−1),(𝑝,𝑖) = 0→ 𝐿(𝑝,𝑖) ≤ (𝐂 + 𝐭(𝑝,𝑖))

− (𝐭(𝑝,𝑖−1) + 𝑑(𝑝,𝑖−1)) ≤ 𝑈(𝑝,𝑖) (1,1) ≤ (𝑝, 𝑖) ≤ (𝑟, 𝑛) (31)

However, we must ensure that the different copies of an operation do 
not overlap. The situation is very similar to the multi-function tank case 
discussed in Section 3.2.5. Therefore, the following pairwise constraints 
prohibit overlaps (cf. constraint (13)):
𝐲(𝑝,𝑖−1),(𝑝,𝑖) + 𝐲(𝑝,𝑖),(𝑞,𝑖−1) + 𝐲(𝑞,𝑖−1),(𝑞,𝑖) + (1 − 𝐲(𝑝,𝑖−1),(𝑞,𝑖))

= 3 (1,1) ≤ (𝑝, 𝑖) < (𝑞, 𝑖) ≤ (𝑟, 𝑛) (32)

This implies 𝐲(𝑝,𝑖−1),(𝑝,𝑖) + 𝐲(𝑞,𝑖−1),(𝑞,𝑖) ≥ 1 for each pair (𝑝, 𝑞) of copies. 
Consequently, ∑𝑟

𝑝=1 𝐲(𝑝,𝑖−1),(𝑝,𝑖) ≥ 𝑟 − 1 is a valid inequality.
Note that the no-wait constraints ensure that the entry order is pre-

served throughout the line, up to a cyclic shift; that is, (1,2,… , 𝑟), if the 
symmetry-breaking constraints provided in  Section 3.3.1 are applied. 
Consequently, a property that does not hold in the multi-function tank 
case, where operations may correspond to different processing stages, 
becomes valid here, as all considered operations belong to the same 
stage. Specifically, feasible sequences for operation 𝑖 correspond exactly 
to cyclic shifts of ((1, 𝑖), (2, 𝑖),… , (𝑟, 𝑖)). Therefore, constraint (32) can be 
replaced by the following one (cf. constraint (14)): 
𝑟
∑

𝑝=1
(𝐲(𝑝,𝑖−1),(𝑝,𝑖) + 𝐲(𝑝,𝑖),(𝑝+1,𝑖−1)) = 2𝑟 − 1 1 ≤ 𝑖 ≤ 𝑛 (33)

where the substitution 𝐲(𝑟,𝑖),(𝑟+1,𝑖−1) = 1−𝐲(1,𝑖−1),(𝑟,𝑖) is applied to simplify 
the notation. Now, this constraint implies ∑𝑟

𝑝=1 𝐲(𝑝,𝑖−1),(𝑝,𝑖) ≥ 𝑟 − 1. 
Despite this, these constraints are usually used together (e.g., Zhou 
et al. (2012) and Feng et al. (2024)).

3.3.5. Loading and unloading constraints
We consider the same load–unload configurations as in

Section 3.2.4. Under the symmetry-breaking constraints from  Sec-
tion 3.3.1, these constraints admit a simplified form, which we do not 
detail here.
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If the load and unload stations are dissociated, constraints (34)–(37) 
ensure that there is sufficient time between two first moves, and 
constraints (38)–(41) enforce the same condition for last moves.
𝐲(𝑝,0),(𝑞,0) = 1→ 𝐭(𝑝,0) + 𝐿(𝑞,0) ≤ 𝐭(𝑞,0) 1 ≤ 𝑝 < 𝑞 ≤ 𝑟

(34)
𝐲(𝑝,0),(𝑞,0) = 1→ 𝐭(𝑞,0) + 𝐿(𝑝,0) ≤ 𝐂 + 𝐭(𝑝,0) 1 ≤ 𝑝 < 𝑞 ≤ 𝑟

(35)
𝐲(𝑝,0),(𝑞,0) = 0→ 𝐭(𝑞,0) + 𝐿(𝑝,0) ≤ 𝐭(𝑝,0) 1 ≤ 𝑝 < 𝑞 ≤ 𝑟

(36)
𝐲(𝑝,0),(𝑞,0) = 0→ 𝐭(𝑝,0) + 𝐿(𝑞,0) ≤ 𝐂 + 𝐭(𝑞,0) 1 ≤ 𝑝 < 𝑞 ≤ 𝑟

(37)
𝐲(𝑝,𝑛),(𝑞,𝑛) = 1→ 𝐭(𝑝,𝑛) + 𝑑(𝑝,𝑛) + 𝐿(𝑝,𝑛+1) ≤ 𝐭(𝑞,𝑛) + 𝑑(𝑞,𝑛) 1 ≤ 𝑝 < 𝑞 ≤ 𝑟

(38)
𝐲(𝑝,𝑛),(𝑞,𝑛) = 1→ 𝐭(𝑞,𝑛) + 𝑑(𝑞,𝑛) + 𝐿(𝑞,𝑛+1) ≤ 𝐂 + 𝐭(𝑝,𝑛) + 𝑑(𝑝,𝑛) 1 ≤ 𝑝 < 𝑞 ≤ 𝑟

(39)
𝐲(𝑝,𝑛),(𝑞,𝑛) = 0→ 𝐭(𝑞,𝑛) + 𝑑(𝑞,𝑛) + 𝐿(𝑞,𝑛+1) ≤ 𝐭(𝑝,𝑛) + 𝑑(𝑝,𝑛) 1 ≤ 𝑝 < 𝑞 ≤ 𝑟

(40)
𝐲(𝑝,𝑛),(𝑞,𝑛) = 0→ 𝐭(𝑝,𝑛) + 𝑑(𝑝,𝑛) + 𝐿(𝑝,𝑛+1) ≤ 𝐂 + 𝐭(𝑞,𝑛) + 𝑑(𝑞,𝑛) 1 ≤ 𝑝 < 𝑞 ≤ 𝑟

(41)

Note that every second constraint accounts for cases where loading/un-
loading operations cross the cycle boundary.

If the load and unload stations are associated, constraints (42)–(45) 
enforce a minimum gap between dropping off a carrier and picking up 
another one at the load-unload station.
𝐲(𝑝,𝑛),(𝑞,0) = 1→ 𝐭(𝑝,𝑛) + 𝑑(𝑝,𝑛) + 𝐿(𝑝,𝑛+1) + 𝐿(𝑞,0) ≤ 𝐭(𝑞,0) 1 ≤ 𝑝 < 𝑞 ≤ 𝑟

(42)
𝐲(𝑝,𝑛),(𝑞,0) = 0→ 𝐭(𝑝,𝑛) + 𝑑(𝑝,𝑛) + 𝐿(𝑝,𝑛+1) + 𝐿(𝑞,0) ≤ 𝐂 + 𝐭(𝑞,0) 1 ≤ 𝑝 < 𝑞 ≤ 𝑟

(43)
𝐲(𝑝,0),(𝑞,𝑛) = 1→ 𝐭(𝑞,𝑛) + 𝑑(𝑞,𝑛) + 𝐿(𝑞,𝑛+1) + 𝐿(𝑝,0) ≤ 𝐂 + 𝐭(𝑝,0) 1 < 𝑝 ≤ 𝑞 ≤ 𝑟

(44)
𝐲(𝑝,0),(𝑞,𝑛) = 0→ 𝐭(𝑞,𝑛) + 𝑑(𝑞,𝑛) + 𝐿(𝑞,𝑛+1) + 𝐿(𝑝,0) ≤ 𝐭(𝑝,0) 1 < 𝑝 ≤ 𝑞 ≤ 𝑟

(45)

3.3.6. Multi-function tanks
Assume that operations 𝑖 and 𝑗 (0 < 𝑖 < 𝑗 − 1 < 𝑛) are processed in 

the same tank (i.e., 𝑠𝑖 = 𝑠𝑗). Then, these operations of the same copy 
cannot overlap (cf. constraints (13)): 

𝐲(𝑝,𝑖−1),(𝑝,𝑖) + 𝐲(𝑝,𝑖),(𝑝,𝑗−1) + 𝐲(𝑝,𝑗−1),(𝑝,𝑗) + (1 − 𝐲(𝑝,𝑖−1),(𝑝,𝑗)) = 3 1 ≤ 𝑝 ≤ 𝑟

(46)

These operations of different copies also cannot overlap:
𝐲(𝑝,𝑖−1),(𝑝,𝑖) + 𝐲(𝑝,𝑖),(𝑞,𝑗−1) + 𝐲(𝑞,𝑗−1),(𝑞,𝑗) + (1 − 𝐲(𝑝,𝑖−1),(𝑞,𝑗)) = 3 1 ≤ 𝑝 < 𝑞 ≤ 𝑟 (47)

𝐲(𝑝,𝑗−1),(𝑝,𝑗) + 𝐲(𝑝,𝑗),(𝑞,𝑖−1) + 𝐲(𝑞,𝑖−1),(𝑞,𝑖) + (1 − 𝐲(𝑝,𝑗−1),(𝑞,𝑖)) = 3 1 ≤ 𝑝 < 𝑞 ≤ 𝑟 (48)

3.3.7. Adaptations to simple cycle extensions
Some extensions of the simple cycle problem can be addressed using 

multi-cycles.

