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This paper introduces the Generalized Naive Bayes (GNB) structure as an extension of the Naive Bayes structure.
We give two new greedy algorithms to find the possible closest GNB structure to the data in terms of minimizing
Kullback-Leibler divergence between the probability distribution corresponding to the GNB structure and the
data. Both algorithms focus on determining the best-fitting GNB structure based on the training data. The first
algorithm adopts a greedy approach to find a good-fitting GNB probability distribution. Then, we introduce a
second algorithm, which we prove finds the optimal (best-fitting) GNB probability distribution on the training set
under a non-restrictive condition. Based on these algorithms, new feature importance scores and feature selection
methods are introduced. The algorithms are compared from theoretical and practical points of view with other
probabilistic graphical model-based algorithms.

1. Introduction

Naive Bayes is one of the most popular machine learning algorithms
due to its simplicity, efficiency and easy interpretation, which is ap-
pealing for experts in various domains. Therefore, Naive Bayes (NB) is
considered to be one of the top 10 data mining algorithms [1].

In order to show the ubiquitous interest in this algorithm we give
a glimpse of some recent applications of it. A recent work [2] intro-
duces the COVID-19 Prudential Expectation Strategy (CPES) as a new
strategy for predicting the behaviour of a person’s body if he has been
infected with COVID-19. For the classification task, they proposed the
Statistical Naive Bayes algorithm. It turned out that this methodology
outperforms other competing methods. Another paper [3] uses Distance
Biased Naive Bayes (DBNB) classification strategy for accurate diagnosis
of Covid-19 patients which combines the Weighted Naive Bayes Mod-
ule with the Distance Reinforcement Module. Their experimental results
showed that the introduced DBNB algorithm outperforms all competi-
tors in maximum diagnosis accuracy and also minimum error. It is inter-
esting to note that both of these COVID-related papers began with a fea-
ture selection phase. The paper [4] is concerned with using Naive Bayes
in text mining, for automated literature research to select appropriate
gene ontology in the MEDLINE database. The paper [5] is related to pre-
dicting lung adenocarcinoma (LUAD) from a selected gene expression.
Six key genes were identified based on the tumor micro-environment,
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which is used as potential prognostic biomarkers and therapeutic targets
of LUAD. Using these six genes, a Naive Bayes model was constructed
which predicts LUAD accurately, AUC reached 92.03 %, which shows
that the model used could accurately discriminate the tumor samples
from the normal ones.

NB algorithm is based on the assumption that the explanatory vari-
ables are conditionally independent given the class variable (target vari-
able). This is not generally true for real-life problems. Many papers are
concerned with the improvement of this remarkable algorithm. These
improvements follow mainly two directions. Some researches show that
selecting some attributes beforehand might result in better classifica-
tion accuracy and better generalization. Another improvement might
be achieved by relaxing the conditional independence assumption.

This paper aims to relax the conditional independence assumption by
introducing a structure that allows dependencies among the explanatory
attributes, while the marginal distributions involved remain bounded
at order three. This way, the search space for finding the best-fitting
structure to the training data is also massively reduced.

The remainder of this paper is organized as follows. In Section 2,
the related works are presented. Section 3 introduces the key concepts
used in our approach. Section 4, presents the GNB structure the GNB
probability distribution and the quantification of its fitting to the data.
The next Section 5 contains the proposed algorithms and their complex-
ities. In Section 6 we discuss the relation of the new approach to related
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$d \choose 2$


$(X_i,X_j)$


$d \choose 2$


$I_3$


$O(n^2)$


${d \choose 2} = O(d^2)$


$O(n^2 d^2)$


$2$


$Y$


$I_2(Y,X_i)$


$d$


$X_i$


$O(n^2~d)$


$3$


$I_3(.) - I_2(.)$


$I_2$


$I_3$


$I_3(Y,X_i,X_j)-I_2(Y,X_i)$


$I_3(Y,X_i,X_j)-I_2(Y,X_j).$


$2 {d \choose 2}$


$O(d^2)$


$3$


$O(d^2)$


$4$


$k\in \{1,\dots ,d-1\}$


$\arg \max $


$I_3(.) - I_2(.)$


$O(d)$


$k=4,\dots ,d-1$


$k$


$\arg \max $


$d-k$


$\arg \max (I_3 - I_2)$


$(X_a,X_b)$


$X_a \in \{X_1,\dots ,X_k\}$


$X_b \in \{X_{k+1},\dots ,X_d\}$


$k(d-k)$


$k(d-k)$


$k(d-k)$


$k=1,\dots ,d-1$


\begin {align*}&\sum _{k=1}^{d-1} k(d-k) = \sum _{k=1}^{d-1} kd - \sum _{k=1}^{d-1} k^2 = d\frac {(d-1)d}{2}-\frac {(d-1)d(2d-1)}{6} = \\ &= d(d-1)\left (\frac {d}{2} - \frac {2d-1}{6}\right ) =d(d-1)\left (\frac {3d-2d+1}{6}\right ) = \frac {d(d-1)(d+1)}{6}\\& = O(d^3)\end {align*}


$1$


$4$


\begin {equation*}O(n^2 d^2) + O(n^2~d) + O(d^2) + O(d^3) \le O(n^2d^2 + d^3) = O(d^2(n^2+d))\end {equation*}


$d$


$n^2$


$O(d^2(n^2+d)) < O(d^2(n^2+n^2)) = O(d^2 n^2)$


$\sqrt {d}$


$O(d^2 n^2)$


$O(d^2(n^2+d))$


$\left \{ 0,1,\ldots ,d\right \}$


$\left \{ 1,\ldots ,d\right \}$


$\left \{ 0,1,\ldots ,d\right \}$


$\left \{ 1,\ldots ,d\right \}$


$\left \{ 1,\ldots ,d\right \}$


$\left \{ i_{1},i_{2},\ldots ,i_{r}=i_{1}\right \}$


$r>3$


$i_{1},i_{2},\ldots ,i_{r}\in \ V$


$r=4$


$0, i_{1}, i_{2}, i_{3}, i_{4}$


$r>4$


$\left ( 0,i_{1},i_{2}\right )$


$\left ( 0,\mu (i_3),i_{3}\right )$


$\left ( 0,\mu (i_4),i_{4}\right )$


$\mu (i_3)$


$i_3$


$\mu (i_4)$


$i_4$


$\mu (i_{3})\in \left \{ i_{1},i_{2}\right \}$


$\mu (i_{4})\in \left \{ i_{1},i_{2},i_{3}\right \}$


$i_1=i_r$


$\left \{ 1,\ldots ,d\right \}$


$0$


$0$


$\left \{ 1,\ldots ,d\right \}$


$0$


$[x_1,x_2,\dots ,x_n]$


$X_i$


$\hat {X}_i := [x_{\phi (1)},\dots ,x_{\phi (n)}]$


$x_{\phi (j)} \le x_{\phi (j+1)}\ \forall {j}\in \{1,\dots ,n-1\}$


$Q_j = x_{\lfloor \phi (nj/5)\rfloor }$


$j \in \{1,\dots ,4\}$


$4$


$0\,\%$


$100\,\%$


$5$


$i \in \{1,\dots ,5\}$


$Q_i = Q_{i+1}$


$Q_{i+1}$


$Q_i$


$M \le 5$


$Q_0 = \min X_i$


$Q_{M+1} = \max X_i$


$a_j = \frac {1}{|\{i: Q_j \le x_i < Q_{j+1}\}|}\sum _{i=0}^n x_i \textbf {1}_{(Q_j \le x_i < Q_{j+1})} \quad \forall j \in \{1,\dots ,M\}$


$\textbf {1}$


$[x_1,x_2,\dots ,x_n]$


$[d_1,d_2,\dots ,d_n]$


$d_k = \sum _{s=0}^M a_s$


$\textbf {1}_{(Q_s \le x_k < Q_{s+1})}$


\begin {equation*}\textrm {Accuracy} = \frac {\#\{\textrm {True Positive}\}+\#\{\textrm {True Negative}\}}{\#\{Total\}}\end {equation*}


\begin {equation*}\textrm {Precision} = \frac {\#\{\textrm {True Positive}\}}{\#\{\textrm {True Positive}\}+\#\{\textrm {False Positive}\}}\end {equation*}


\begin {equation*}\textrm {Recall} = \frac {\#\{\textrm {True Positive}\}}{\#\{\textrm {True Positive}\}+\#\{\textrm {False Negative}\}}\end {equation*}


\begin {equation*}\textrm {F1 score} = 2\times \frac {\textrm {Precision}\times \textrm {Recall}}{\textrm {Precision}+\textrm {Recall}}\end {equation*}
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algorithms. In Section 7, the classification process and new feature se-
lection method is introduced. In Section 8, we apply the algorithms to
real datasets and compare the algorithms with similar algorithms by us-
ing various measures of accuracy. We close the paper with conclusions
and future work.

