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Abstract
One of the main theoretical challenges in learning dynamical systems from data is
providing upper bounds on the generalization error, that is, the difference between the
expected prediction error and the empirical prediction error measured on some finite
sample. In machine learning, a popular class of such bounds are the so-called Probably
Approximately Correct (PAC) bounds. In this paper, we derive a PAC bound for stable
continuous-time linear parameter-varying (LPV) systems. Our bound depends on a
weighted H2-like norm of the chosen class of the LPV systems, but does not depend
on the time interval for which the signals are considered.

Keywords PAC bounds · Rademacher complexity · Learning theory · Dynamical
systems

1 Introduction

LPV [1] systems are a popular class of dynamical systems in control and system
identification, e.g., [1–8]. Generally, LPV systems are linear in state, input and output
signals, but the coefficients of these linear relationships depend on the scheduling
variables. These systems are popular due to their ability to model highly nonlinear
phenomena while allowing much simpler theoretical analysis. In this work, we con-
sider continuous-time LPV systems in state-space form, where the system matrices
are affine functions of the scheduling variables.
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Context Our main contribution is a PAC generalization bound for stable LPV sys-
tems. To put our result more into perspective, consider the problem of learning, or the
problem of system identification. The two problems are closely related, in fact, they
often overlap. The difference between them lies in some technical assumptions which
stem from the particular applications which motivate these two fields. Throughout this
paper, these differences are usually not relevant, therefore unless stated otherwise, the
term learning will refer both to machine learning and system identification. However,
whenever the difference between those two fields is relevant, we will discuss them
separately. In order to make the discussion concrete, we will concentrate on LPV
models.

In both disciplines, our starting point is a family of parametrized models and the
goal is to find a member of this family, which predicts the true output sufficiently
accurately for each input and scheduling variable. To this end, we assume that we
have a dataset consisting triplets of signals representing the input, the scheduling
signal and the corresponding output which are consistent with the underlying physical
process we would like to model, all defined on the finite time interval [0, T ], and
measured before learning. Learning algorithms then choose a concrete element of the
parameterized family of LPV systems, for which the prediction error computed on the
dataset that is used for learning, called the training data, is small.

To sum it up, in case of learning we choose a model which predicts the training
data the best according to some appropriate measure. However, for subsequent use our
model should perform well on data which was not used during learning. A widespread
measure for the latter is the true loss, i.e., the expectation of the prediction error,
where the expectation is taken over some distribution of inputs, scheduling signals and
outputs, such that the distribution is consistent with the underlying physical process.

Note that even if the distribution of the inputs and scheduling signals is known, the
distribution of the outputs remains unknown in the absence of an adequate model for
the underlying physical system. That is, the distribution used for computing the true
loss is unknown in general, thus in practice the true loss is also unknown.

However, the true loss can be approximated by the empirical loss, i.e., the average
of prediction errors by a certain model, where the average is taken over the elements
of the dataset. In particular, one could use the empirical loss evaluated over some
validation or test dataset, as a proxy for the true loss. Furthermore, empirical loss can
also be used for learning. In fact, many learning algorithms are based on choosing
a member of the parametrized family which minimizes the empirical loss calculated
over the training dataset. The intuitive explanation for many learning algorithms lies
in the implicit assumption that if the chosen model has a small empirical loss, then its
true loss will also be small and it will predict previously unseen data accurately.

It can be shown formally that the empirical loss converges to the true loss as the
number of data points grow, e.g., [9, 10]. However, for the purpose of evaluating
the true loss based on the empirical loss, it is of interest to have a uniform bound
on the difference between the true loss and the empirical loss, with respect to the
parameterized family.

Such uniform bounds are referred to as PAC bounds in the literature [10, 11] and
they are a standard tool for theoretical analysis of statistical learning algorithms.
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PAC bounds can be used in several ways [10, 11], without claiming completeness
we mention the following applications: (1) to evaluate the performance of identified
models based on their performance on a dataset (the training or the validation set); (2) to
analyze the effect of various quantities appearing in the bound (norms, VC-dimension,
number of data points) on the generalization capability of the learnt models—in par-
ticular, characterizing the amount of data necessary for learning adequate models; (3)
to select parametrizations which minimize the PAC bound and hence are more likely
to allow learning models which generalize well and avoid overfitting.