Multi-tank operations. Consider a multi-tank operation 𝑖 that can be 
performed in any tank from the group 𝑆𝑖 = {𝑠1𝑖 ,… , 𝑠𝑚𝑖 }. Rather than 
merging 𝑆𝑖 into a single 𝑚-capacity tank (cf. Section 3.2.6), the oper-
ation can be processed using an 𝑚-cycle, assigning the 𝑘th carrier to 
the 𝑘th tank in 𝑆𝑖. This preserves the actual move and travel times 
(𝑑(𝑝,𝑖) and 𝑒(𝑝,𝑖),(𝑞,𝑗)). However, without additional restrictions, the soak 
times of the different copies may vary, which may be undesirable. If 
not all tanks must be used, an enumeration procedure may be needed 
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to select the optimal number of duplicated tanks. A major disadvantage 
of this approach is that handling multiple multi-tank operations can be 
inefficient, as the degree of the problem must be a common multiple 
of the group sizes.

Multiple part types. This model can be easily adapted to multiple part 
types, where a set of 𝑟 parts is processed simultaneously. In each 
cycle, one carrier enters for each part type. Here, (𝑝, 𝑖) refers to the 𝑖th 
operation of part type 𝑝 (1 ≤ 𝑝 ≤ 𝑟, 0 ≤ 𝑖 ≤ 𝑛𝑟), where 𝑛𝑟 denotes the 
number of soaking operations in the processing sequence of part type 𝑟. 
The symmetry-breaking constraints in Section 3.3.1 no longer apply.

3.3.8. Natural CP formulations for multi-degree problems
Our modelling observations for multi-cycles naturally lead to a 

direct CP formulation for the single-part problem with multi-cycles. 
The formulation can be easily adapted to the multi-part problem with 
a single cycle according to Section 3.3.7.

The objective is, for example, to minimize the cycle time 𝐂 sub-
ject to constraints (26), (27)–(28), (29), and (30)–(32), where 𝐂 ∈
{0,… ,M}, 𝐭(1,0) = 0, 𝐭(𝑝,𝑖) ∈ {0,… ,M} ((1,0) < (𝑝, 𝑖) ≤ (𝑟, 𝑛)), 𝐲(1,0),(𝑞,𝑗) =
1 ((1,0) < (𝑞, 𝑗) ≤ (𝑟, 𝑛)), 𝐲(𝑝,𝑖),(𝑞,𝑗) ∈ {0,1} ((1,0) < (𝑝, 𝑖) ≤ (𝑞, 𝑗) ≤ (𝑟, 𝑛)). 
Depending on the load-unload configuration, constraints (34)–(41) or 
(42)–(45) can be used. In case of multi-function tanks, constraints 
(46)–(48) are added to the model. The constant M can be chosen, for 
example, as 𝑟 times the upper bound (1) of the simple cycle.

3.3.9. Other modelling approaches
The MIP formulation of Li and Fung (2014) followed a different 

modelling approach. In their formulation, move (𝑝, 𝑖) refers to the 𝑘th 
copy of operation 𝑖 in chronological order within the cycle. That is, 
𝐭(1,𝑖) < 𝐭(2,𝑖) < ⋯ < 𝐭(𝑟,𝑖) holds for each operation 𝑖 (0 ≤ 𝑖 ≤ 𝑛). This 
ordering allowed certain constraints to be expressed more easily, but it 
was more cumbersome to generalize to multiple part types. However, 
the proposed multi-function tank constraints are relatively complex.

4. Revised and improved MIP formulations for simple cycles

In this section, we revise several MIP formulations from the liter-
ature for the basic problem. That is, the problem setting considered 
consists of a single line with a single part type and a single hoist, an 
arbitrary number of single-capacity tanks, and an arbitrary number 
of operations, possibly with different load–unload configurations. A 
simple cycle is sought with a minimal cycle time.

In Sections 4.1–4.3, we present the evolution of the extended for-
mulations for the problem, including the models of Phillips and Unger 
(1976), Leung et al. (2004) and Zhou and Li (2003). Combining their 
advantages, we present an improved formulation in Section 4.4. In 
Section 4.5, we revise the base formulation of Liu et al. (2002), and 
we propose a strengthened version in Section 4.6. The comparison of 
the investigated formulations is presented in  Section 5.

4.1. Formulation of Phillips and Unger (1976)

Phillips and Unger (1976) aimed to minimize the cycle time, for 
which they used three sets of constraints. Although the authors did not 
introduce the cycle time variable 𝐂, we will use it here to simplify the 
notation (see constraint (A1)). We emphasize that all our modifications 
leave the formulation equivalent to the original version.

The objective is to minimize the cycle time 𝐂, where the cycle time 
is considered to be the return time of the hoist after the execution of 
the latest move, see constraint (A1). 

𝐂 = 𝐭max +
𝑛
∑

(𝑑𝑖 + 𝑒𝑖+1,0)𝐳𝑖 (A1)

𝑖=1

11 
The first set of constraints, (A2)–(A4), ensures that there is exactly one 
latest move, and that the variable 𝐭max is properly defined.

𝑛
∑

𝑖=1
𝐳𝑖 = 1 (A2)

𝐭max ≥ 𝐭𝑖 1 ≤ 𝑖 ≤ 𝑛 (A3)
𝐭max ≤ 𝐭𝑖 +M(1 − 𝐳𝑖) 1 ≤ 𝑖 ≤ 𝑛 (A4)

The second set of constraints, (A5)–(A6), consists of the travel time 
constraints (cf. constraints (3)–(4)). Note that the case 𝑗 = 𝑖 + 1 for 
constraint (A6) is covered by the first inequality of constraint (A7).
𝐭𝑗 ≥ (𝐭𝑖 + 𝑑𝑖) + 𝑒𝑖+1,𝑗 −M(1 − 𝐲𝑖,𝑗 ) 0 ≤ 𝑖 < 𝑗 ≤ 𝑛 (A5)

𝐭𝑖 ≥ (𝐭𝑗 + 𝑑𝑗 ) + 𝑒𝑗+1,𝑖 −M 𝐲𝑖,𝑗 1 ≤ 𝑖 < 𝑗 ≤ 𝑛 ∶ 𝑖 + 1 < 𝑗 (A6)

The third set of constraints, (A7)–(A8), consists of the soaking con-
straints (cf. constraints (9)–(10)).
𝐿𝑖 −M(1 − 𝐲𝑖−1,𝑖) ≤ 𝐭𝑖 − (𝐭𝑖−1 + 𝑑𝑖−1) ≤ 𝑈𝑖 +M(1 − 𝐲𝑖−1,𝑖) 1 ≤ 𝑖 ≤ 𝑛 (A7)

𝐿𝑖 −M 𝐲𝑖−1,𝑖 ≤ (𝐂 + 𝐭𝑖) − (𝐭𝑖−1 + 𝑑𝑖−1) ≤ 𝑈𝑖 +M 𝐲𝑖−1,𝑖 1 ≤ 𝑖 ≤ 𝑛 (A8)

In summary, the formulation of Phillips and Unger (1976) aims to 
minimize the cycle time 𝐂, subject to constraints (A1)–(A8), where 
𝐭0 = 0, 0 ≤ 𝐭𝑖 (1 ≤ 𝑖 ≤ 𝑛), 𝐲0,𝑗 = 1 (1 ≤ 𝑗 ≤ 𝑛), 𝐲𝑖,𝑗 ∈ {0,1}
(1 ≤ 𝑖 < 𝑗 ≤ 𝑛), 𝐳𝑖 ∈ {0,1} (1 ≤ 𝑖 ≤ 𝑛).

4.1.1. Extension to multi-function tanks
Phillips and Unger (1976) extended their formulation to multi-

function tanks, by adding constraint (A9) to the model, and by replac-
ing the appropriate constraints (A5)–(A6) with the following ones:

𝐲𝑖−1,𝑖 + 𝐲𝑗−1,𝑗 ≥ 1 0 ≤ 𝑖 + 1 < 𝑗 ≤ 𝑛 ∶ 𝑠𝑖 = 𝑠𝑗 (A9)
𝐭𝑗−1 ≥ 𝐭𝑖−1 + 𝑑𝑖−1 + 𝐿𝑖 + 𝑑𝑖

+𝑒𝑖+1,𝑗 −M(1 − 𝐲𝑖−1,𝑗−1) 0 ≤ 𝑖 + 1 < 𝑗 ≤ 𝑛 ∶ 𝑠𝑖 = 𝑠𝑗 (A10)
𝐭𝑖−1 ≥ 𝐭𝑗−1 + 𝑑𝑗−1 + 𝐿𝑗 + 𝑑𝑗

+𝑒𝑗+1,𝑖 −M 𝐲𝑖−1,𝑗−1 0 ≤ 𝑖 + 1 < 𝑗 ≤ 𝑛 ∶ 𝑠𝑖 = 𝑠𝑗 (A11)

Constraint (A9) ensures that at least one of the operations is not in 
process at the beginning of the cycle. Constraints (A10)–(A11) enforce 
a minimum gap between the operation start times for the corresponding 
operation end time.