2. Related work

Naive Bayes based methods remain a cornerstone of probabilistic
machine learning due to their simplicity, interpretability, and surpris-
ingly strong performance across diverse domains. Despite their concep-
tual simplicity, research in this area remains highly active, with ongoing
efforts to relax the conditional independence assumption, improve cal-
ibration and robustness, and integrate Naive Bayes principles into dif-
ferent machine learning frameworks. Naive Bayes is a fast and effective
classification method with a clear theoretical foundation, although its
drawback is the conditional independence assumption. Many empirical
comparisons between naive Bayes and decision trees, such as C4.5 [6],
show that NB predicts equally as well as C4.5. Papers like Domingos
and Pazzani [7] and Zhang [8] try to explain why are NB so effective.
Domingos and Pazzani explain the good performance of NB by the 0-1
loss function, which does not penalize inaccurate probability estima-
tions. Harry Zhang shows in [8] that the distribution of dependencies
among all attributes over classes affects the classification of NB, not the
dependencies themselves. The dependencies between attributes may ex-
ist but they cancel out.

Many methods were introduced to improve the NB classification al-
gorithms. We group them as follows.

(A) Attribute selection-based methods to improve the NB performance.
This category contains methods based on backward elimination or
forward selection, which iteratively remove or add attributes based
on cross-validation accuracy or by selecting subsets of explana-
tory variables. This category includes the work of Feng et al. in
[9]1, where they introduced the Latent Selection Augmented Naive
Bayes (LSAN) classifier and the Latent Selective Naive Bayes classi-
fier with a maximum aposteriori feature selection estimator. These
methods were successfully applied to text classification problems.

(B) Methods based on weighting the features by their importance. In
the literature there are known many weighting possibilities: based
on decision trees in [10], where it was shown that using feature
weights in NB improves the quality of the model compared with
the original NB. In [11] the feature weighting method is based on
the KL-divergence.

A recent paper [12] introduces a novel selective Naive Bayes
algorithm, which proposes an efficient method for classification.
The models were built in such a way that each one is an exten-
sion of another one. The algorithm uses a pre-ranking of the at-
tributes based on their mutual information with the classification
variable. The best model is selected based on cross-validation. Em-
pirical results show that the introduced method is superior to NB
and it is comparable with the Tree Augmented Naive Bayes (TAN)
[13] as accuracy and running time. Zhang and Sheng [14] pro-
posed a weighted Naive Bayes. The weights were chosen to max-
imise AUC score. Another way to improve the accuracy of NB is
by weakening the conditional assumption. The term “semi-Naive
Bayes” was introduced by Kononenko [15]. In this paper, condi-
tional probabilities of joint features were computed based on the
training data. The method was illustrated on medical datasets with
slight improvements over the classical NB.

(C) Methods that ensure the conditional independence assumption is
satisfied. The idea is to use a carefully selected subset of variables
to minimize violations of this independence assumption and im-
prove accuracy.On top of this is the fact that a model with less
variables is more explainable. An important paper in this direction

(D)
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is [16]. Their variable reduction strategy was based on clustering
the features in terms of their dependence degree, and it selects
combinations of features that, being as independent as possible.
This lead to a good performance rate even on the high dimension
(synthetic) datasets.

Methods that relax the assumption of conditional independence.
An important subclass of this allows to each feature to depend on
the class variable and one other feature, called also semi-naive
methods. An important step in this direction was realized by ex-
tending the graph structure of naive Bayes is the introduction of
a tree augmentation of the NB graph in [13]. The algorithm as-
sumes that the relationship among the explanatory variables is only
tree-structure-like, in which the class variable directly points to all
feature nodes and each feature has only one parent node from an-
other feature. TAN algorithm showed significant improvement in
accuracy compared to NB. An improvement for the TAN algorithm
is presented in [17]. This result is obtained by averaging several
TAN structures, which proves to be more accurate than classify-
ing using just one TAN structure. Beyond TAN, one-dependence
estimators (ODE) include SPODE (Super-Parent ODE) and AODE
(Averaged One-Dependence Estimator) [18]. In a SPODE, all fea-
tures depend on the class and a single designated “super-parent”
feature. AODE takes this to an ensemble: it builds one SPODE for
each attribute as super-parent, then averages their posterior predic-
tions. In the paper [19], the author argues that the one-dependence
estimator (AODE) performs exceptionally well compared to more
sophisticated models. They enhance the model by applying a spe-
cial weighting based on mutual information. A very interesting ar-
ticle which extends the NB structure by adding more edges (more
parents) is presented in [20]. This approach uses information con-
tents, and add the attributes in a greedy way. However it turned
out that using 2 or rarely maximum 3 parents gave the best results
on the test data. A more recent paper [21] uses a special Bayes
network (directed edges) between the explanatory variables to im-
prove results of Naive Bayes classification. In the classification pro-
cedure they use conditional probabilities derived from the Bayesian
networks. However discovering the Bayes network is typically NP
hard. Another recent paper [1] introduced new algorithms for clas-
sifications based on attribute weighting and instance weighting.
They define a new weighting methodology that uses the correlation
of the attributes with the class variable(relevance) and also with
the other attributes (redundancy). The weight of an attribute is de-
fined by taking into account relevance and average redundancy.

A very important paper that uses decomposable models to ex-
pand the classical NB was published in Ghofrani et al. in 2018
[22]. This work is also interesting because, in their comparisons
with other models, they use the cherry tree probability distribu-
tion defined on the explanatory attribute set. They concluded that
cherry trees were not so efficient because of the overfitting. The
basic idea of their paper related to cherry trees is to replace the
tree between the explanatory variables given by the TAN algorithm
with a cherry tree. They also introduce their model, which aims
to capture interdependencies between the explanatory attributes.
Their experimental performance shows that their algorithm had a
better classification performance than, NB and Cherry tree-based
ones.

The new methodology and algorithms, we introduce in this
paper are structure-extending algorithms that alleviate the condi-
tional independence assumption of the NB this way, they belong to
the methods of the last group. The main difference is that, although
we perform structural extensions that usually lead to NP-hard prob-
lems, we are able to reduce the search space. Additionally, we have
developed a methodology and algorithms that allow us to prove the
optimality of the Kullback-Leibler (KL) divergence with respect to
the training data.
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Fig. 1. Construction of a third-order cherry tree on 6 vertices.

Section 6 focuses on comparing the similarities and main differ-
ences between the algorithms introduced in this paper and those
proposed earlier: TAN in [13], ATAN in [17], and LDMLCS in [22].

Our algorithms’ output can be used as the base for a new fea-
ture selection method. We demonstrate that the introduced Gener-
alized Naive Bayes structure performs at least as well as the stan-
dard Naive Bayes structure in fitting their respective probability
distributions to real data. We introduce two algorithms: the first is
a general greedy algorithm that provides a good fitting GNB prob-
ability distribution, while the second algorithm provides the best
fitting GNB probability distribution to training data, whenever a
not very restrictive condition is met.

3. Basic concepts

A series of studies, related to Naive Bayes, approach the classifica-
tion problem from the perspective of directed probabilistic networks,
known as Bayes Networks. In this paper, we will extend the Naive
Bayes structure by employing undirected probabilistic graphical mod-
els, also known as Markov networks. To reduce the complexity of the
search space, we will concentrate on a specific class known as third-
order cherry trees.

Probabilistic graphical models integrate graph theory, probability
theory, and information theory to provide a flexible probabilistic frame-
work for modeling random variables with complex interactions. How-
ever, learning structures for graphical models remains challenging, due
to the combinatorial search required across all potential structures. In
this paper, we define a structure called Generalized Naive Bayes as a
special type of cherry trees.

At the heart of probabilistic graphical models stands the conditional
independence concept (CI). In 1950 Loeve [23] defined the concept of
CI in terms of c—algebras. Phi Dawid formulated the formal properties
of CI from a statistical point of view [24].

The following subsection presents key concepts and preliminary re-
sults necessary for the new results presented in the paper. In this paper,
we focus on a specific case of more general structures. For simplicity, we
will introduce these directly rather than deriving them from the more
general case.

3.1. Probabilistic graphical models used in the GNB structures

We introduce the concept of a cherry tree graph structure, which
is a key component of this work. Originally referred to as a ¢-cherry in
[25], we have chosen to call it a cherry tree graph in this context, as this
terminology does not lead to any confusion. This structure is, in fact, a
generalization of a tree.

We define the third-order cherry tree graph by construction.

We call third order cherry tree graph structure, a graph structure
obtained by the following two steps: (a) The smallest cherry tree con-
sists of 3 interconnected vertices. (b) A cherry tree on m + 1 vertices is
obtained from a cherry tree on m (m > 3) vertices by connecting a new
vertex to 2 already connected vertices. Fig. 1 shows how a third-order
cherry tree is built on 6 vertices step by step.

It is easy to see that a third-order cherry tree is a triangulated
(chordal) graph with the maximum cliques containing 3 interconnected
vertices (fully connected subgraph).