Contribution In this paper, we derive a particular PAC bound for LPV systems
which is based on the Rademacher complexity of the model family.

The derived bound is of themagnitude O(c/
√
N ), where c is a constant that depends

on the parametrization, and N is the cardinality of an arbitrary finite sample used to
evaluate or identify themodel.More accurately, the constant c depends on themaximal
H2 norm of the elements of the parametrization. In contrast to related results, the
constant c, and thus the bound, does not depend on the length of the time interval
[0, T ].

Motivation: machine learning There is consensus in the machine learning com-
munity on the usefulness of PAC bounds. Continuous-time dynamical systems, e.g.,
continuous-time Recurrent Neural Networks (RNNs, [12]), Neural Controlled Ordi-
nary Differential Equations (NCDEs, [13]) or structured State-Space Models (SSMs,
[14]) are becoming increasingly popular in machine learning. Since LPV systems
include bilinear systems [15] as a special case, in principle they could be used as
universal approximators for sufficiently smooth dynamical systems [16], including
important subclasses of RNNs and NCDEs. Finally, LPV systems include linear state-
space models, which are crucial ingredients of SSMs, and subclasses of RNNs, hence
PAC bounds for LPV systems are expected to be useful for PAC bounds for NCDEs,
RNNs and SSMs.

Motivation: system identification PAC bounds are expected to have the same appli-
cations for system identification as for learning, i.e., they will enable a sharper
theoretical analysis of system identification algorithms, by making explicit relation-
ship between the empirical and true losses as functions of the number of data points
and various properties of the parametrization. In addition, existing theoretical guaran-
tees for learning algorithms of LPV systems from the system identification literature
tend to focus on the discrete-time case and they usually provide asymptotic guarantees
only [9]. To the best of our knowledge, there are no finite-sample bounds for learning
continuous-time LPV systems. The results of this paper represent a first step toward
finite-sample bound for LPV systems, despite they are not directly applicable to many
classical system identification problems.

Indeed, in order to be able to apply classical PACbounds based onRademacher com-
plexity [10], we assume that the data come from several independent experiments and
that continuous-time signals are available. While learning from several independently
sampled time signals is not unheard of in system identification literature [17–20], it is
more common to assume that both the training and the validation sets originate from a
single time series, which represents the time sampled version of a single, continuous-
time signal. However, we conjecture that the results of the paper could be extended
to cover both challenges. The main technical contribution of the paper is a bound on
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the Rademacher complexity of LPV models, and there are extension of PAC bounds
to the case of a single time-series sampled from a mixing process [21, 22]. In other
words, our conjecture is that the results of the current paper could be combined with
[21, 22] to extend it beyond the case of multiple independent experiments. In addition,
ideas from [23] using Bernstein polynomials could be used to handle time-sampling.

Related work PAC bounds for discrete-time linear systems were explored in sys-
tem identification in [17, 24], but not for LPV systems in state-space form and
continuous-time. PAC bounds for a class of autoregressive discrete-time systems were
developed using Rademacher complexity in [25], but the derived results do not apply
to continuous-time LPV state-space representations. There are several PAC bounds
available for continuous-time RNNs and nonlinear systems [23, 26–30], but these
are exponential in the integration time and they do not require stability. In [31–33]
bounds for discrete-time RNNs were obtained via estimating the Rademacher com-
plexity, but the bounds grow at least linearly with the number of time-steps. In [28,
29] PAC bounds for NCDEs were derived using Rademacher complexity as well, but
the bounds grow exponentially with the integration interval. The closest result to our
work is [30], which consider input-affine nonlinear systems and propose a PAC bound
based on Rademacher complexity. Again, as stability was not taken into account, the
bound is exponential in the length of the integration interval.