4.1.2. Remarks, issues
In the following, we discuss our observations regarding the formu-

lation.

Unspecified loading and unloading constraints. Although Phillips and 
Unger (1976) provided an example in which a lower bound was given 
for operation 0, their formulation did not include any constraints to 
enforce this. This inconsistency can be easily fixed by adding con-
straint (11) or (12) to the model, depending on the load-unload config-
uration.

Narrowed solution space. To the best of our knowledge, this issue has 
not been raised before. Phillips and Unger (1976) fixed not only the 
beginning (recall that 𝐭0 = 0), but also the end of the cycle. That is, 
they considered the expression 𝐭max +

∑𝑛
𝑖=1

(

𝑑𝑖 + 𝑒𝑖+1,0
)

𝐳𝑖 as the cycle 
time, which is the start time of the latest move, plus its execution time, 
plus the empty travel time to tank 0. Thus, the cycle immediately ends 
with the return of the hoist to the load station after the execution of 
the latest move. We call such a formulation restricted with respect to 
the cycle finish. This eliminates the possibility of the hoist waiting at 
the load station at the end of the cycle to further soak the parts in 
the tanks. It has several consequences. Clearly, this restricted structure 
narrows the set of feasible solutions, and therefore the resulting cycle 
time may be higher than the true optimum. Moreover, if 𝑒𝑛+1,0 < 𝐿0
and constraint (12) is imposed, then the primitive solution constructed 
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(a) Schedule (𝐶 = 200) obtained by the formulations of 
Phillips and Unger (1976) and Leung et al. (2004).

  
(b) Optimal schedule (𝐶 = 160). In order to meet the 
minimum soak time of operation 2, the hoist waits at the 
load station at the end of the cycle.

 

Fig. 6. Instance ex1 shows that formulations that are restricted with respect to the cycle finish may lead to a suboptimal solution.
Table 5
Data for the instance ex1.
 𝑖 𝑒𝑖,0 𝑒𝑖,1 𝑒𝑖,2 𝑒𝑖,3 𝑠𝑖 𝑑𝑖 𝐿𝑖 𝑈𝑖  
 0 0 10 20 0 0 10 0 ∞  
 1 10 0 10 10 1 10 40 100 
 2 20 10 0 20 2 20 120 ∞  
 3 0 10 20 0 0 – 0 ∞  

in Section 3.1.1 may no longer be feasible. Consequently, the upper 
bound (1) may become invalid, and the formulation itself may even be 
infeasible.

Consider the mini example with two soaking operations indicated 
in Table  5. Note that the load and unload stations are associated, but 
loading and unloading constraints are unnecessary as 𝐿0 = 𝐿𝑛+1 = 0
and 𝑈0 = 𝑈𝑛+1 = ∞. There are two possible orders of moves: (0,1,2)
and (0,2,1). In the first case, the minimum cycle time is 𝑑0 +𝐿1 + 𝑑1 +
𝐿2 +𝑑3 = 200, see Fig. 6(a). In the latter case, the cycle time is at least 
𝑑2 + 𝑒0,1 + 𝑑1 + 𝐿2 = 160, which can be reached, see Fig.  6(b). The 
situation changes when the hoist must immediately return to the load 
station after executing the latest move, and then the cycle ends. In case 
of move order (0,2,1), move 2 cannot start earlier than 𝐿2−𝑒2,0 = 100, 
but move 1 cannot start later than 𝑑0 +𝑈1 = 110, which is impossible. 
Thus, for the model of Phillips and Unger (1976), only the first move 
order is feasible, so it results in a suboptimal solution.

Multi-function tanks. Note that constraints (A9)–(A11) do not prevent 
operations using the same tank from overlapping. Recall that con-
straint (A10) aims to enforce that if 𝐭𝑖−1 < 𝐭𝑗−1, then 𝐭𝑖 < 𝐭𝑗−1. As 
Liu et al. (2002) pointed out, this constraint does not prevent the case 
𝐭𝑖−1 + 𝑑𝑖−1 < 𝐭𝑗 < 𝐭𝑖 < 𝐭𝑗−1 + 𝑑𝑗−1, that is, operation 𝑗 crosses the 
cycle boundary and overlaps with operation 𝑖. The authors provided 
an example, in which the model produces an incorrect solution.

We also mention that constraint (A10) may also fail to prevent the 
case 𝐭𝑖−1 < 𝐭𝑗−1 < 𝐭𝑖. The constraint only forces a minimum gap between 
𝐭𝑖−1 and 𝐭𝑗−1 based on the lower bound 𝐿𝑖, however, the operation may 
have a duration longer than 𝐿𝑖, and thus longer than the enforced gap. 
Thus, 𝐭𝑖 may be greater than 𝐭𝑗−1.

4.2. Formulation of Leung et al. (2004)

Leung et al. (2004) revised the model of Phillips and Unger (1976) 
and proposed a tighter formulation, where two big-M constraints of 
the former model are simplified, and several valid inequalities is in-
troduced.

We use the cycle time variable 𝐂, even though the authors only 
introduced an auxiliary variable along with the constraint 𝐝 =

∑𝑛 (𝑑 +
𝑖=1 𝑖
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𝑒𝑖+1,0)𝐳𝑖. Again, we note that the formulation remains equivalent to the 
original one.

Constraints (A1)–(A4) are used unchanged, see (B1)–(B4). 

𝐂 = 𝐭max +
𝑛
∑

𝑖=1
(𝑑𝑖 + 𝑒𝑖+1,0)𝐳𝑖 (B1)

𝑛
∑

𝑖=1
𝐳𝑖 = 1 (B2)

𝐭max ≥ 𝐭𝑖 1 ≤ 𝑖 ≤ 𝑛 (B3)
𝐭max ≤ 𝐭𝑖 +M(1 − 𝐳𝑖) 1 ≤ 𝑖 ≤ 𝑛 (B4)

Travel time constraints are separated for tank 0 (see constraint (B5)) 
and for tanks 1,… , 𝑛 (see constraints (B6)–(B7)). That is, 𝐲0,𝑗 is explic-
itly substituted by 1.

𝐭𝑗 ≥ 𝑑0 + 𝑒1,𝑗 1 ≤ 𝑗 ≤ 𝑛 (B5)

𝐭𝑗 ≥ (𝐭𝑖 + 𝑑𝑖) + 𝑒𝑖+1,𝑗 −M(1 − 𝐲𝑖,𝑗 ) 1 ≤ 𝑖 < 𝑗 ≤ 𝑛 (B6)

𝐭𝑖 ≥ (𝐭𝑗 + 𝑑𝑗 ) + 𝑒𝑗+1,𝑖 −M 𝐲𝑖,𝑗 1 ≤ 𝑖 < 𝑗 ≤ 𝑛 (B7)

Leung et al. (2004) observed that the big-M terms can be omitted 
from the right-hand-side of the soaking constraint (B9) and from the 
left-hand-side of the soaking constraint (B10).

𝐿1 ≤ 𝐭1 − 𝑑0 ≤ 𝑈1 (B8)
𝐿𝑖 −M(1 − 𝐲𝑖−1,𝑖) ≤ 𝐭𝑖 − (𝐭𝑖−1 + 𝑑𝑖−1) ≤ 𝑈𝑖 2 ≤ 𝑖 ≤ 𝑛 (B9)

𝐿𝑖 ≤ (𝐂 + 𝐭𝑖) − (𝐭𝑖−1 + 𝑑𝑖−1) ≤ 𝑈𝑖 +M 𝐲𝑖−1,𝑖 2 ≤ 𝑖 ≤ 𝑛 (B10)

Leung et al. (2004) also proposed valid inequalities to tighten their 
formulation. These constraints are based on the observation, that the 
latest move has no successors and all other moves precede it (see 
constraints (B11) and (B12)), while a non-latest move has at least one 
successor (see constraint (B13)). Note that the first two inequalities 
complement each other, that is, the inequality 1 − 𝐲𝑗,𝑖 ≤ 1 − 𝐳𝑖 (1 ≤
𝑗 < 𝑖 ≤ 𝑛) is the same as constraint (B12).