Next, we introduce the concept of a cherry junction tree, as it estab-
lishes the connection between the cherry tree graph structure and the
associated probability distribution, which we aim to fit to the training
data. Intuitively, this can be seen as a cluster tree, where the clusters
consist of 3 elements (we mention here that in this framework clusters
may not be disjoint), and the edges comprise 2 elements that are com-
mon to the connected clusters.

We call cherry-junction tree of order 3 the structure assigned to a
cherry tree graph of order 3 in the following way:

1. The set of vertices in each 3 order maximum clique (fully connected
subgraph) is called a cluster containing its 3 vertices (a node in the
junction tree graph).

2. Two 3-element clusters are connected if the following two conditions
are fulfilled: (a) the clusters share 2 elements; (b) if a set of 2 elements
is contained by m clusters, these clusters will be connected tree-like
by m — 1 edges, see second row of Fig. 2.

3. The 2-element set given by the intersection of two connected clus-
ters is called a separator. The number of clusters containing it is the
multiplicity of the separator.

A cherry-junction tree is characterised by the set of indices V, the
set of clusters C, the set of separators S and a set of the multiplicities of
the separators M.

For an illustration of a 3-rd order cherry-junction tree, corresponding
to a 3rd-order cherry tree graph, see Fig. 2. The junction tree associated
with a cherry tree graph structure does not have a unique graph repre-
sentation.

An important property of the junction trees is the Running intersec-
tion property, i.e. if a vertex is contained in two different clusters it is
contained in any cluster on the path between the two clusters. For a
good overview of the connection between these concepts, see [26].

Let X = (Xl,...,Xd)T a random vector and V' = {1,...,d} the set
of indices, and let us consider a junction tree over V given by the
set of clusters C and the set of separators S denoted by (V,C, S). For
the probability distribution of a random vector having its components
(X, ..., X;,), we use the following abbreviations: P(X;, ;) and P(X,)
where A = {i|,....i;} C V.

The cherry tree probability distribution corresponding to a
cherry-junction tree (V, C,S) is given by the following formula:

I1 P(Xc)

ceC

Ses

P,X)= @

where v is the number of clusters that are connected through the sep-
arator S (multiplicity of .S); the formula stands for all realizations of
X.

One can note that, regardless of which graphical representation of a
junction tree we use (see, for example, Fig. 2), the cherry tree probability
distribution formula is the same:

P(X53)P(X;34)P(X55)PX)26)
(P(X;2)PP(X,3)

In this paper, the generalization of the NB structure is derived from

probabilistic graphical models.

The probability distribution, assigned to a Naive Bayes structure
which encodes the conditional independence of the attributes X; given

Pep(X) =
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Fig. 2. Cherry tree structure of order 3 represented as a chordal graph (first row), junction trees (second row) and represented in a compact junction tree form (third

TOW).

the class variable Y, has the following expression:

d
Pyp(X.Y) = PO ] PX, 1Y) @

i=1

It is easy to see that Formula (2) is equivalent to the following for-
mula:

d
IT PX,.Y)

PypX,Y)= =L

which is a cherry tree probability distribution of order 2. The clusters
consist of two elements X;,Y, i = 1,...,d, and the separators consist of
only one element, namely Y.
The Naive Bayes classifier assigns to a new realization x the most
probable value y(x) of the class variable: y(x) = arg max(pyp(y;.x))
3

where y;, i =1,...,s denote the classes of the class Viclriable Y. It is
clear that this classifier relies on conditional independencies among the
explanatory variables given the class variable. These conditional inde-
pendencies often appear to be conservative, as they are typically not
satisfied in real-life scenarios. This observation also motivates our re-
search.

We close this subsection with the observation that the expression
in Formula (1) will be used to generalize the probability distribution
assigned to a Naive Bayes structure, in Formula (3).

3.2. Information theoretical concepts

Since the goodness of fitting of the probability distributions we in-
troduce, to the data is quantified by the KL divergence, we will need to
introduce some information-theoretical concepts that we recall in this
subsection. For more details, see the fundamental book [27].

We will use an equivalent formulation of conditional entropy. The
conditional entropy quantifies the amount of information needed to
describe the outcome of a random variable Y given a random variable
X: HY|X)=H(X,Y)—- H(X).

If P(X) is approximated by a probability distribution P,,,(X), a quan-
tification of the goodness of the approximation is given by the Kullback-
Leibler divergence (KL-divergence) [28] between a given joint proba-

bility distribution P(X) and its approximation P,,,(X) :
P(x)
Papp(x)

KL divergence is a positive number unless P,,, = P, when KL = 0. The
smaller the value of the KL-divergence is the better the approximation

is.

KL(P,,,(X), P(X)) = Z P(x)log,

The mutual information can be seen as a special type of KL di-
vergence between a given P(X;,X; ) and an approximation given by
independence: Py = P(X; )P(X;,). One of the possible generalizations
is straight forward as follows.

The information content of a random vector X = (X, iy

given by
P(xil,...,x,»k>
I(X;, . X, )= P(xil,...,xik)logz 6 e
X U ik

We mention that the information content defined above, and used in the
papers [25] and [29] is a quantification of the strongness of dependence
between the random variables, which was called also multiinformation.

A fundamental theorem we use in this paper expresses the KL diver-
gence between a real probability distribution (which can be given by
a dataset) and a cherry-tree probability distribution approximation (1).
The random vectors assigned to the indices in the clusters and separators
are marginals of the real probability distribution.

X, )7 is

Theorem 1. [29] The Kullback-Leibler divergence between the cherry tree
approximation (1) and the real distribution P(X) is:

KL(P(X), P(X)) == HX) = | D* I(Xe) = Y (vs — DU (X))

ceC ses

+ ) H(X)). “4)

d
i=1

These were the basic information theoretical concepts and results
that we will use in the next part.

4. Generalized Naive Bayes

This section introduces the new concepts, specifically the GNB struc-
ture as a special case of the third-order cherry tree, along with the
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probability distribution associated with it. We provide a formula for the
Kullback-Leibler divergence when fitting a GNB probability distribution
to the data. Additionally, we demonstrate that the GNB probability dis-
tribution fits the data as well as, or even better than, the standard NB
probability distribution.

Let us introduce the Generalized Naive Bayes graph structure, which
is an NB graph structure augmented with certain edges that provide
conditional dependencies and independencies between the explanatory
variables.

As we saw earlier, the NB structure can be assigned to a junction tree
with two elements in each cluster, see (3). The new concept introduced
in this paper is basically a generalization of the above idea, i.e., we will
use special junction trees, with exactly three elements in a cluster (two
besides Y) and two elements in the separator (one besides Y). This way,
we will use a cherry tree structure for the generalization.

4.1. Generalized Naive Bayes graph structure

We introduce the Generalized Naive Bayes graph structure and then
define the probability distribution associated with it.

Definition 2. A Generalized Naive Bayes graph-structure on V U
{0} =={0,1,...,d} (vertex O is assigned to Y), is constructed as follows:

e Step 1. The smallest GNB structure on three vertices is given by the
interconnected triplet (0,i,i,), where iy, iy, € V.

¢ Step k. Let us suppose that the vertices i}, i,, ..., i; € V are already
in the GNB structure. We add a new vertex i;,; € V to the existing
GNB structure by connecting it to vertex 0 and an already connected
vertex i, € {i|,iy, ..., }. The vertex i, is called the mother of vertex
ixs1-k > 0, denoted by u(iy, ). Vertex 0 is called the father vertex of
all vertices.

It is easy to see that a GNB is a special type of cherry-junction tree
structure; all clusters contain the index 0 corresponding to the classifi-
cation variable Y; each vertex i,k > 0, has one mother vertex u(i;)
and the same father vertex 0. The first connected vertex i; has only the
father vertex 0 by definition.

The set of all possible GNB structures on V' U {0} defines the search
space for our algorithms.

The permutation i, i,, ..., i, of the indices {1,...,d}, given by the
steps of Definition 2 is called c-ordering, where the first two indices in
the smallest cherry tree are arranged increasingly.

Without loss of generality, we denote a c-ordering i, i,,...,i; by
1,....,d.
Definition 3. The GNB probability distribution associated to the GNB
graph structure and a c-ordering 1, ... ,d is the following:
d
] 2P(Y,XM,~),X,-)
i=
Peng = 1
I—[3 P(Y, X ) )
1=3

Now we want to prove that a GNB probability distribution given
by Definition 3 gives a better approximation than the NB probability
distribution, in terms of KL-divergence. For this, we need the expressions
of the KL-divergences for the NB and GNB approximations.