PAC-Bayesian bounds for discrete-time linear and classes of nonlinear systems
were explored in [34–37]. However, these papers consider PAC-Bayesian, as opposed
to PAC bounds, and they do not apply to continuous-time systems.We argue that while
PAC-Bayesian bounds offer more flexibility, their tightness is sensitive to the choice
of a suitable prior, making their application challenging. In contrast, classical PAC
bounds are easier to use, but they tend to be more conservative. We present a more
detailed discussion in Sect. 3.2.

The literature on finite-sample bounds for learning discrete-time dynamical sys-
tems, e.g., [38–42], is somewhat related, but considers different learning problems in
the sense that these handle the matter of learning from a single trajectory. Some papers
dealing with finite-sample bounds, e.g., [18–20], do consider learning from multiple
trajectories. However, the papers [18–20, 38–42] provide risk bounds only for a spe-
cific learning algorithm instead of uniform bounds on the generalization gap. Namely,
those papers provide an upper bound on the true loss of a model learnt using a specific
learning algorithm. In contrast, we provide an upper bound on the difference between
the true loss and the empirical loss, regardless of the origin of the model. Hence, the
results of this paper can be used to bound the generalization gap and therefore the true
loss of the outcome of any learning algorithm. Moreover, the cited papers do not deal
with LPV state-space representations in continuous-time.

Significance and novelty The main novelty of the paper are that (1) our error bound
does not depend on the length of the integration interval T ; (2) it exploits quadratic
stability; (3) it uses a weighted H2 norm defined via Volterra-kernels to estimate the
Rademacher complexity. This is in contrast to [23, 28–30] which used Fliess-series
expansions for that purpose. It was precisely the use of Volterra-series and H2 norms
which allowed us to formulate bounds independent of T . The latter is important as
dynamical systems are often used for making long-term predictions.
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Structure of the paper In Sect. 2, we present our notations and definitions of LPV
systems. In Sect. 3, we define the problem of generalization for LPV systems and
present a brief general introduction to PAC bounds. In Sect. 4, we propose the main
technical tools that allow us to exploit stability in the statistical learning setting, as
well as the necessary assumptions needed to prove our theorem. We state our time-
independent bound for the generalization gap in Sect. 5. The proof, presented in
Sect. 6, is based on bounding the Rademacher complexity of the hypothesis set using
the corollary of our stability assumption, namely that the considered LPV systems
have finite H2 norms. Finally, in Sect. 7 we consider a concrete system and a dataset
in a numerical example, empirically estimate the elements of the bound and show that
the bound in this case is meaningful.

Notations Scalars, vectors and matrices are denoted by simple lowercase, bold low-
ercase and bold uppercase symbols, respectively. We use round brackets for vectors,
matrices and tuples as well, though the nature of the considered objects are always
clear from the context. For a matrix M, trace(M) refers to its trace, i.e., the sum of
the diagonal elements, while eM denotes the matrix exponential. The ˙symbol refers
to the partial differential operator w.r.t. the time dimension. The symbol T refers to
the fixed integration time and the symbol E refers to an arbitrary and fixed set of LPV
systems. We use [n] = {1, . . . , n} and [n]0 = {0, . . . , n} for all n ∈ N. The symbol
Ik = [np]k denotes the set of multi-indices of length k, thus an element I ∈ Ik is a
tuple of the form I = (i1, . . . , ik), 1 ≤ i j ≤ n p for 1 ≤ j ≤ k. By slight abuse of
notation, let I0 be the singleton set {∅}. For t ∈ R and τ = (τk, . . . , τ1)

T ∈ R
k we

use the notation (t, τ ) = (t, τk, . . . , τ1)T ∈ R
k+1. The symbols L2 and L∞ refer to

the usual Lebesgue spaces. We denote by L2([0, T ],Rnin) the space of all measurable
functions f : [0, T ] → R

nin such that ‖ f ‖2L2([0,T ],Rnin )
:= ∫ T

0 ‖ f (t)‖22dt is finite.
The symbol ≺ refers to the Loewner order. For a function f , the symbol f |H denotes
the restriction of f to the set H . For the notations related to probability, see Sect. 3.