𝐲𝑖,𝑗 ≤ 1 − 𝐳𝑖 1 ≤ 𝑖 < 𝑗 ≤ 𝑛 (B11)

𝐳𝑗 ≤ 𝐲𝑖,𝑗 1 ≤ 𝑖 < 𝑗 ≤ 𝑛 (B12)

1 − 𝐳𝑖 ≤
𝑖−1
∑

𝑗=1
(1 − 𝐲𝑗,𝑖) +

𝑛
∑

𝑗=𝑖+1
𝐲𝑖,𝑗 1 ≤ 𝑖 ≤ 𝑛 (B13)

In summary, the formulation of Leung et al. (2004) aims to mini-
mize 𝐂 subject to constraints (B1)–(B13), where 𝐭0 = 0, 0 ≤ 𝐭𝑖 (1 ≤ 𝑖 ≤
𝑛), 𝐲𝑖,𝑗 ∈ {0,1} (1 ≤ 𝑖 < 𝑗 ≤ 𝑛), 𝐳𝑖 ∈ {0,1} (1 ≤ 𝑖 ≤ 𝑛).

4.2.1. Remarks, issues
In the following, we discuss our observations regarding the formu-

lation.
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Unspecified loading and unloading constraints. Similarly to Phillips and 
Unger (1976) and Leung et al. (2004) also did not specify the loading 
and unloading constraints for the associated load and unload stations.
Narrowed solution space. Similarly to Phillips and Unger (1976), the 
formulation of Leung et al. (2004) is also restricted with respect to the 
cycle finish.

4.3. Formulation of Zhou and Li (2003)

Constraints (A2)–(A8) are used unchanged, see constraints (C2)–(C8)
The cycle time variable 𝐂 is now a lower bound on the return time, 
see constraint (C1). Loading and unloading are now explicitly taken 
into account; constraint (C9) refers to associated load and unload 
configuration (cf. constraint (12)).

𝐂 ≥ 𝐭max +
𝑛
∑

𝑖=1
(𝑑𝑖 + 𝑒𝑖+1,0)𝐳𝑖 (C1)

𝑛
∑

𝑖=1
𝐳𝑖 = 1 (C2)

𝐭max ≥ 𝐭𝑖 1 ≤ 𝑖 ≤ 𝑛 (C3)
𝐭max ≤ 𝐭𝑖 +M(1 − 𝐳𝑖) 1 ≤ 𝑖 ≤ 𝑛 (C4)

𝐭𝑗 ≥ (𝐭𝑖 + 𝑑𝑖) + 𝑒𝑖+1,𝑗 −M(1 − 𝐲𝑖,𝑗 ) 0 ≤ 𝑖 < 𝑗 ≤ 𝑛 (C5)

𝐭𝑖 ≥ (𝐭𝑗 + 𝑑𝑗 ) + 𝑒𝑗+1,𝑖 −M 𝐲𝑖,𝑗 1 ≤ 𝑖 < 𝑗 ≤ 𝑛 ∶ 𝑖 + 1 < 𝑗 (C6)
𝐿𝑖 −M(1 − 𝐲𝑖−1,𝑖) ≤ 𝐭𝑖

−(𝐭𝑖−1 + 𝑑𝑖−1) ≤ 𝑈𝑖 +M(1 − 𝐲𝑖−1,𝑖) 1 ≤ 𝑖 ≤ 𝑛 (C7)
𝐿𝑖 −M 𝐲𝑖−1,𝑖 ≤ (𝐂 + 𝐭𝑖)

−(𝐭𝑖−1 + 𝑑𝑖−1) ≤ 𝑈𝑖 +M 𝐲𝑖−1,𝑖 1 ≤ 𝑖 ≤ 𝑛 (C8)

𝐿0 ≤ 𝐂 − (𝐭𝑛 + 𝑑𝑛) ≤ 𝑈0 (C9)

In summary, the formulation of Zhou and Li (2003) aims to mini-
mize 𝐂 subject to constraints (C1)–(C9), where 𝐭0 = 0, 0 ≤ 𝐭𝑖 (1 ≤ 𝑖 ≤ 𝑛), 
𝐲𝑖,𝑗 ∈ {0,1} (1 ≤ 𝑖 < 𝑗 ≤ 𝑛).

4.3.1. Extension to multi-tank operations
Zhou and Li (2003) extended their formulation to the multi-tank 

case. For a bottleneck operation 𝑖, the corresponding constraints
(C7)–(C8) are replaced with constraints (C10)–(C12), (cf. constraint 
(17)–(18)).

𝐿𝑖 −M(1 − 𝐲𝑖−1,𝑖) ≤ ((𝑚 − 1)𝐂 + 𝐭𝑖) − (𝐭𝑖−1 + 𝑑𝑖−1)

≤ 𝑈𝑖 +M(1 − 𝐲𝑖−1,𝑖) (C10)

𝐿𝑖 −M 𝐲𝑖−1,𝑖 ≤ (𝑚𝐂 + 𝐭𝑖) − (𝐭𝑖−1 + 𝑑𝑖−1) ≤ 𝑈𝑖 +M 𝐲𝑖−1,𝑖 (C11)

𝑈𝑖∕𝑚 ≤ 𝐂 ≤ 𝐿𝑖∕(𝑚 − 1) (C12)

4.3.2. Remarks
The formulation of Zhou and Li (2003) is unrestricted with respect 

to the cycle finish, as the authors corrected the calculation of the cycle 
time with constraint (C1). The authors also specify the loading and 
unloading constraints for associated load and unload stations.
Unspecified multi-function tank constraints. Zhou and Li (2003) proposed 
an example with a multi-function tank, however, they did not specify 
the corresponding constraints.
Invalid lower and upper bounds. Zhou and Li (2003) derived con-
straint (C12) for the multi-tank case by combining the following lower 
and upper bounds on the cycle time: 𝐿𝑖∕𝑚 ≤ 𝐂 ≤ 𝐿𝑖∕(𝑚−1) and 𝑈𝑖∕𝑚 ≤
𝐂 ≤ 𝑈𝑖∕(𝑚− 1). However, the bounds 𝑈𝑖∕𝑚 ≤ 𝐂 and 𝐂 ≤ 𝐿𝑖∕(𝑚− 1) are 
not valid in general. Notice that a feasible solution remains feasible if 
the operation upper bounds are increased. However, in the presence of 
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constraint (C12), an otherwise feasible problem may become infeasible 
if 𝑈𝑖 is increased beyond 𝐿𝑖𝑚∕(𝑚 − 1).

4.4. Improved extended formulation

Now, we present an improved extended formulation, which is a 
combination of the previous models. Similarly to Zhou and Li (2003), 
we correct the calculation of the cycle time (see constraint (D1)). 
Similarly to Leung et al. (2004), we use the strengthened soaking 
constraints (D7)–(D8) and the valid inequalities (D11)–(D12).

The objective is to minimize the cycle time 𝐂 subject to constraints 
(D1)–(D12), where 0 ≤ 𝐭𝑖 (1 ≤ 𝑖 ≤ 𝑛), 𝐲𝑖,𝑗 ∈ {0,1} (1 ≤ 𝑖, 𝑗 ≤ 𝑛 ∶ 𝑖 ≠ 𝑗), 
𝐳𝑖 ∈ {0,1} (1 ≤ 𝑖 ≤ 𝑛). 

𝐂 ≥ 𝐭max +
𝑛
∑

𝑖=1

(

𝑑𝑖 + 𝑒𝑖+1,0
)

𝐳𝑖 (D1)

𝑛
∑

𝑖=1
𝐳𝑖 = 1 (D2)

𝐭max ≥ 𝐭𝑖 1 ≤ 𝑖 ≤ 𝑛 (D3)
𝐭max ≤ 𝐭𝑖 +M(1 − 𝐳𝑖) 1 ≤ 𝑖 ≤ 𝑛 (D4)

𝐲𝑖,𝑗 + 𝐲𝑗,𝑖 = 1 0 ≤ 𝑖 < 𝑗 ≤ 𝑛 (D5)

𝐭𝑗 ≥ 𝐭𝑖 + 𝑑𝑖 + 𝑒𝑖+1,𝑗 −M(1 − 𝐲𝑖,𝑗 ) 0 ≤ 𝑖, 𝑗 ≤ 𝑛 ∶ 𝑖 ≠ 𝑗 (D6)

𝐿𝑖 −M(1 − 𝐲𝑖−1,𝑖) ≤ 𝐭𝑖 − (𝐭𝑖−1 + 𝑑𝑖−1) ≤ 𝑈𝑖 1 ≤ 𝑖 ≤ 𝑛 (D7)

𝐿𝑖 ≤ (𝐂 + 𝐭𝑖) − (𝐭𝑖−1 + 𝑑𝑖−1) ≤ 𝑈𝑖 +M 𝐲𝑖−1,𝑖 1 ≤ 𝑖 ≤ 𝑛 (D8)

𝐭0 = 0 (D9)
𝐲0,𝑗 = 1 1 ≤ 𝑗 ≤ 𝑛 (D10)

The following are valid inequalities:
𝐲𝑖,𝑗 ≤ 1 − 𝐳𝑖 1 ≤ 𝑖, 𝑗 ≤ 𝑛 ∶ 𝑖 ≠ 𝑗 (D11)

1 − 𝐳𝑖 ≤
𝑛
∑

𝑗=1
𝑗≠𝑖

𝐲𝑖,𝑗 1 ≤ 𝑖 ≤ 𝑛 (D12)

Depending on the configuration of the load and unload stations, con-
straint (11) or (12) can be used. In case of multi-function tanks, 
constraint (13); in case of multi-tank operations, constraints (20) and 
(21)–(22) are added to the model.