Theorem 4. If the joint probability distribution P(X,Y) is approximated by
a Naive Bayes distribution (3) the Kullback-Leibler divergence between the
true distribution and the approximation is given by the formula:

d d
KL(P(X,Y), Pyp(X, ) = D H(X))+ HY) - HX.Y) = Y I(X,,Y)

i=1 i=1

)
This is a consequence of the Chow-Liu tree method [30]. The good-

d
ness of fit of the NB approximation depends on the Y I(X;Y). The
i=1
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larger this sum, the better the approximation. This result highlights why
it is worth choosing for feature selection the explanatory variables based
on their mutual information with the class variable.

Theorem 5. If P(X) is approximated by a Generalized Naive Bayes dis-
tribution Py g(X) (see Definition 3) then the KL divergence is given by the
formula:

d
KL(P(X)Y), Pyp(X,Y)) = Z H(X;)+HY)-HX)Y)

i=1

d d
—<Z (Y X0 Xi) = D) I(Y’X;m')))
i=2 i=3

Proof. This follows straightforwardly from the formula (4) of KL diver-
gence applied for an approximation associated to a cherry tree approx-
imation, as a special case of it. O

We saw in Theorems 4 and 5 that the corresponding KL diver-
gences depend on two parts, one of them being common to both ap-
proximations. Therefore the goodness of fit will depend on the part
that differs from one model to another, from NB to GNB. This spe-
cific part depends only on the graph structure and is defined as
follows.

Let P,,,(X) be an approximation for P(X); The weight of the ap-

proximation is defined by:
d

W (P(X), P,,,(X)) = Z H(X;) - HX) — KL(P(X), P,,,(X)). (6)
i=1

The larger the weight of the approximation, the better the approxima-
tion is.
The weight of the Py z P(X,Y) approximation is:
d
W(P(X,Y), PygP(X.Y)) = 2 (Y, X;) )

i=1
and the weight of the P;y 5 P(X,Y) approximation is:

d d
W(P(X,Y), Pong P YD) = Y T (Y, X0, X;) = D I(Y, X ). (8)
i=2 i=2
Now we will show that the weight of a GNB approximation is at least
as large as the weight of an NB approximation. To prove this we need
first the following two theorems.

Theorem 6. The weight of the NB approximation can be written as:

d d-1
W(PvPNB)=ZH(Xi)_ZH<XI'|Y)_H(Y’X¢1) )

i=1 i=1

Proof.
d
W (P, Pyg)= Y 1(Y,X,) =
i=1
=(HY)+H(X,)) - HY. X))+ (HY)+ H(Xy) - HY . X)) + ...
e+ (HY)+ HX, ) - HY, X, ) + (HQY) + HX,) - HY, X))

First we add the entropies H(Y), H(X,), H(X,), ..., H(X,), then we
apply the formula H(Y, X;) — H(Y) = H(X,|Y) starting on from the first
row, for i = 1,...,d — 1. This way we get the formula (9). O

To prove a similar theorem regarding the weight of a GNB approxi-
mation, we need a result related to the GNB graph structure.

First, we introduce a special cherry tree called chain of clusters
where each cluster is connected to at most two different clusters by at
most two different separators.

Lemma 7.
clusters.

A GNB graph structure can be represented as a chain of
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o D

Fig. 3. The first three attributes which define two clusters of a cherry tree.

Proof. Let us suppose that we have a GNB structure with the property
that there exists a cluster that is connected to three clusters by different
separators. We denote this cluster by C,(0,i, j) and its three neighbours
by C,, C3, C,. This implies that it is possible to connect C;with two clus-
ters by two different separators .S}, (0,i) and S5 (0, j), but we have no
other different subset in C; which contains the vertex 0 (which corre-
sponds to class variable Y). Therefore any cluster can be connected to
the other clusters by at most two different separators, which completes
the proof. O

Since the GNB probability distribution associated to the GNB graph
can be defined as a junction tree associated to a chain of clusters, we
will assign a numbering to the random variables involved.

The chain numbering of the attributes based on the chain struc-
ture of GNB is defined as follows. Let us suppose C;,C,, ..., C,_, are the
clusters of the chain. C; = (Y, X;,, X;,), where i, and i, are chosen in in-
creasing order, C;\Cis denoted by X, , ..., C\C,_; is denoted by X, ,
--C4-1\Cy_, is denoted by X; . (Where eA\Be denotes the elements
that belong to set A but not to set B).

The chain numbering {X i X, } of the attributes is a permuta-
tion of the indices of the attributes and it is not unique.

For simplicity, without loss of generality, we will denote the chain
numbering {il, ,id} by {1, ...,d} but whenever we use this we men-
tion that this is a chain numbering.

Theorem 8. Let {1,...,d} be a chain numbering. The weight of the basic

GNB approximation is given by the formula:

d d-1
H(Xi)+H(Y)—ZH(XilY,XI-H)—H(Y,Xd). (10)

i=1 i=1

(d) —
WGNBbasic -

Proof. We do the proof by induction.
Let us consider a chain numbering of the attributes { X, X,, ..., X, }.
First we consider the class variable Y and the attributes X, X,, X3,
as illustrated on Fig. 3, and we show that the formula is true for d = 3.
As (Y,X|,X,,X;) is a cherry junction tree and the formula of KL
divergence is given as in (8) the following formula holds
3
Wenp =1(Y. X1, X,) = I(Y.X,) + (Y. X5, X3) =
=HY)+H(X))+ H(X,) - HY, X, X,) + HY) + H(X,)

+H(X3) - HY, X5, X3)— (HY) + HX,) — HY, X))

After

HY,X,,X3)+ H(Y, X,)
We add and substract H(Y, X3) and get the following:

reduction

3
W= T HX)+H) = HY X, Xp) -
P

w® _

o H(X)+HY)+HY,X,) - HY, X, X,)

3
i=1
+H(Y,X3) - H(Y,X,, X3) — HY, X3)
3
= z H(X)+HY)-HX|Y,Xy) - HX,|Y, X3) - H{Y, X3),
i=1
which is exactly the formula (10) for d = 3.
Now, we suppose that the formula (10) is true for d attributes and
we will prove that it is true for d + 1 attributes, see Fig. 4. Without loss
of generality, we will suppose that X, is connected to X,; and Y.
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Fig. 4. The inductive construction of the GNB structure as a cherry tree in step
d.

Since this has also a cherry-junction tree structure with a chain struc-
ture, it’s weight can be written by adding a new cluster (Y, X,;, X;,) as
follows:

d+1) _ /() —
Weng =Weng +1(Y. X4, Xg00) — 1Y, X)) =

=W+ HY) + H(Xp) + H(Xgy) = HY ., X4, X441
- [HY)+ H(Xy) - HY, X,)]
After reduction, we obtain:

(d+1) (d)
W =W+ H(X ) = HY Xy, X)) + HY, X,).

Now we use the induction hypothesis and get:

d d-1
Wy = Y HX)+ HY) = Y HX,|Y, X)) — HY, X)) +
i=1 i=1
+HX ) -HY, Xy, Xgp)+ HY, X,)

After reduction and adding and subtracting H(Y, X,;,,) we use the for-
mula

HY, X4, Xgp) = HY, Xqp) = H(Xg|Y, Xy)

and obtain
d+1 d-1
Wiy = 2 HX)+ HY) = Y HXIY, X)) = H(XgY, X4
i=1 i=1
—HY, X4 =
d+1 d

=D HX)+HY)= Y HXY, X;1) = HY, Xy3)

i=1 i=1
which completes the proof. [

Theorem 9. The GNB approximation gives an approximation at least as
good as NB approximation (the weight of the approximation is larger or
equal).

Proof. First, let us observe that formula (8) is true for any permuta-
tion of indices; therefore, this is particularly true for the case of chain
numbering.

We compare the weight of the two approximations.

d d-1
d
Wi = Y H(X,)+ HY)= Y H(X,|Y) - H(Y,X,) <
i=1 i=1
d d-1
d
< Z H(X,)+ H(Y)- 2 HXY, X)) - HY . X)) =W
i=1 i=1
This is true because H(X;|Y) > H(X,|Y, X)) i=1,....d.
Since a higher weight indicates a better approximation, GNB pro-
vides an approximation that is at least as accurate as that of NB. [

5. Greedy algorithms for finding a good fitting GNB structure

In this section, we introduce two algorithms that aim to find the
best-fitting GNB structure to the training data. In the first subsection,
we give a greedy algorithm (GNBA) that aims to minimize the KL diver-
gence, then we introduce the theory necessary for the second algorithm
(GNBO) that guarantees the minimization of the KL-divergence. For both
algorithms, the complexities are calculated.
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5.1. The greedy algorithm GNB-A

The basic idea of the algorithm called GNB-A is to find an approx-
imation with a maximum weight (8), which is equivalent with mini-
mizing KL divergence. After calculating the information of all triplets
that contain the class variable Y we choose the first two attributes
such that the information content of (Y, X, i Xiy) is maximum. Then we
add greedily a new variable X,,,, at a time, such that the maximum
of I(X,,,,X;,Y) = I(Y,X;) is achieved, where the variables X; are al-
ready connected. The algorithm selects the most relevant variable at
each step, considering the variables already connected. This way tries
to avoid redundancy.