2 LPV systems

In this paper, we consider LPV state-space representations with affine dependence on
the parameters (LPV-SSA), i.e., systems of the form

�

⎧
⎪⎨

⎪⎩

ẋ(t) = A(p(t))x(t) + B(p(t))u(t)

x(0) = 0
y�(t) = C(p(t))x(t)

(1)

where x(t) ∈ R
nx is the state vector, u(t) ∈ R

nin is the input and y�(t) ∈ R
nout is the

output of the system for all t ∈ [0, T ], and nx, nin, nout ∈ N
+ are the dimensions of the

state, input andoutputs spaces, respectively. The vectorp(t) = (p1(t), . . . , pnp(t))
T ∈

V ⊆ R
np is the scheduling variable for np ∈ N

+. Note, that np is the number of
scheduling variables in the system, therefore it is an important parameter regarding
the complexity of the system. The matrices of the system � are assumed to depend
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on p(t) affinely, i.e.,

A(p(t)) = A0 +
np∑

i=1

pi (t)Ai B(p(t)) = B0 +
np∑

i=1

pi (t)Bi ,

C(p(t)) = C0 +
np∑

i=1

pi (t)Ci

for matrices Ai ∈ R
nx×nx,Bi ∈ R

nx×nin and Ci ∈ R
nout×nx , i = 0, . . . , np, which

do not depend on time or the scheduling signal. We identify the LPV-SSA � with the
tuple � = (Ai ,Bi ,Ci )

np
i=0.

A solution of � refers to the tuple of functions (u,p, x, y�), all defined on [0, T ],
such that x is absolutely continuous, y� , u and p are piecewise continuous and they
satisfy (1). These conditions guarantee existence and uniqueness of a solution of (1)
and they are sufficiently general to cover many practical cases [1]. Note that the output
y� is uniquely determined by u and p, since the initial state x(0) is set to zero. To
emphasize this dependence, we denote y� by y�(u,p). Thus, the scheduling signal
p(t) behaves as an external input, too.

For the sake of compactness, we make a series of simplifications. First, as already
stated, the initial state is set to zero. This is not a real restriction, as we consider stable
systems for which the contribution of the nonzero initial state decays exponentially.
Second, we work with systems with scalar output, i.e., let nout = 1. Therefore, instead
of y� we use the notation y� . Third, we assume that the scheduling variables take
values in V ⊆ [−1, 1]np . The latter is a standard assumption in the literature [1] and
it can always be achieved by an affine transformation, if the scheduling variables take
values in a suitable interval.

3 Learning problem and generalization bounds

We now define the learning problem for LPV systems along the lines of classical
statistical learning theory [10].

3.1 Learning problem

For the purpose of defining the learning problem, below we define the set of inputs,
the set of labels (outputs), the class of models, the elementwise loss function and the
true and empirical losses. To this end, let us fix a time interval [0, T ] and a set E of
LPV systems of the form (1), both remain fixed during the rest of the paper.

Inputs and outputs Let U , P and Y be sets of piecewise continuous functions
defined on [0, T ] and taking values in R

nin , V and R
nout , respectively. These sets

contain the considered input, scheduling and output trajectories. Hereinafter we use
the standard terminology of probability theory [43]. Consider the probability space
(U × P × Y,B,D), where B is a suitable σ -algebra and D is a probability measure
on B. For example, B could be the direct product of the standard cylindrical Borel
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σ -algebras defined on the function spacesU ,P andY . Let us denote byDN the N -fold
product measure ofD with itself. We use E(u,p,y)∼D, P(u,p,y)∼D , ES∼DN and PS∼DN

to denote expectations and probabilities w.r.t. the measures D and DN , respectively.
The notation S ∼ DN tacitly assumes that S ∈ (U × P × Y)N , i.e., S is made of
N triplets of input, scheduling and output trajectories. Intuitively, we think of S as a
dataset of size N drawn randomly and independently from the distribution D.