4.5. Formulation of Liu et al. (2002)

Liu et al. (2002) considered the scenario in which the values 𝑑𝑖
are only lower bounds on the move times, rather than exact values. 
For this, the non-negative continuous slack time variable 𝐝+𝑖  measures 
the slack time between the lower bound 𝑑𝑖 and the realized time for 
move 𝑖 (0 ≤ 𝑖 ≤ 𝑛). By this, the start time of operation 𝑖 (1 ≤ 𝑖 ≤ 𝑛) is 
𝐭𝑖−1 + 𝑑𝑖−1 + 𝐝+𝑖−1. Note that fixing 𝐝+𝑖 = 0 for each 0 ≤ 𝑖 ≤ 𝑛 results in a 
base formulation with exact move times.

The objective is to minimize the cycle time 𝐂, where the cycle time 
is long enough for the hoist to return to the load station after executing 
any move, see constraint (E1). 
𝐂 ≥ 𝐭𝑖 + 𝑑𝑖 + 𝐝+𝑖 + 𝑒𝑖+1,0 1 ≤ 𝑖 ≤ 𝑛 (E1)

Constraint (E2) is used only if the load and unload stations are as-
sociated. Constraints (E3)–(E4) ensure that the soak time bounds are 
respected. 

𝐿0 ≤ 𝐂 − (𝐭𝑛 + 𝑑𝑛 + 𝐝+𝑛 ) ≤ 𝑈0 if 𝑠𝑛+1 = 𝑠0 (E2)

𝐿𝑖 −M(1 − 𝐲𝑖−1,𝑖) ≤ 𝐭𝑖 − (𝐭𝑖−1 + 𝑑𝑖−1 + 𝐝+𝑖−1) ≤ 𝑈𝑖 +M(1 − 𝐲𝑖−1,𝑖) 1 ≤ 𝑖 ≤ 𝑛 (E3)

𝐿𝑖 −M 𝐲𝑖−1,𝑖 ≤ (𝐂 + 𝐭𝑖) − (𝐭𝑖−1 + 𝑑𝑖−1 + 𝐝+𝑖−1) ≤ 𝑈𝑖 +M 𝐲𝑖−1,𝑖 1 ≤ 𝑖 ≤ 𝑛 (E4)

Constraints (E5)–(E7) refer to the travel time constraints.
𝐭 ≥ 𝑑 + 𝐝+ + 𝑒 1 ≤ 𝑗 ≤ 𝑛 (E5)
𝑗 0 0 1,𝑗
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𝐭𝑗 ≥ 𝐭𝑖 + 𝑑𝑖 + 𝐝+𝑖 + 𝑒𝑖+1,𝑗 −M(1 − 𝐲𝑖,𝑗 ) 1 ≤ 𝑖 < 𝑗 ≤ 𝑛 (E6)

𝐭𝑖 ≥ 𝐭𝑗 + 𝑑𝑗 + 𝐝+𝑗 + 𝑒𝑗+1,𝑖 −M 𝐲𝑖,𝑗 1 ≤ 𝑖 < 𝑗 ≤ 𝑛 (E7)

In summary, the formulation of Liu et al. (2002) aims to minimize 𝐂
subject to constraints (E1)–(E7), where 0 ≤ 𝐭𝑖 (1 ≤ 𝑖 ≤ 𝑛), 𝐲𝑖,𝑗 ∈ {0,1}
(1 ≤ 𝑖 < 𝑗 ≤ 𝑛), 0 ≤ 𝐝+𝑖  (1 ≤ 𝑖 ≤ 𝑛).

4.5.1. Extension to multi-function tanks
Liu et al. (2002) extended their model to multi-function tanks with 

the following constraints (cf. Section 3.2.5).
𝐲𝑖−1,𝑖 + 𝐲𝑗−1,𝑗 ≥ 1 0 ≤ 𝑖 + 1 < 𝑗 ≤ 𝑛 ∶ 𝑠𝑖 = 𝑠𝑗 (E8)

𝐲𝑖,𝑗−1 + (1 − 𝐲𝑖−1,𝑗 ) ≥ 3 − (𝐲𝑖−1,𝑖 + 𝐲𝑗−1,𝑗 ) 0 ≤ 𝑖 + 1 < 𝑗 ≤ 𝑛 ∶ 𝑠𝑖 = 𝑠𝑗 (E9)

4.5.2. Remarks
Liu et al. (2002) presented a base formulation by neglecting ad-

ditional variables 𝐭max and 𝐳𝑖. Consequently, the formulation is un-
restricted with respect to the cycle finish, see constraint (E1). The 
authors explicitly specified that the loading constraints are used only 
for associated load and unload stations, see constraint (E2). The authors 
corrected the multi-function tank constraints of Phillips and Unger 
(1976). However, note that constraint (E8) is redundant in the presence 
of constraint (E9), cf. constraint (13).

4.6. Improved base formulation

Now, we present a strengthened version of the base formulation 
of Liu et al. (2002), where the stronger soaking constraints are used. 
The objective is to minimize the cycle time 𝐂 subject to constraints 
(F1)–(F7), where 0 ≤ 𝐭𝑖 (1 ≤ 𝑖 ≤ 𝑛), 𝐲𝑖,𝑗 ∈ {0,1} (1 ≤ 𝑖, 𝑗 ≤ 𝑛 ∶ 𝑖 ≠ 𝑗). 

𝐂 ≥ 𝐭𝑖 + 𝑑𝑖 + 𝑒𝑖+1,0 1 ≤ 𝑖 ≤ 𝑛 (F1)

𝐭𝑗 ≥ 𝐭𝑖 + 𝑑𝑖 + 𝑒𝑖+1,𝑗 −M(1 − 𝐲𝑖,𝑗 ) 1 ≤ 𝑖, 𝑗 ≤ 𝑛 ∶ 𝑖 ≠ 𝑗 (F2)

𝐲𝑖,𝑗 + 𝐲𝑗,𝑖 = 1 1 ≤ 𝑖 < 𝑗 ≤ 𝑛 (F3)

𝐿𝑖 −M(1 − 𝐲𝑖−1,𝑖) ≤ 𝐭𝑖 − (𝐭𝑖−1 + 𝑑𝑖−1) ≤ 𝑈𝑖 1 ≤ 𝑖 ≤ 𝑛 (F4)

𝐿𝑖 ≤ (𝐂 + 𝐭𝑖) − (𝐭𝑖−1 + 𝑑𝑖−1) ≤ 𝑈𝑖 +M 𝐲𝑖−1,𝑖 1 ≤ 𝑖 ≤ 𝑛 (F5)

𝐭0 = 0 (F6)
𝐲0,𝑗 = 1 1 ≤ 𝑗 ≤ 𝑛 (F7)

Depending on the configuration of the load and unload stations, con-
straint (11) or (12) can be used. In case of multi-function tanks, 
constraint (13); in case of multi-tank operations, constraints (20) and 
(21)–(22) are added to the model.

5. Computational experiments

In this section, we present the results of our computational exper-
iments to compare the proposed formulations. We evaluate them in 
three complementary ways: by examining the strength of the MIP for-
mulations via their LP-relaxations (Section 5.2); by testing their perfor-
mance in solving the MIP models on a single thread (Section 5.3.1); 
and by assessing their multi-thread performance on 8 threads (Sec-
tion 5.3.2). These three perspectives allow us to isolate the effect of 
the formulation itself (LP-relax), the solver heuristics and branching 
(single-thread MIP), and parallelization (multi-thread MIP) on solution 
quality and computational efficiency.

Note that the proposed CP formulation solves all considered in-
stances to optimality within short running times, and thus provides 
a simple and effective baseline for practical use. In contrast, MIP 
formulations enable a deeper analysis of modelling choices, such as 
the impact of constraint structure and formulation strength on LP 
relaxations and solver performance. While the CP models focus on 
solving the problem efficiently, the MIP formulations also provide a 
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Table 6
Main properties of the investigated and proposed formulations.
 Formulation Type Cycle finish Soaking constraints Valid 

inequalities
 

 Phillips Extended Restricted Original No  
 Leung Extended Restricted Strengthened No  
 Leung+ Extended Restricted Strengthened Yes  
 Zhou Extended Unrestricted Original No  
 Imp1 Extended Unrestricted Strengthened No  
 Imp1+ Extended Unrestricted Strengthened Yes  
 Liu Base Unrestricted Original No  
 Imp2 Base Unrestricted Strengthened No  

framework for systematically comparing and revisiting the modelling 
literature. Therefore, the two approaches play complementary roles in 
our study.