The pseudo-algorithm is given in Algorithm 1.

Algorithm 1 GNB-A.

procedure GNB-A(D)

Input: Training samples D with d features X, ..., X, and class
variable Y

Output: A sorted list of triplets

X = (X}, Xp, ..., X4}

X,.I,Xi2 {= arg max I(Y,X,-,Xj)

X;.X;€X

Ly :=[(Y, X, . X,)]

Ly :=[(Y.X;).(Y.X,))]

X =X\(X,.X,}

while X is not empty do

e, Xy 1= argmax (I(e, X;) — I(e))
e€Ly X, €X

Append (e*, X,,,,) to L3
Append (Y, X,,,,,) to L,
X 1= X\ [ X)
end while
return L,
end procedure

Complexity of the GNB-A algorithm
Overall, the Algorithm requires the following number of additions,
subtractions, multiplications, divisions, or comparisons:

On*d?) + O(n* d) + O(d?) + O(d®) < O(n*d? + d%) = O(d*(n* + d))

If d (the number of variables or columns) is less than »? (the number of
entries or rows, squared), then O(d?(n? + d)) < O(d*(n* + n?)) = O(d*n?).
So if we have at least \/Z entries in our dataset, then the runtime of the
algorithm is O(d?n?), otherwise it is O(d?(n? + d)). The detailed calcula-
tion can be found in Appendix A.

5.2. The optimal algorithm GNB-O

Our second algorithm GNBO also aims to find a GNB approximation
with the maximum weight (8). We will also prove that this finds the
optimal GNB structure i.e. best fitting to the training data, under the as-
sumption that the best fitting structure contains the cluster(triplet) with
maximum information content. To achieve this, we have to introduce a
new methodology, which will be outlined as follows.

The information content of all triplets which contain the classifier
is calculated and it is chosen the one with the maximum information
content is chosen.

(Y,Xil,X[z):argmaxI(Y,Xi,Xj). an
ijev

Having the first cluster (0,i,, i,), we define a new directed and weighted

graph on V U {0} = {0,1,...,d} as follows.

Definition 10. We call auxiliary directed graph structure on the set
of vertices {0, 1,...,d}, a directed graph with the following properties:

(i) vertex 0 has no parent, it is called the root of the graph;
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(ii) the parent of vertex i, is vertex 0;
(iii) the parent of vertex i, is vertex i,
(iv) from vertex i; and vertex i, to all other vertices we have only one-
directional edges;
(v) for all vertices i, different from i; and i, we have an edge (i, j)
and an edge (j, i),
(vi) there are no self-pointed edges;

Shortly written the set of edges of the auxiliary graph structure is as
follows:

e={(0.i))} u {Gr.pli eV \{ii}} U {Gupli eV \{ilir}}
U {Gilij €V {inin}i # 5. (12)

Now we define a key component, namely the weights of the edges
of the auxiliary graph.

Definition 11. The weights of the edges of the auxiliary graph
structure are defined as follows: (a) w(0,i;) = I(Y, Xi)s Mw(iy,iy) =
I(X;,, X;,); (c) For any other edge (i, j) € € \ {(0,iy), (iy,iy) } the weight

of the edge is defined as follows:
w(i, ) =1, X;, X;) - 1Y, X)) 13)

Definition 12. The weighted graph G(V, &), where the set of edges &
is defined by (12) and the weights of the edges are defined in (13) is
called auxiliary graph of the GNB graph.

We recall the definition of an arborescence in a directed graph, as
we want to maximize its weight.

Definition 13. An arborescence is a directed graph with a root vertex
0 and the property that to all other vertices v there is exactly one directed
path from 0 to v.

For finding the maximum weighted arborescence in a directed graph,
Chu Liu Edmond’s algorithm [31] was proposed.

Observe that the maximum arborescence of the auxiliary graph con-
tains the edges (0, i;) and (i}, i,). This is true because of Definition 13 and
since vertex i,’s single parent is vertex 0, and vertex i,’s single parent is
vertex i;.

A consequence of Definition 13 is that each vertex of an arborescence
has only one parent. Easy to see, because if a vertex v would have two
parents p,(v) and p,(v), then by definition, for each of the parents we
have a single directed path from the root.

We apply Chu Liu Edmonds algorithm [31] to the auxiliary graph.

The algorithm’s output is a maximum weighted arborescence with
the property that for each vertex i € V a unique directed path from 0 to
i is defined.

Definition 14. We define the Optimized Generalized Naive Bayes
structure based on the maximal weighted arborescence as follows:

(i) The triplet (Y, X i
the cherry tree.

(i) For any ke€V\{i.iy} there exists a unique directed path
0,iy, iy, ...ix, =k from O to k, such that iy ,...i; €V. Based on
this we will define the other clusters of the cherry tree as follows
(Y, Xy, Xi)s for all k; & {0,i,ir}, k; € Ly, iy, = k)

X ,.2) defined by formula (11) is the first cluster of

Now we can state an important result of our paper.

Theorem 15. The Optimized Generalized Naive Bayes given in Defini-
tion 14 is the maximum weighted GNB approximation if this structure con-

tains the triplet (Y, X, i X ,~2) with maximum information content.

Proof. We know that the triplet (Y, X; X ,-2) with the maximum in-
formation content is in the GNB structure. From Definition 14 we
know that any arborescence of the auxiliary graph contains (0,i;) and
(0,i,); therefore in the weight of the arborescence contains I(Y, X i)
and I(X;,X;, ). Any new k, is connected to an existing p(k,) by a di-

rected edge (p(k,), k,) which adds to the weight of arborescence the
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term I(Y, X Xi,) = 1Y, X)) This way, the algorithm finds the
maximum weighted arborescence. To each of the two nodes contained
by a directed edge of an arborescence, we adjoint the vertex Y, in
this way, the clusters (triplets) of the GNB structure are defined. If we
had a GNB with a larger weight, then the maximum weighted arbores-
cence would not be optimal, which contradicts the Chu-Liu-Edmonds
algorithm, which guarantees finding the maximum weighted arbores-
cence. [J

The weight of the arborescence (output of Chu-Liu-Edmonds alg.)
differs from the weight of the optimal approximation by the weight of
the first two edges, which are present in the weight of the arborescence,
and are not present in the weight of GNB, therefore we have to sub-
tract them. Although the weight of the GNB approximation contains the
information content of the first triplet, which is not contained by the
weight of arborescence. This is why we have to add it to it.

We emphasize here that GNB-O (Algorithm 2) finds the optimal GNB
structure in the training data, on the test data we have no such guaran-
tee.

Algorithm 2 GNB-O.
procedure GNB-O(D)
Input: Training samples D with d features X, ..., X, and class
variable Y
Output: A list of triplets and a list of pairs.
X={X,, Xy ... X,}

Xil,Xi2 :=;§:gxm::(( I(Y,Xi,Xj)
A

We create a (d + 1) X (d + 1) score matrix .S, where the (i, j)-th cell
is the score for the edge j— i:

¢ Row 0 and column 0 belongs to Y, row i and column i belongs
to X;.

e S[i;.0] := (Y. X,)
o Sliy.iy] = 1(X,,. X))

i
o SUjpd) 1= IOV, X; . X)) = (Y. X)),
iy € {12 ., d\ iy ip), Yy € (L2, d), jy # o

¢ The remaining elements are zero.

We apply the Chu-Liu-Edmonds algorithm to find the maximum
weighted arborescence in the directed graph belonging to S.

From the maximum weighted arborescence we create the list of
triplets L; and the list of pairs L,.

return L5, L,
end procedure

Complexity of the GNB-O algorithm

The GNB-O algorithm first fills out the .S matrix by calculating all
pair and triplet information contents, both of which we have seen can
be done in O(n>d?) time. Then we run the Chu Liu Edmonds algorithm on
the directed graph belonging to S. Its runtime is O(| E| - |V |), where | E|
are the number of edges and |V| are the number of vertices. In our case,
[VI=d+1=0()and |E| = (d —2)? + 2 = O(d?), so the runtime of the
Chu-Liu-Edmonds algorithm is O(|E| - |V'|) = O(d? - d) = O(d?) Similarly

to GNB-A, the total runtime of GNB-O is O(n2d? + d°) = O(d*(n® + d)) @
O(n?d?) where (%) holds true if d < n2.

6. Relations of the introduced GNB approach to former
improvements of NB

This section is dedicated to exploring the similarities and differences
between structures, algorithms, and their complexities. From a struc-
tural point of view, we prove that the graph structure defined on the
explanatory variables is a tree, which is also the case in the graph struc-
tures used by TAN and ATAN algorithms.
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An important link, that connects this work to the structure extension
introduced in [13] is expressed by the following theorem.

Theorem 16. A graph structure defined on the vertex set {0,1,...,d} has
a GNB structure (Definition 2) if and only if it has the property that its
restriction to the vertices {1, ...,d} form a tree.