Elementwise loss function Consider an elementwise loss function � : R × R →
[0,+∞), which measures the discrepancy between two possible output values. Some
of the widespread choices are �(a, b) = ‖a − b‖ or �(a, b) = ‖a − b‖2.

True and empirical loss, generalization gap The learning objective is to find an
LPV system � ∈ E such that the true risk at time T (also referred to as true error,
true prediction error or true loss), defined as

L(�) = E(u,p,y)∼D
[∫

[0,T ]
�(y�(u,p)(τ ), y(τ ))dμ(τ)

]

is as small as possible. Since the distribution D is unknown, minimizing the true risk
is impossible. Therefore, the true risk is approximated by the empirical risk at time T
w.r.t. a dataset S = {(ui ,pi , yi )}1≤i≤N (also referred to as empirical error, empirical
prediction error or empirical loss ), defined as

LS
N (�) = 1

N

N∑

i=1

∫

[0,T ]
�(y�(ui ,pi )(τ ), yi (τ ))dμ(τ).

In the above definitions, we require the measure μ to be σ -finite on the Borel sets
generated by [0, T ], and to be normalized such that μ([0, T ]) ≤ 1. These definitions
are quite general, however, commonly used loss functions in practical applications
can be recovered by suitable special cases of μ.

• If μ is the Dirac measure at T , i.e., for any measurable set H ⊆ [0, T ] we have
μ(H) = 1 if T ∈ H , otherwise μ(H) = 0, then the true and empirical losses
only depend on y�(u,p)(T ) and y(T ). This loss function is usually employed for
NeuralODEs [44]. In this case as μ({T }) = 1, we have

∫

[0,T ]
�(y�(u,p)(τ ), y(τ ))dμ(τ) = �(y�(u,p)(T ), y(T ))

L(�) = E(u,p,y)∼D
[
�(y�(u,p)(T ), y(T ))

]

LS
N (�) = 1

N

N∑

i=1

�(y�(ui ,pi )(T ), yi (T )). (2)

• If μ is a sum of Dirac measures, respectively, at t1, . . . , tkT that puts the weight 1
kT

on each ti , then for anymeasurable set H ⊆ [0, T ]wehaveμ(H) = 1
kT

kT∑

i=1
χ{ti∈H},

where χ{ti∈H} = 1 if ti ∈ H and 0 otherwise.
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This choice of μ recovers the case when the output of the system is discretized in
time and measured only at 0 = t1, . . . , tkT = T , we have

∫

[0,T ]
�(y�(u,p)(τ ), y(τ ))dμ(τ) = 1

kT

kT∑

i=1

�(y�(u,p)(ti ), y(ti ))

L(�) = E(u,p,y)∼D

[
1

kT

kT∑

i=1

�(y�(u,p)(ti ), y(ti ))

]

LS
N (�) = 1

N

N∑

j=1

1

kT

kT∑

i=1

�(y�(u j ,p j )(ti ), y j (ti )). (3)

• Ifμ is the normalized Lebesgue measure with density 1
T , we recover the following

integral loss function applied in [45] for NeuralODEs, i.e.,

∫

[0,T ]
�(y�(u,p)(τ ), y(τ ))dμ(τ) = 1

T

∫ T

0
�(y�(u,p)(τ ), y(τ ))dτ

L(�) = E(u,p,y)∼D
[
1

T

∫ T

0
�(y�(u,p)(τ ), y(τ ))dτ

]

LS
N (�) = 1

N

N∑

i=1

1

T

∫ T

0
�(y�(ui ,pi )(τ ), yi (τ ))dτ. (4)

Note, that for all the cases above, μ is σ -finite and μ([0, T ]) = 1.