In the following tables, we report only summary results, and refer 
the reader to the supplementary material for the detailed results. 
Column Phillips refers to the formulation (A1)–(A8) of Phillips and 
Unger (1976). Column Leung refers to the formulation (B1)–(B10) of 
Leung et al. (2004). In case of Leung+, the model is also extended 
with the valid inequalities (B11)–(B13). Column Zhou refers to the 
formulation (C1)–(C9) of Zhou and Li (2003). Column Imp1 refers to the 
improved extended formulation (D1)–(D10) proposed in Section 4.4. In 
case of Imp+, the model is also extended with the valid inequalities 
(D11)–(D12). Column Liu refers to the formulation (E2)–(E9) of Liu 
et al. (2002) with exact move times (i.e., 𝐝+𝑖 = 0 is fixed for 0 ≤
𝑖 ≤ 𝑛). Column Imp2 refers to the improved base formulation (F1)–(F7) 
proposed in Section 4.6. In each case, the objective is to minimize the 
cycle time 𝐂.

In the comparison, we take into account that the formulations differ 
in their main properties, summarized in Table  6. Note that the loading 
and unloading constraints were specified differently (or not specified 
at all) in the formulations, but all formulations could handle both 
constraints (11) and (12). In order to make a fair comparison, we 
generated instances with 𝐿0 = 𝑈0 = 0 and 𝐿𝑛+1 = 𝑈𝑛+1 = ∞, thus 
loading and unloading constraints were irrelevant.

Setup. The models are implemented in Python (version 3.13.11) using 
Google OR-Tools (version 9.14.6206). The CP models are solved with 
OR-Tools CP-SAT, while the MIP models are solved with Gurobi (ver-
sion 12.0.3) (Gurobi Optimization, LLC, 2026). All experiments were 
conducted in a cloud environment on an Ubuntu 22.04 system equipped 
with 16 single-threaded Intel Xeon Cascade Lake cores running at 
2.1 GHz.

5.1. Instances, preliminary experiments

In Section 5.1.1, we present the widely-used benchmark instances 
that can be found in the literature. There, we also explain the incon-
sistencies between the optimal values reported, see Table  1. In  Sec-
tion 5.1.2, we present the procedure for generating random instances 
that can challenge the modern CP and MIP solvers.

5.1.1. Benchmark instances
Phillips and Unger (1976) proposed an example (PU) for which 

they reported a solution with a cycle time of 580. Contrary to their 
claim, this hoist schedule is not optimal; the true optimal cycle time 
is 521. The ‘optimal’ cycle time reported by Liu et al. (2025) suggests 
that either their implementation differs from the intended formulation, 
or a modified instance was used. Our instance philu corresponds 
to the one proposed by Phillips and Unger (1976), converted into an 
equivalent instance with dissociative load and unload stations (see 
Section 3.1). This modification applies to all the following instances 
as well.
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According to Leung et al. (2004) and Laajili et al. (2021), instance 
Mini is the truncation of instance PU to the first eight tanks. However, 
the instance itself is not provided, which may cause inconsistencies. For 
example, it is not clear whether further adjustment of move times is 
needed, since Phillips and Unger (1976) defined their original instance 
with 𝑑𝑖 = 𝑒𝑖,𝑖+1 + 20. Our instance philu_mini is made without 
any further adjustment. According to our CP model, the optimal cycle 
time is 284 for dissociated load and unload stations (i.e., with con-
straint (11)), and the optimum is 340 for associated load and unload 
stations (i.e., with constraint (12)).

Shapiro and Nuttle (1988) applied their solution approach on four 
new test problems, Black Oxide 1 (BO1), Black Oxide 2 (BO2), Zinc 
(Zn), and Copper (Cu), which were provided by a vendor of wetlines. 
The data for these examples were not provided in their paper, but later 
Leung et al. (2004) proposed these or similar instances. The original 
instances included duplicated tanks, allowing for multi-tank operations, 
however, the later instances are typically solved only with single-
tank operations. This modelling difference leads to discrepancies in the 
reported cycle times, as the underlying problem structures are not fully 
equivalent. Our instances bo1, bo2, zn, and cu are based on (Laajili 
et al., 2021), but the time values have been multiplied by 10 to obtain 
integer values, as the CP-SAT solver operates on integers. We emphasize 
that this transformation does not change the set of feasible solutions. 
It can be verified, for example, using our CP model, that the optimal 
objective value for BO1 changes depending on the configuration of 
the load and unload stations (dissociated: 281.9; associated: 333.2). 
We obtained the same cycle times with our implementation of the 
formulation of Leung et al. (2004). Therefore, we could not reproduce 
the ‘optimal’ cycle time 299.5 reported in Leung et al. (2004). Since 
the original implementation is not publicly available, the source of 
this discrepancy cannot be determined. For the other three instances, 
there is no difference in these two cases (BO2: 279.3, Cu: 1847.2, Zn: 
1743.4). Liu et al. (2025) probably rounded the time values to obtain 
integer values for CP-SAT, however, we could not reproduce their 
reported cycle times for these instances. In the lack of their original 
implementation, the source of this discrepancy cannot be determined.

Manier (1994) proposed two new industrial instances (Ligne 1 and 
Ligne 2), also available in Manier and Lamrous (2008). Ligne 1 origi-
nally included a circulation constraint, therefore there was a separate 
unloading operation associated with a non-zero lower bound. Laajili 
et al. (2021) slightly modified this instance, removing the unloading 
operation and adding its lower bound to the lower bound of the loading 
operation. Our instances ligne1 and ligne2 are the ones provided in 
Laajili et al. (2021). It can be verified, for example, using our CP model, 
that the optimal cycle time for Ligne 1 depends on the load-unload 
configuration (dissociated: 392; associated: 425). In case of Ligne 2, 
the optimal cycle time is 712 in both cases.

5.1.2. Random instances
Some papers proposed procedures for generating random instances, 

but without providing the instances themselves. Our preliminary ex-
periments showed that the method of Che et al. (2015) generates 
instances that can challenge the modern CP and MIP solvers, and 
therefore suitable for our comparisons. The authors generated instances 
for a robust, single-hoist cyclic scheduling problem with dissociated 
load and unload stations with parameters 𝑛 ∈ {12,14,16,18,20,22}
and 𝜇 ∈ {1.5,2.0,2.5} in the following way: 𝑒𝑖,𝑖+1 = 1 + uniform(0,4)
(0 ≤ 𝑖 ≤ 𝑛); 𝑒𝑖,𝑗+1 = 𝑒𝑗+1,𝑖 =

∑𝑗
𝑘=𝑖 𝑒𝑘,𝑘+1 (1 ≤ 𝑖 < 𝑗 ≤ 𝑛); 𝑑𝑖 = 𝑒𝑖,𝑖+1 + 12, 

𝐿𝑖 = 40+ uniform(0140) and 𝑈𝑖 = [𝜇𝐿𝑖] (0 ≤ 𝑖 ≤ 𝑛), where uniform(𝑎, 𝑏)
refers to a uniformly random integer from {𝑎, 𝑎 + 1,… , 𝑏}.

Our preliminary experiments showed that, some of the instances 
generated in this way are infeasible in the presence of loading and 
unloading constraints, especially for the formulations of Phillips and 
Unger (1976) and Leung et al. (2004) that are restricted with respect 
to the cycle finish. Thus, we slightly modified this procedure by setting 
𝐿 = 0 and 𝑈 = ∞. The implemented generation procedure can be 
0 0
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found in our library. For our experiments, we generated 10 instances 
for each pair of parameters from 𝑛 ∈ {14,19,24} and 𝜇 ∈ {1.5,2.0,2.5}, 
resulting in 90 instances. Note that for a fixed 𝑛, the 𝑘th instances for 
the different 𝜇 parameters differ only in the 𝑈𝑖 values, that is, the empty 
travel time matrix, the move times, and the lower bounds are the same.

5.2. LP-relaxations

We computed the root LP bound for each MIP formulation by 
relaxing all integer and binary variables to continuous within their 
original bounds (0–1 for binaries), and disabling presolve (presolve 
= Emphasis.OFF). Tables  7 and 8 indicate the computational results 
on the benchmark instances, and summarize the average computa-
tional results on the randomly generated instances, respectively. Gurobi 
solved each instance in a split of seconds, thus solution times are not 
indicated. Recall that comparing the restricted formulations of Phillips 
and Unger (1976) and Leung et al. (2004) to the others may not be fair, 
since the former formulations have a narrower feasible solution space.
A note on the operation upper bounds. Recall that in our instance gen-
eration procedure, the upper bounds on the soaking times were scaled 
as 𝑈𝑖 = 𝜇𝐿𝑖. Interestingly, we observed that the optimal value of the 
LP-relaxation remained unchanged for all tested values of 𝜇, despite the 
fact that the feasible region of the integer problem was modified. Thus, 
for these types of instances, the upper bounds 𝑈𝑖 had little effect in the 
relaxation.