For the proof of the theorem see Appendix B

The closest structures and algorithms to ours are TAN, ATAN, and
Ghofrani’s algorithm, which are presented in [13] and [22], while their
complexities are calculated in [22] (Page 6). The time complexity of
the TAN algorithm is O(nd?) + O(k(dv)?) + O(d” log,(d)), while the time
complexity of the ATAN algorithm is O(nd?) + O(k(dv)?) + O(d> log,(d)),
where # is the number of training data (rows), d is the number of features
(columns), v is the average number of values per feature (which we have
set to 5 in our evaluation), and k is the number of classes (which in our
evaluation setting is 2, a binary 0 — 1 value).

The time complexity of the LDMLCS algorithm is O(nd'c) +
O(k(dv)?) + O(d? log,(d)) + O(d*13) + O(nkn,,) where n,d,v.k are the
same as before, /, is the dimensionality of the table containing prob-
ability estimates for each class (in our case, 2), and Ry, is the number of
cliques (clusters) generated by the algorithm (which in our case is d).

To be able to compare the runtime of our algorithm with TAN, ATAN,
and Ghofrani’s LDMLCS algorithm, we will use the substitutions v = 5,
k=2,1,=2and n., = d; We obtain for the runtime of TAN

O(nd?) + 0(d?) + 0(d? logy(d)) < O(d*(n + log,(d)));

the runtime of ATAN

O(nd?) + 0(d*) + 0(d> log(d)) < O(d*(n + d logy(d))).

and the runtime of Ghofrani’s algorithm

O(nd*) + 0(d*) + 0(d* log(d)) + 0(d*) + O(nd) < O(nd* + d*) =

(+)
=0d?*(n+d)) < 0d? - 2n) = O(d*n)

where (*) holds true if there is more training data (rows) than attributes
(columns). We have already seen that the runtime of GNB-A is O(d?n?),
which means that TAN is faster as we can assume that log,(d) < n,
while ATAN is also slightly faster if n+ dlog,(d) < n?, which holds
true for datasets which have more training data than features, since
n+dlogy(d) < n+ d% <n+ ng =n+ é < n?. Furthermore, Ghofrani’s
LDMLGS is also faster if we set [, = 2, as its runtime is O(d?n).

The novelty of the LDMLCS algorithm introduced by Ghofrani et.al.in
[22] was that it exploits the concept of conditional independence be-
tween random variables in the context of probabilistic graphical mod-
els. The cherry tree-based algorithms, the GNB-A and GNB-O algorithms
exploit conditional independence to maximize the information content
of the model and to reduce redundancy.

The main difference, from an information-theoretical point of view,
between LDMLCS algorithm in [22], the TAN [13] and the ATAN in
[17] and the algorithms introduced here is that the LDMLCS and TAN
and ATAN consider only the bivariate conditional mutual information
to weight the edges between the explanatory attributes whereas, in
our algorithms, we use the fact that any structure that has a tree-like
structure between the explanatory variables has a special cherry tree
probability distribution. Based on this the expression of KL divergence
(5) between this probability distribution and the sample data depends
on the graph structure. By minimizing the KL-divergence we find this
graph structure and exploit the conditional independence relation of
the approximation, this way the redundancy is also reduced. We empha-
size here that in Ghofrani’s paper [22], as an alternative method they
apply the cherry tree algorithm to the set of attributes, which is different
from our methods introduced here, in which each cluster contains the
Y classification variable.

7. The classification process and feature selection methods

Based on the training data, we fit a GNB probability distribution. As
aresult, we obtain a set of clusters and a set of separators that define the
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GNB structure. With these components as inputs, we outline the main
steps of the classification process.

Input: The set of clusters and the set of separators which contain
the index 0 corresponding the Y classifier: (0, iy, j,) € C and
(0,i) € S and the corresponding marginal probability distri-
butions: (Y, X X;) and ¥, X;)

Output: A probability distribution over the classes y € {1, ...,m} and
the classification of the element into the most probable class.

Step 1: For y =1, ..., m calculate the approximation of the probabil-
ity distribution of the training data by using the cherry tree
approximation:

H P(y’xik’xjk>
(0.iy.jx ) €C

I1 P(Y’ Xiy )Uk_l

(0ix)es

ﬁ(y,xl,...

sxd) =

Step 2: If there exist y € {1,
the vector x = (xy, ...
ability

., s} such that P(y,xl, ...,Xq) # O then
,xd) is classified in the class y with prob-

F(y,xl,...,xd)

F(ylxl,‘..,xd) = ) y(x)=argmaxﬁ(y,xl,...,xd).
y

P(w,xy,...,x4)

-

Else, go to Step 3.
Step 3: For all k with P(y, Xj, X k) =0 calculate P(y,x,-k) and

P(y,xjk).

If for any i:

PO =) P(X,

P( V. X, ) 0, substitute it with respect to
=x;, ), then go to Step 4. Else, go to Step 4.

y xi ) P(yx
Step 4: Calculate P(y, xik’xfk) "P(y)( ”‘)

Feature selection and feature importance score

The feature selection can be achieved in two stages: during the learn-
ing process and the validation process. On the training data, the rele-
vant features can be selected based on how much weight (information)
is gained by adding a new feature (by adding a new cluster) through al-
gorithm GNB-A. The weight (8) of the cherry tree approximation never
decreases (typically increases) on the training data when a new clus-
ter is added, see Appendix C. This added weight also depends on the
features that have been added so far. This provides control over redun-
dancy. When one observes that the total weight of the cherry tree does
not increase significantly after adding the k + 1-th cluster to the graph,
then we use only the features contained by the first k clusters ( k + 2
explanatory variables).

Feature selection can also be achieved in the second stage, based on
the validation set, using all the features in the order designed by our
GNBA algorithm and the output graphs (like in Fig. 5) for precision, re-
call and F1-score, as a function of triplets connected step by step to the
model. The users/ experts can decide, based on the most important ac-
curacy scores for their interests, on the relevant clusters, starting from
the first one and taking them in the order they appear on the OX axis.
The features which are in the reunion of these clusters should be used
for classification. We have to underscore here, that the role of a new at-
tribute X; added by a new triplet is mirrored by how the given accuracy
measures changes by adding the attribute X; to the model consisting of
the X, ...X;  attributes. We regard these procedures as new methods
for feature selection that can be used as a pre-processing step before ap-
plying other classification algorithms. In the case when feature selection
based on accuracy scores is used, the model has to be tested on unseen
test data.
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Table 1
Short description of the datasets we used in this paper. The usage of the
datasets is described in 8.1.

Num. of Num. of Num. of Num. of
Dataset attributes continuous discrete entries

(columns) attributes attributes (rows)
WDBC [35] 30 30 0 569
Heart Disease [36] 13 5 8 297
Diabetes [37] 16 1 15 519
Thyroid Ann Train [38] 21 15 6 3771
Parkinson [39] 22 22 0 197
Table 2

The number of same triplets identified in all five runs and the number
of same triplets identified in 4 runs out of 5.

Num.of: same triplets ~ Num.of: same triplets

Dataset /all triplets /all triplets
/all possible triplets /all possible triplets
in all 5 random splits in 4 out of 5 random splist
WDBC [35] 22/29/4060 2/29/4060
Heart Disease[36] 7/12/286 2/12/286
Diabetes[37] 8/14/560 2/14/560
Thyroid [38] 11/18/1330 2/18/1330
Parkinson[39] 15/21/1540 6/21/1540

8. Numerical results

The introduced algorithms are designed for the classification task.
We will use evaluation metrics specific to this problem: accuracy,
precision, recall, F1-score Appendix E. GNB-A and GNB-O algorithms
were implemented in Python, and are publicly available for testing at
https://github.com/annaorszag/GeneralizedNaiveBayes.

8.1. Data preparation methods

The algorithms introduced in this paper are developed for finite dis-
crete data. In general, the datasets (Table 1) contain discret, categorical,
and continuous attributes. The categorical variables can be treated sim-
ilarly to the discrete ones. The algorithms introduced in this paper are
based on information content, which depends only on the probabilities,
not on the "values" taken on by the variables. This way, our algorithms
are more flexible in handling different kinds of attributes (categorical
and discrete). For discretizing the continuous attributes, we chose a
quite general method based on quantiles. However, there are many in-
teresting new discretization methods, even based on NB, such as [32]
and [33]. The quantile discretization that we use [34] is described in
detail in the Appendix D. In the illustrative examples of this paper, we
discretized the continuous random variables in 5 intervals. If a variable
X, takes on more than 5 distinct values, then it is discretized into at most
5 values.