Remark 1 (Role of scheduling) The discussion above implies that in the learning prob-
lem at hand, the scheduling signal p may depend on u or y, and the data may be
generated by a quasi-LPV system. However, for the models to be learnt the scheduling
signal acts as an input. This is consistent with the assumptions in system identification
for LPV systems [1]. The dependence of p on u and y does not conflict with our proof
technique and highlights the potential future research direction toward extending our
results to Neural ODEs and other similar structures.

Remark 2 (Role of time sampling) The considered definition of LPV systems include
piecewise constant u and p corresponding to the case when the observed data are
measured only in discrete-time points, i.e., it is sampled in time from a continuous
trajectory. The time sampling of the system output is also included, namely in the
form of the loss functions described by Equation (3). As we will later see, our results
do not depend on the choice of the measure μ or the presence of piecewise constant
input and scheduling signals. Therefore, the time sampling has no particular effect on
the considered learning framework.
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3.2 Probably approximately correct (PAC) bounds: general introduction

In practice, selecting an appropriate model is done by minimizing the empirical risk
w.r.t. a so-called training dataset, while the trained model is usually evaluated by com-
puting the empirical risk w.r.t. a separate test dataset. In both cases, we need a bound
on the difference between the true and the empirical risks. That is, we need to bound
the generalization gap, defined as sup�∈E

(L(�) − LS
N (�)

)
.Probably Approximately

Correct (PAC) [10] bounds are bounds of the form

PS∼DN

(

∀� ∈ E : L(�) − LS
N (�) ≤ R(δ)√

N

)

≥ 1 − δ, (5)

where R(δ) is a constant which depends on the confidence level δ and model family E ,
and N is the number of data points used tomeasure the empirical error. Intuitively, such
a PAC bound says that for any element of the parameterized family, the generalization
gap is smaller than R(δ)√

N
with the probability 1−δ. For severalmodel classes [10], it was

shown that R(δ) is O
(
log

( 1
δ

))
. In this paper, we will present an analytic expression

for R(δ) for a class E of LPV systems.
Intuitively, the PAC bound (5) implies that for sufficiently large N , the gap between

the empirical loss and the true loss is small. However, this gap increases with the
confidence level 1 − δ, as the constant R(δ) is a decreasing function of δ.

Applications to model validation PAC bounds can be used for validating and learn-
ing models as follows. First of all, if we want to evaluate a certain model � ∈ E , the
PAC bound implies that with probability at least 1 − δ over the validation dataset

L(�) ≤ LS
N (�) + R(δ)√

N
(6)

holds. This can be used to estimate the confidence interval of the true loss based on
the empirical loss and to estimate the number of data points which are necessary to
make this confidence interval sufficiently small. Indeed, for any ε > 0, by choosing

N >
R2(δ)

ε2
, L(�) will be in the interval [0,LS

N (�) + ε] with probability 1 − δ.
In particular, if the empirical loss is small and there is enough data points, we can
conclude that the true loss will also be small with high probability.

Applications to learning First of all, learning algorithms can be viewed as a map
sending the training data S to a data-dependent element �̂ of themodel family E . Then,
a PAC bound implies that with probability at least 1 − δ over the training samples S,

L(�̂) ≤ LS
N (�̂) + R(δ)√

N
. (7)

That is, we get again a confidence interval for the true loss, based on the empirical loss

during training. That is, for any ε > 0, if N ≥ R2(δ)

ε2
, then L(�̂) lies in the interval

[0,LS
N (�) + ε] with probability 1 − δ.
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Another important application is to estimate the difference between the true loss
of the model learnt by Empirical Risk Minimization [10] and the smallest possible
true loss. More precisely, let �̂ be the model which minimizes the empirical loss for
a given training dataset S, i.e.,

�̂ = argmin
�∈E

LS
N (�).

In the system identification literature, the algorithm returning �̂ is sometimes referred
to as Prediction Error Minimization (PEM).