Strengthened constraints, valid inequalities. The significant improvement 
of Leung over Phillips came from the use of stronger soaking constraints. 
Using additional valid inequalities on top of this had only a tiny effect 
on LP-relaxation (compare Leung and Leung+). The same is observed 
for the unrestricted formulations. Using stronger soaking constraints 
strengthened the formulations (compare Zhou and Imp1; Liu and Imp2), 
however, the valid inequalities did not provide much benefit when 
strong soaking constraints were already in place (compare Imp1 and
Imp1+). In case of some industrial instances (cu, zn), the difference is 
significant between base and stronger soaking constraints.
Base formulations vs. Extended formulations. The base formulations al-
ways provided better or equal LP-relaxations than the corresponding 
extended formulations. Considering the original soaking constraints, 
the base formulation (Liu) provided 13.9% stronger LP bounds on 
average than the extended formulations (Phillips, Zhou). The average 
improvement was 6.5%, 9.3% and 27.0% on the instances with 𝑛 = 14, 
19, and 24, respectively. The improvement on a single instance was 
up to 63.8%. In the case of strengthened soaking constraints, the base 
formulation (Imp2) provided 7.1% better LP bounds on average than 
the extended formulations (Leung, Leung+, Imp1, Imp1+). The average 
improvement was 3.2%, 7.3% and 11.0% on the instances with 𝑛 = 14, 
19, and 24, respectively. The improvement on a single instance was up 
to 24.5%.

5.3. Performance tests

For these experiments, we set a time limit of 10 min. Accordingly, 
the status of an optimization was classified as: No solution found, mean-
ing that no solution was found within the time limit; Feasible, meaning 
that a feasible solution was found, but it was either not optimal or its 
optimality was not proved within the time limit; or Optimal, meaning 
that the optimality of the obtained solution was proved.

In the result tables, we summarize the average computational results 
on instances with fixed 𝑛 or 𝜇 parameters, and for all instances. For 
these sets, we indicate the number of instances with solution status 
Optimal/Feasible/No solution found; the geometric mean of running 
times in seconds; the average optimality gap, calculated as 100% ×
(UBMIP −LBMIP)∕UBMIP, where UBMIP is the objective value of the best 
found solution, and LBMIP is the best lower bound; and the average gap 
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Table 7
LP-relaxation values on the benchmark instances.
 Instance OPTa Formulations

 Phillips Leung Leung+ Zhou Imp1 Imp1+ Liu Imp2

 philu 521 211.0 211.0 211.0 211.0 211.0 211.0 217.0 217.0 
 philu_mini 284 203.0 203.0 203.0 203.0 203.0 203.0 217.0 217.0 
 cu 18472 2756.4 9316.5 9316.6 2756.0 9316.6 9316.6 2834.0 9404.5 
 zn 17434 2709.0 8725.5 8725.6 2709.0 8725.5 8725.5 2875.0 8879.0 
 bo1 2819 2205.0 2205.0 2206.3 2205.5 2205.0 2206.3 2378.0 2378.0 
 bo2 2793 2205.0 2205.0 2206.5 2205.0 2205.0 2206.5 2378.0 2378.0 
 ligne1 392 107.0 188.0 188.0 107.0 188.0 188.0 124.0 191.0 
 ligne2 712 215.0 369.0 369.1 215.0 369.0 369.1 224.0 380.5 
a Obtained with the CP formulation proposed in Section 3.2.9 without loading/unloading constraints.
Table 8
Average LP-relaxation values on randomly generated instances.
 Instance parameters Formulations

 Phillips Leung Leung+ Zhou Imp1 Imp1+ Liu Imp2  
 𝑛 = 14, 𝜇 = 1.5 147.3 165.0 165.1 147.3 165.0 165.1 156.9 170.3 
 𝑛 = 14, 𝜇 = 2.0 147.3 165.0 165.1 147.3 165.0 165.1 156.9 170.3 
 𝑛 = 14, 𝜇 = 2.5 147.3 165.0 165.1 147.3 165.0 165.1 156.9 170.3 
 𝑛 = 19, 𝜇 = 1.5 147.9 156.7 156.7 147.9 156.7 156.7 161.6 168.1 
 𝑛 = 19, 𝜇 = 2.0 147.9 156.7 156.7 147.9 156.7 156.7 161.6 168.1 
 𝑛 = 19, 𝜇 = 2.5 147.9 156.7 156.7 147.9 156.7 156.7 161.6 168.1 
 𝑛 = 24, 𝜇 = 1.5 135.1 157.8 157.9 135.1 157.8 157.9 171.6 175.2 
 𝑛 = 24, 𝜇 = 2.0 135.1 157.8 157.9 135.1 157.8 157.9 171.6 175.2 
 𝑛 = 24, 𝜇 = 2.5 135.1 157.8 157.9 135.1 157.8 157.9 171.6 175.2 
 𝑛 = 14 147.3 165.0 165.1 147.3 165.0 165.1 156.9 170.3 
 𝑛 = 19 147.9 156.7 156.7 147.9 156.7 156.7 161.6 168.1 
 𝑛 = 24 135.1 157.8 157.9 135.1 157.8 157.9 171.6 175.2 
 All 143.4 159.8 159.9 143.4 159.8 159.9 163.4 171.2 
to the optimum, calculated as 100% × (UBMIP −OPT)∕UBMIP, where 
OPT is the optimal solution.

5.3.1. Single thread tests
Table  9 summarizes the results obtained with the Gurobi solver 

using a single thread (Threads = 1).

Restricted formulations. In three cases, the optimal solution obtained 
with formulations Phillips, Leung, and Leung+ had a cycle time longer 
than the true optimum due to the modelling restrictions discussed in 
Section 4.1.2. As a result, the reported gap to the optimum is non-zero, 
even though the solver status is Optimal and the optimality gap is zero.

Strengthened constraints. Interestingly, the advantage of stronger soak-
ing constraints did not persist in the single-thread setting; in fact, in 
several cases the effect was reversed. Among the restricted formula-
tions, Leung solved three fewer instances to optimality than Phillips, 
which also resulted in an increase in the average running time. At 
the same time, the solutions obtained by Leung were often closer 
to the true optimum, as reflected by the smaller gap to optimality. 
For the unrestricted extended formulations, Imp1 solved one fewer 
instance to optimality than Zhou, and among the base formulations,
Imp2 and Liu solved the same number of instances to optimality. In 
both comparisons, however, the use of stronger constraints consistently 
reduced the average gap to the optimum.

Valid inequalities. The use of valid inequalities clearly facilitated the 
solution process. Specifically, for the Leung+ formulation, three addi-
tional instances were solved to optimality, while Imp1+ benefited by 
two instances. In both cases, the computational time decreased and the 
gaps to the true optimum were reduced.

Base formulations vs. Extended formulations. The base formulations con-
sistently outperformed the corresponding extended versions. Both for 
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the original and the strengthened soaking constraints, the base formu-
lations (Liu and Imp2, respectively) solved two more instances to op-
timality than any of the corresponding extended formulations (Phillips
and Zhou, Imp1+, respectively), while requiring significantly less com-
putation time.

5.3.2. Multiple threads tests
Table  10 summarizes the results obtained with the Gurobi solver 

using 8 threads (Threads = 8).

Restricted formulations. Similarly to the single-thread experiments, for 
three cases, the optimal solution obtained with Phillips, Leung, and
Leung+ had a cycle time longer than the true optimum due to modelling 
restrictions.

Strengthened constraints. The advantage of stronger soaking constraints 
was visible in the multi-thread setting. Among the restricted formu-
lations, Leung solved one more instance to optimality than Phillips, 
although at the cost of a slightly higher running time. For the un-
restricted extended formulations, Imp1 solved one more instance to 
optimality than Zhou. Among the base formulations, Imp2 solved all 
instances to optimality. Note that Liu also found the optimal solution 
for all instances, but failed to prove optimality within the time limit 
in one case, where the remaining optimality gap was still 27.48% after 
ten minutes.