8.2. Data description and classification results

To have a general setting and to be able to apply the same methodol-
ogy to all datasets, we choose to use the quantile discretization into five
intervals. All of our results are based on the same type of discretization,
therefore these results should be not compared with other results based
on other discretization. We omitted all rows with missing values. All the
compared algorithms were run 5 times on each dataset with a random
15 % test set selection, having the same random five splits (seeds: 0, 3,
6, 9, 12) for all compared algorithms: GNB-A, GNB-O, NB, TAN . The
results are compared by the means of accuracy, precision, recall and F1
score, in Table 3. This way the problems which occur because of unbal-
anced data can also be observed and compared. It is essential to note
that for all algorithms, accuracy measures in the tables were calculated
using all explanatory variables.
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Fig. 5. Accuracy results on WDBC test data: the mean over the same 5 splits, of the different accuracy measures (coloured differently) as a function of the number
of clusters added via GNB-A (left), respectively via GNB-O (right). One can observe that by using the greedy algorithm GNB-A the highest F1-score is achieved with
25 clusters (26 features) whereas in the case of GNB-O the accuracy scores have a improving tendency until it uses all explanatory variables.
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Fig. 6. Accuracy results on Heart Disease test data: the mean over the same 5 splits, of the different accuracy measures (coloured differently) as a function of the
number of clusters added via GNB-A (left), respectively via GNB-O (right). One can observe that 8 clusters (9 explanatory variables) appear to yield the best scores,

in terms of F1.

Table 3

Accuracy results for algorithms GNB-A, GNB-O, NB, TAN on five
datasets. The table contains the mean over the same 5 splits, for each
dataset, for all accuracy measures. GNB-A performs in some cases bet-
ter than GNB-O on the test data; This may be due to the average of

five runs or overfitting.

Accuracy GNB-A GNB-O NB TAN
WDBC dataset [35] 0.9349 0.9442 0.8419 0.8884
Heart Disease dataset [36] 0.7956 0.8133 0.7156 0.7511
Diabetes dataset [37] 0.8692 0.8692 0.8692 0.9154
Thyroid dataset [38] 0.9212 0.9208 0.9283 0.941
Parkinson dataset [39] 0.8933 0.8867 0.7533 0.76
Precision GNB-A GNB-O NB TAN
WDBC dataset [35] 0.921 0.9341 0.8688 0.9777
Heart Disease dataset [36] 0.8249 0.828 0.6913 0.7753
Diabetes dataset [37] 0.9419 0.9419 0.8243 0.9605
Thyroid dataset [38] 0.9717 0.9717 0.9286 0.971
Parkinson dataset [39] 0.9628 0.9462 0.8158 0.8838
Recall GNB-A GNB-O NB TAN
WDBC dataset [35] 0.9238 0.9339 0.7316 0.7542
Heart Disease dataset [36] 0.7262 0.7621 0.7214 0.6405
Diabetes dataset [37] 0.845 0.845 0.8261 0.9035
Thyroid dataset [38] 0.9425 0.9421 0.9996  0.9655
Parkinson dataset [39] 0.8968 0.9045 0.8718 0.7916
F1 score GNB-A GNB-O NB TAN
WDBC dataset [35] 0.9213 0.9333  0.7928 0.8501
Heart Disease dataset [36] 0.7677 0.7887 0.6989 0.7008
Diabetes dataset [37] 0.8908 0.8908 0.8243 0.9305
Thyroid dataset [38] 0.9569 0.9567 0.9628 0.9682
Parkinson dataset [39] 0.9271 0.924 0.8406 0.8315
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The results of our two new algorithms GNB-A and GNB-O are pre-
sented on different datasets. The accuracy measures (accuracy, F1, pre-
cision and recall) are calculated as a function of the number of triplets
(clusters) used in the GNB stucture. The average results of these runs
can be seen in this subsection (Figs. 5-8).

We want to highlight here that the graphs of GNB-A have the advan-
tages to give the user information on overfitting, and on the relevant
features to be used. GNB-O constructs the structure so that by adding
all the features, the structure becomes optimal, maximizing its weight
among all GNB structures.

In the Diagnostic Wisconsin Breast Cancer Database (WDBC)
[35] the aim is to classify a tumor as benign or malignant. The data
is slightly unbalanced 0.63 are benign (B) and 0.37 are malign (M). The
average accuracy results of the 5 runs on the test data can be seen in
Fig. 5.

The Heart Disease database [36] contains 4 datasets from which
we used the Cleveland dataset. The class variable takes on integer values
from 0 (no presence of heart disease) to 4. We concentrated on distin-
guishing the presence (values 1, 2, 3, 4) from the absence (value 0) of
the disease in a patient. The average results over 5 runs on the test data
are shown in Fig. 6.

The Diabetes dataset [37] contained no missing values and only
one continuous attribute (Age), which was discretized with the method
explained in Subsection 8.1. Fig. 7 shows the average accuracy over 5
runs of the two algorithms on the same test data.

In the Thyroid dataset [38] we have selected the Thyroid Ann Train
dataset, as it contained mostly binary values. The six continuous at-
tributes were discretized, and the classes 1 and 2 (irregular thyroid level)
were joined into a single class. We have then removed column 514 as
it contained 3771 1’s but only a single 0. In Fig. 8, one can see, how
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of clusters added via GNB-A (left), respectively via GNB-O (right).One can observe that by using 8 clusters (9 variables), we obtain a high accuracy, precision, recall,
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Fig. 9. Accuracy results on Parkinson test data: the mean over the same 5 splits, of the different accuracy measures (coloured differently) as a function of the number
of clusters added via GNB-A (left), respectively via GNB-O (right). One can observe that the accuracy scores were the highest when nearly all features were included.

the average accuracy measures depend on the number of clusters on the

same test data.

The Parkinson’s Disease (Parkinson) data set [39] contains
biomedical voice measurements. The aim is to discriminate healthy peo-
ple from those with PD.The average results of the runs can be seen in

Fig. 9.
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In addition to the accuracy graphs, we assessed the robustness of the
GNB structure across five random samplings. We recorded the number
of clusters obtained in all five runs, as well as in four out of the five
runs. Refer to Table 2 for details. It is quite interesting to note that
the number of common triplets closely corresponds to the number of
how many triplets should be use based on the accuracy Figs 5-9. One
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explanation may be that the common triplets (clusters) are the most
important for classification.

Comparison of GNB-A and GNB-O with NB and TAN

All average accuracy measures were calculated using all explanatory
features.

9. Conclusion

This paper introduced the Generalized Naive Bayes structure as a
particular case of third-order cherry trees. Two new algorithms were in-
troduced to construct a well fitting GNB structure to a dataset (in the
sense of KL minimization), which can then be utilized for classification.
GNB-A is a greedy algorithm which can also be used for feature selection
in the training phase and for observing when overfitting occurs on the
validation set. The GNB-O algorithm provides the optimal GNB struc-
ture on a given input feature set, when the most informative cluster is
contained in the best-fitting GNB structure.

Advantages: A significant strength of the new algorithms, in contrast
to black-box algorithms, is their transparency. Therefore the GNB struc-
tures can be considered an interpretable machine learning tool. More-
over, the algorithms provide new feature selection mechanisms, one dur-
ing the learning phase and the other based on the graphical represen-
tation of the accuracy measures on the validation data as a function of
the number of clusters (features). Additionally, selecting relevant fea-
tures can significantly enhance subsequent research. A huge advantage
of our approach is that all marginal probability distributions used for
classification are of order 3; therefore, our algorithms also work well
in cases with many features and relatively small datasets. We proved
that the approximation assigned to the GNB structure gives at least as
good an approximation as the approximation associated with the NB
structure. We also proved that our GNB-O algorithm gives the optimal
GNB-approximation in terms of minimizing the KL-divergence, over the
GNB family. All the tested algorithms were tested and compared un-
der the same conditions. It turned out that our algorithms work bet-
ter in many cases than the NB and TAN algorithms. Our algorithms
were implemented in Python and are publicly available for testing at
https://github.com/annaorszag/GeneralizedNaiveBayes.

Limitations: The new algorithms were not compared to other algo-
rithms concerning overfitting, although overfitting was discussed for the
two new algorithms based on output graphs that included the accuracy
measures as a function of the number of clusters (features). A drawback
of the new algorithms is that the structures depend on how many inter-
vals are used for discretisation. It is not straightforward to decide on the
number of intervals. A very large dataset, i.e. large number of entries
(> 10°) may slow down the algorithms.

Future work: We presume that our feature selection algorithms can
be used as a first step to improve the performance of other algorithms,
too. This analysis is one of our plans for future work. The methods pre-
sented here can also be easily adapted to a broader range of classifica-
tion tasks, beyond just binary classifications. We also plan to release a
Python package containing these algorithms.