Under suitable assumptions (e.g., bounded loss functions), from the proof of [10,
Theorem 26.5 , Part 3] it follows that

L(�̂) ≤ inf
�∈E

L(�) + R(δ) + R2(δ)√
N

(8)

with probability at least 1 − δ over all the samples S, where R2(δ) is a O(ln( 2
δ
))

constant which depends on the upper bound of the loss function. The inequality (8)
implies that learning algorithms based on minimizing the empirical loss will achieve
the smallest possible true loss with arbitrary accuracy for large enough number of data

points. That is, by choosing N >
(R(δ)+R2(δ))

2

ε2
it follows that

L(�̂) ≤ inf
�∈E

L(�) + ε (9)

with probability at least 1−δ over the training data S. The latter property implies PAC-
learnability [10], and it is a classical sufficient condition for learning to be feasible.
In other words, PAC bounds allow us to show the feasibility of the learning problem,
see [10] for a more detailed discussion.

PAC bounds versus quality of approximation The PAC bounds (7)–(8), and by
extension the parametrization-dependent term R(δ) on their right-hand side, do not
provide an absolute upper bound on howwell the learned model approximates the true
systemof interest (captured by the true loss). Instead, they provide a relative bound, i.e.,
a bound on the difference between the true loss and some other quantity. This quantity
can be either the empirical loss or the best achievable true loss inf�∈E L(�). The latter
is commonly referred to as the approximation error of the set of parametrizations E
[10, Section 5.2], and it expresses its ability to represent the true system.

The term R(δ) provides a lower bound on the number of data points from which
the learning problem can be guaranteed to be well behaved. Informally, this means
that (i) any learning algorithm produces a model with a small generalization gap (see
(5)) and (ii) there exists at least one learning algorithm whose true loss is close to the
approximation error (see (8) and (9)).

Intuitively, R(δ) measures how strongly the input–output behavior of models from
E is determined by their behavior on randomly selected data of a given size. Mathe-
matically, this is formalized by complexitymeasures such as theVapnik–Chervonenkis
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dimension, covering numbers and Rademacher complexity [10], and R(δ) is typically
proportional to these quantities.

Tradeoff between complexity and approximation error There is a well-known trade-
off between the ability of E to generalize, captured by R(δ) via some complexity
measure, and the approximation error inf�∈E L(�) [10, Section 5.2]. For the approx-
imation error to be small, usually E must contain a large variety of models. However,
in this case R(δ) tends to be large, since with richer model classes it becomes easier
to find a model that fits the training data but behaves very differently on unseen data.

Applications to parameter estimation Equation (8) can be used to show that the
learning algorithm based on empirical loss minimization is consistent, if viewed as a
parameter estimation algorithm for system identification. More precisely, (8) implies
that the true lossL(�̂) converges to the optimal loss inf�∈E L(�). It is well-known in
system identification that this latter property, under suitable regularity conditions ( [9,
Chapter 8]), implies the learnt parameter represented by �̂ converges to the parameter
argmin�∈E L(�) thatminimizes the true loss. In turn, if the true system corresponds to
a certain element of the considered parametrizations, then the corresponding parameter
is the unique minimizer of L(�), and hence �̂ converges to the parameter of the true
system.

The regularity conditions mentioned have not been worked out for continuous-time
LPV systems, but for discrete-time LTI systems they are known [9, Chapter 8].

PAC-Bayesian bounds An alternative approach for generalization bounds are the
so-called PAC-Bayesian bounds [11]. In contrast to PAC bounds, they do not bound
the worst-case generalization gap, but rather the worst-case mean generalization gap,
where the mean is taken w.r.t. posterior distributions on the model class. The bounds
then typically depend on a chosen prior distribution. Although they might result
in tighter bounds, attaining a well-tuned prior is a very challenging problem both
theoretically and in practice. Therefore, PAC bounds might be a reasonable alterna-
tive for PAC-Bayesian ones whenever well-tuned priors may not be available, e.g.,
discrete-time dynamical systems [46], but we have good estimates of the Rademacher
complexity of the hypothesis class, which is the case for this paper.

4 Technical preliminaries and assumptions

We start by presenting a Volterra-series representation of the output of an LPV system
of the form (1), which plays a central role in formulating and proving the main result.
To this end, we introduce the concept of iterated integrals.