Valid inequalities. Although the use of valid inequalities in Leung+ did 
not increase the number of instances solved to optimality, it reduced 
the average running time, the average optimality gap, and the average 
gap to optimality. A similar but slightly stronger effect can be observed 
for Imp1+. In this case, the addition of valid inequalities allowed one 
more instance to be solved to optimality, while maintaining essentially 
the same average running time, and reducing both the optimality gaps 
and the gaps to optimality.
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Table 9
Average computational results on randomly generated instances (Gurobi, single thread).
 Instances Phillips Leung Leung+ Zhou Imp1 Imp1+ Liu Imp2

 𝜇 = 1.5 30/0/0 30/0/0 30/0/0 30/0/0 30/0/0 30/0/0 30/0/0 30/0/0 
 0.6 0.9 0.7 0.7 0.7 0.7 0.3 0.3  
 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%  
 0.75% 0.75% 0.75% 0.00% 0.00% 0.00% 0.00% 0.00%  
 𝜇 = 2.0 30/0/0 30/0/0 30/0/0 30/0/0 30/0/0 30/0/0 30/0/0 30/0/0 
 8.8 8.8 7.3 8.3 8.5 6.6 3.7 3.9  
 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%  
 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%  
 𝜇 = 2.5 24/6/0 21/9/0 24/6/0 23/7/0 22/8/0 24/6/0 26/4/0 26/4/0 
 89.5 90.9 70.6 94.1 90.7 65.2 40.9 37.9  
 10.47% 12.43% 8.45% 11.68% 12.04% 8.37% 6.32% 6.19%  
 1.14% 0.80% 1.00% 1.18% 0.87% 0.67% 0.41% 0.21%  
 𝑛 = 14 30/0/0 30/0/0 30/0/0 30/0/0 30/0/0 30/0/0 30/0/0 30/0/0 
 4.3 4.7 3.7 4.1 3.5 3.0 2.1 2.2  
 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%  
 0.37% 0.37% 0.37% 0.00% 0.00% 0.00% 0.00% 0.00%  
 𝑛 = 19 28/2/0 26/4/0 28/2/0 28/2/0 26/4/0 28/2/0 29/1/0 29/1/0 
 9.5 11.8 8.5 12.3 11.5 9.0 4.1 4.0  
 2.41% 3.97% 1.96% 2.59% 3.74% 2.04% 1.13% 0.75%  
 0.38% 0.26% 0.15% 0.22% 0.14% 0.06% 0.01% 0.01%  
 𝑛 = 24 26/4/0 25/5/0 26/4/0 25/5/0 26/4/0 26/4/0 27/3/0 27/3/0 
 11.9 12.3 12.3 11.5 12.7 11.7 4.9 5.3  
 8.06% 8.46% 6.49% 9.09% 8.30% 6.34% 5.18% 5.44%  
 1.14% 0.92% 1.23% 0.96% 0.73% 0.62% 0.40% 0.20%  
 All 84/6/0 81/9/0 84/6/0 83/7/0 82/8/0 84/6/0 86/4/0 86/4/0 
 7.9 8.8 7.3 8.3 8.0 6.8 3.5 3.6  
 3.49% 4.14% 2.82% 3.89% 4.01% 2.79% 2.11% 2.06%  
 0.63% 0.52% 0.58% 0.39% 0.29% 0.22% 0.14% 0.07%  
Number of instances with status Optimal/Feasible/No solution found.
Geometric mean of running times (s).
Average optimality gap, calculated as 100% × (UBMIP −LBMIP)∕UBMIP.
Average gap to optimal, calculated as 100% × (UBMIP −OPT)∕UBMIP.
Base formulations vs. extended formulations. The base formulations
proved to be more effective than the extended versions. Considering the 
original soaking constraints, Liu outperformed both Phillips and Zhou in 
all respects. Among the formulations using stronger soaking constraints,
Imp2 outperformed Leung, Leung+, Imp1, and Imp1+.

5.4. Conclusions

Overall, the comparison of the MIP formulations reveals clear dif-
ferences in formulation strength. The strengthened formulations gener-
ally provide tighter bounds and improved computational performance, 
while the base formulations consistently outperform the corresponding 
extended versions. These results highlight the importance of formula-
tion design, as even structurally similar models can differ substantially 
in both bound quality and solution efficiency.

6. Public library for cyclic hoist scheduling

We provide a publicly available library for cyclic hoist scheduling 
at https://github.com/hmarko89/CyclicHoistScheduling, with the aim 
of supporting reproducible research. The library currently includes:

(i) Single-hoist, simple cycle: a natural CP formulation and the MIP 
formulations of Phillips and Unger (1976), Liu et al. (2002), 
Zhou and Li (2003) and Leung et al. (2004), as well as our 
improved formulations.

(ii) Single-hoist, multi-cycles: a natural CP formulation and the MIP 
formulations of Zhou et al. (2012) and Li and Fung (2014).

(iii) Widely used benchmark instances, example instances, and in-
stance generation procedures from the literature.

All MIP formulations are implemented using OR-Tools MathOpt, 
which allows the instances to be solved with different MIP solvers 
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(e.g., Gurobi, SCIP, HiGHS, GLPK). Moreover, by exporting the models 
as LP files, they can be solved with arbitrary MIP solvers. The CP 
formulations are implemented using OR-Tools CP-SAT.

Future extensions will include additional MIP and CP formula-
tions, custom solution approaches, and variants for the multi-hoist 
case, further enhancing the utility of the library for comparative and 
reproducible research in cyclic hoist scheduling.

7. Conclusion and future work

In this paper, we proposed a unified and structured modelling 
framework for single-hoist cyclic hoist scheduling problems. The frame-
work establishes a consistent notation and modelling approach that 
enables a clear and systematic treatment of the problem and its exten-
sions. Compared to existing formulations in the literature, our approach 
provides a more transparent and coherent representation of the core 
constraints, while also supporting a broader range of features, including 
multi-function tanks, multi-degree cycles, and multi-tank operations.

Building on this framework, we introduced natural CP formulations 
that capture the essential structure of the problem in a transparent and 
reproducible way. These models can serve as baseline formulations for 
both simple and extended problem variants.

We revisited MIP formulations from the literature and derived 
improved variants that integrate their main advantages. Our compu-
tational study demonstrated the effectiveness of the proposed formula-
tions, highlighting the impact of modelling choices on both relaxation 
strength and solver performance.

To support future research, we provided a publicly available library 
containing benchmark instances and implementations of several CP and 
MIP formulations. This resource, together with the unified modelling 
framework, is intended to serve as a common reference point for future 

https://github.com/hmarko89/CyclicHoistScheduling
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Table 10
Average computational results on randomly generated instances (Gurobi, 8 threads).
 Instances Phillips Leung Leung+ Zhou Imp1 Imp1+ Liu Imp2

 𝜇 = 1.5 30/0/0 30/0/0 30/0/0 30/0/0 30/0/0 30/0/0 30/0/0 30/0/0 
 0.4 0.4 0.4 0.4 0.4 0.4 0.2 0.2  
 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%  
 0.75% 0.75% 0.75% 0.00% 0.00% 0.00% 0.00% 0.00%  
 𝜇 = 2.0 30/0/0 30/0/0 30/0/0 30/0/0 30/0/0 30/0/0 30/0/0 30/0/0 
 3.0 3.4 3.1 3.6 2.9 3.3 1.9 1.7  
 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%  
 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%  
 𝜇 = 2.5 27/3/0 28/2/0 28/2/0 27/3/0 28/2/0 29/1/0 29/1/0 30/0/0 
 27.8 26.6 19.8 24.6 28.1 17.7 12.0 11.5  
 3.78% 3.16% 2.02% 3.31% 3.34% 1.59% 0.92% 0.00%  
 0.40% 0.27% 0.04% 0.01% 0.04% 0.01% 0.00% 0.00%  
 𝑛 = 14 30/0/0 30/0/0 30/0/0 30/0/0 30/0/0 30/0/0 30/0/0 30/0/0 
 1.5 1.5 1.3 1.3 1.3 1.3 0.8 0.9  
 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%  
 0.37% 0.37% 0.37% 0.00% 0.00% 0.00% 0.00% 0.00%  
 𝑛 = 19 30/0/0 30/0/0 30/0/0 30/0/0 30/0/0 30/0/0 30/0/0 30/0/0 
 3.9 4.3 3.5 3.8 3.9 3.3 1.9 1.8  
 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%  
 0.12% 0.12% 0.12% 0.00% 0.00% 0.00% 0.00% 0.00%  
 𝑛 = 24 27/3/0 28/2/0 28/2/0 27/3/0 28/2/0 29/1/0 29/1/0 30/0/0 
 5.1 5.4 5.3 6.4 5.8 5.9 2.6 2.7  
 3.78% 3.16% 2.02% 3.31% 3.34% 1.59% 0.92% 0.00%  
 0.66% 0.53% 0.30% 0.01% 0.04% 0.01% 0.00% 0.00%  
 All 87/3/0 88/2/0 88/2/0 87/3/0 88/2/0 89/1/0 89/1/0 90/0/0 
 3.1 3.3 2.9 3.2 3.0 3.0 1.6 1.6  
 1.26% 1.05% 0.67% 1.10% 1.11% 0.53% 0.31% 0.00%  
 0.38% 0.34% 0.26% 0.00% 0.01% 0.00% 0.00% 0.00%  
Number of instances with status Optimal/Feasible/No solution found.
Geometric mean of running times (s).
Average optimality gap, calculated as 100% × (UBMIP −LBMIP)∕UBMIP.
Average gap to optimal, calculated as 100% × (UBMIP −OPT)∕UBMIP.
studies and as a baseline for the development and evaluation of new 
solution approaches.

Ongoing work focuses on extending the proposed modelling frame-
work to the multi-hoist cyclic scheduling problem, where additional 
challenges arise from the interaction and coordination of multiple 
hoists. Furthermore, we plan to expand the public library with addi-
tional formulations, benchmark instances, and solution methods, in-
cluding both exact and heuristic approaches.
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