We hope that this work will have a great impact on a wide range
of classification problems related to different fields, especially where
obtaining large sample data is very costly or time-consuming.
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Appendix A. Complexity of GNBA Algorithm

We calculate the runtime of Algorithm 1. Firstly we know that
Python 3 calculates log, in O(1) time [40]. To calculate PX; =
x;,» Xi, = x;,,X;; =x;;) based on a dataset with n entries, we need
to evaluate the number of realizations of the form (X; =x;,X;, =
xj,> Xiy = X;,), which takes 3n comparisons and 1 division, which is again
an O(n) amount. In particular, to calculate P(X; = x;,X;, = x;,) and
P(X; = xil) we have the same O(n) amount of operations. For simplic-
ity we use P(x;,,x;,,x;,) instead of P(X; =x;,X;, =x;,,X; =x;,). To
calculate the argument of the information content, we have:

X; =X

O(n)
P )1 P(x,-l,xiz,x,
x[laxi27xi3 :%i/ P(xil) P(xiz) P(xi'z,)
o(n) o) | " " ——
O(n) O(n) O(n)

which takes O(n) + O(1) + 40(n) = O(n) steps to evaluate. Using this,
we can show the complexity of calculating the information content for
three- and respectively two-order marginals is O(n?). Let us consider
< P(xy,x,X3) >
P(x;)P(xy)P(x3)
where the summation runs through all the realizations of (X, X,, X3).
These triplets can be obtained by going through the dataset of n rows
(sample size), and storing the unique (x;, x,, x3) values in a dictionary,
with each value of the dictionary being the number of occurrences. Such
a dictionary can be constructed in O(n?) steps, since for each row of the
dataset (x;,x,,x3), we will (potentially) need to go through the entire
dictionary we have constructed so far, to see if the triplet (x|, x;,x3)
already exists or not. If it does, then increase its value (occurrence) by
one, otherwise, add it to the dictionary with value 1.

Next, we need to sum up an O(n) amount on an index set of size O(n),
which can also be done in O(n?) steps.

Similarly, the information content for a pair of random variables can
also be calculated in O(n?) steps. The difference is that the keys of the
dictionary will be of size 2 instead of 3.

Now we can move onto the steps of Algorithm 1.

In Step 1, the Algorithm calculates all triplet-information contents
where one of the elements is Y, namely I;(Y,X;, X ) for all i,j €

L(X;. X5, X3) = ) P(x;,x,x3)log,

(x1,%2,X3)
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{1,...,d}. There are (;) choices for (X;, X;), so there are (;) of such
triplets. We have already shown that calculating an 75 information con-
tent can be done in O(n?) steps, so calculating (‘;) = 0(d?) of them
takes O(n?d?) operations. In Step 2, the Algorithm calculates all pair-
information contents where one of the elements is Y, namely I,(Y, X,).
There are d options for X;, so similarly to the previous case, this can be
done in O(»? d) steps. In Step 3, the Algorithm calculates all informa-
tion content differences I5(.) — I,(.) where the arguments of I, are part of
the arguments of 75, which are of the form: I;(Y, X;, X;) — I,(Y, X;) and
L(Y,X;,X;)— I,(Y,X)). So there are 2(‘;) of them, which is an 0(d?)
amount. Therefore in Step 3, the Algorithm calculates O(d?) differences.
Finally in Step 4, for all k € {1,...,d — 1}, the Algorithm chooses the
arg max of the I53(.) — I,(.) values in O(d) steps.

In a general step k =4,...,d — 1, the algorithm has already se-
lected k argmax’s, so there are d — k that remain. In order to calcu-
late arg max(I3 — I,), we choose the highest information content nodes
(X,,X,) to add, where X, € {X,...,X;} and X, € {X;,,.... X }.
There are k(d — k) such choices.

The maximum and the argmax of k(d — k) elements can be obtained
by going through each element once, and saving the maximum so far,
and the argmax so far, which takes k(d — k) comparisons.

So in steps k = 1, ...,d — 1, the total number of comparisons is

d-1 d-1 d-1
Zk(d—k):de—ZkZ:d(d_l)d _d-1d2d -1 _
k=1 k=1 k=1 2 6

_dd -1+ 1)
- 6

3d —2d + 1)
6
= 0(d?)

So overall in Steps 1 to 4, the Algorithm requires the following number
of additions, subtractions, multiplications, divisions, or comparisons:

On*d?) + O(n* d) + O(d?) + O(d®) < O(n*d? + d%) = O(d*(n* + d))

If d (the number of variables or columns) is less than n? (the num-
ber of entries or rows, squared), then O(d?(n* + d)) < O(d*(n* + n?)) =
0(d%n?). So if we have at least \/3 entries in our dataset, then the run-
time of the algorithm is O(d?n?), otherwise it is O(d*(n* + d)).

Appendix B. The proof of Theorem 16

Theorem 16 A graph structure defined on the vertex set {0,1,...,d}
has a GNB structure (Definition 2) if and only if it has the property that its
restriction to the vertices {1, ...,d} form a tree.

Proof. First we prove that a GNB on {0, 1, ...,d} implies the tree struc-
ture on {1, ...,d}. We do the proof by reductio ad absurdum. Let us sup-
pose that the vertices in {1, ...,d} in a GNB graph structure are not con-
nected tree-wise. This means that there exists a path {i},i,,....i, =i, },
r > 3,wherei,,i,,...,i, € V.We prove this by considering the following
two cases:

@) if r =4 then 0,i,,i,, i3, iy, are interconnected, which implies that the
maximum clique is of size four (see Fig. B.10), which is in contradic-
tion, with Definition 2.

if r > 4 then we have at least three connected triplets (which share
two common vertices): (0,if,i), (0,u(i3),i3), (0,u(iy), i), where
u(iz) is the mother vertex of i3, and u(i,) is the mother vertex of iy,
and u(i3) € {i},iy}, u(iy) € {i\.ip. i3} Since i; =i, it belongs to the
first and last triplet, and obviously it does not belong to the inter-
mediate triplets. Therefore the running intersection property is not
fulfilled.

(i)

Now we will prove the other implication. Let us consider a tree de-
fined on the vertices {1,...,d}. This tree can be expressed in terms of
junction tree, with two vertices in each cluster, and one vertex in each
separator, see the first row in Fig. B.11. Then we add to each cluster
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Fig. B.10. The maximum clique is of size four.

GO 10 =Ciris®

Fig. B.11. Adding the vertex 0 to each cluster.

the vertex 0, because this is connected by definition with all vertices
{1,...,d}. It is easy to see that the new junction tree will have three ver-
tices in a cluster and two in each separator (the old vertex and the vertex
0, which is now in all the clusters (see Fig. B.11, the second row). O

Appendix C. Weight increase on training data as a function of
number of triplets

We show on the Heart Disease [36] train data how the weight of
the approximation (8) grows by adding a new cluster at each step in
the training phase. This is a non-decreasing function of the number of
clusters/features (Fig. C.12).

2.5 1

2.0 1

pproximation (W)

1.5 A1

1.0 4

Weight of the a

0.5 1

T T T T T T

0 2 4 6 8 10
Number of triplets used to approximate the Heart Disease train data

Fig. C.12. The non-decreasing weight of the cherry tree as a function of the
clusters added by the algorithm GNB-A in each step in the learning phase, on
the Heart Disease [36] training set.

Appendix D. Discretization algorithm

Denoting by [x;,x,,...,x,] the values taken on by X; in the sam-
ple, let us first make an ordered list X’[ 1= (X oo > Xgny) with Xy <
Xg(j+1) ¥J € {1,...,n—1}. Then the quantiles of this attribute are Q; =
X1 /5)]

For j € {1,...,4}, in our case (4 quantiles along with the 0 %-quantile
and the 100 %-quantile split the interval into 5 parts). If for any i €
{1,...,5}, O; = O, then we threw away Q,, ;, and only used Q,. Let us
denote the number of quantiles remaining after this process by M < 5.
And let Oy = min X;, Q7 = max X;.

Then the representative value of each interval will be the average of

each discretized interval: a; = ! Vj e

n
Hi:0;<xi<0j Ml Lico ¥il0<xi<0;0p)
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{l,...,M}, where 1 is the indicator function. Finally, the dis-
cretized elements [x|, x,, ..., x,] are [d,d,, ....d,], where d;, = ZM

5=0 as
Lo, <xi<0un)-
Appendix E. Evaluation metrics

In binary classification, beyond accuracy, precision and recall are
often used metrics to evaluate the models. Let the labels we want to
predict be ‘positive’ and ‘negative’, then we can define the confusion
matrix, in which the columns show the actual values and the rows show
the predicted values:

Actual
Positive Negative

Predicted Positive #{True Positive} #{False Positive}
Negative  #{False Negative} = #{True Negative}

There are four possible outcomes according to the actual and the
predicted label. The elements of the matrix show the occurrence of each
outcome. Based on these accuracy, precision and recall can be defined
as follows:

#{True Positive} + #{True Negative}

Accuracy =
Y #{Total)
. #{True Positive}
Precision = — v
#{True Positive} + #{False Positive}
Recall = #{True Positive}

#{True Positive} + #{False Negative}

Precision x Recall

Flscore =2 X ———M————
Precision + Recall
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