Definition 3 (Iterated integrals [15]) For any positive integer k, let

	t
k =

{
(τk, . . . , τ1)

T | t ≥ τk ≥ · · · ≥ τ1 ≥ 0
}

⊂ R
k

	∞
k =

{
(τk, . . . , τ1)

T | τk ≥ · · · ≥ τ1 ≥ 0
}

⊂ R
k

Clearly, 	t
k ⊆ 	∞

k for all t ∈ [0,+∞). In addition, we use the following notation
for iterated integrals (for any function f for which the integrals are well defined), for
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t ∈ [0,+∞]
∫

	t
k

f (τ ) dτ ≡
∫ t

0

∫ τk

0
· · ·

∫ τ2

0
f (τk, . . . , τ1) dτ1 · · · dτk .

Now we will define the λ-weighted LPV Volterra-kernels and the λ-weighted
scheduling-input products for a system � of the form (1), for every I ∈ Ik ,
t ∈ [0,+∞), iq , ir ∈ [np]0, and for every p ∈ P , u ∈ U and λ ≥ 0. These objects
are the main technical tools that allow us to interpret the stability property of LPV
systems within the framework of statistical learning.

Definition 4 (λ-weighted LPVVolterra-kernels) Theλ-weighted LPVVolterra-kernels
wλ
iq ,ir ,I

: 	∞
k+1 → R

1×nin are defined as follows for λ ≥ 0.
For k = 0 and I = ∅, for any τ = τ1 ∈ 	∞

1 = [0,∞), let

wλ
iq ,ir ,∅(τ ) := Ciq e

A0τ1Bir e
λ
2 τ1 .

For k > 0, τ = (τk+1, . . . , τ1)
T ∈ 	∞

k+1 and I = (i1, . . . , ik) let

wλ
iq ,ir ,I (τ ) := Ciq e

A0(τk+1−τk )Aik e
A0(τk−τk−1) · · ·Ai1e

A0τ1Bir e
λ
2 τk+1 .

The Volterra-kernels defined above do not depend on the input or scheduling trajec-
tories, but on the systemparameters only. ForeshadowingDefinition 7 andTheorem10,
these objects induce a weighted extension of the H2 norm, which will provide a way
to quantize the degree of stability and eventually upper bound the generalization gap
of LPV systems. The effect of input and scheduling variables on the output of the
considered systems is captured by the following term.

Definition 5 (λ-weighted scheduling-input products) Let p∅(τ ) := 1 for τ ∈ [0, T ]
and pI (τ ) := ∏k

j=1 pi j (τ j + T − τk+1) for τ = (τk+1, . . . , τ1)
T ∈ 	T

k+1 and

I = (i1, . . . , ik). The λ-weighted scheduling-input products ϕλ
iq ,ir ,I

: 	T
k+1 → R

nin

are defined as follows for λ ≥ 0.
For k = 0 and I = ∅, for any τ = τ1 ∈ 	T

1 = [0, T ], let

ϕλ
iq ,ir ,∅(τ ) := piq (T )pir (T − τ1)u(T − τ1)e

− λ
2 τ1 .

For k > 0, τ = (τk+1, . . . , τ1)
T ∈ 	T

k+1, and I = (i1, . . . , ik) let

ϕλ
iq ,ir ,I (τ ) := piq (T )pir (T − τk+1)pI (τ )u(T − τk+1)e

− λ
2 τk+1 .

In both of the definitions above, the value k is always equal to the size of the tuple I .
The respective domains of these functions are made of vectors of size k + 1 (denoted
by τ ). The λ-weighted LPV Volterra-kernels represent weighted Volterra-kernels of
certain bilinear systems, outputs of which determine the output of (1). The λ-weighted

123



Mathematics of Control, Signals, and Systems

scheduling-input products capture the polynomial relationship between the outputs of
these bilinear systems and the scheduling and input signals. The exponential weighting
terms were introduced in order to make the series of the L2 norms of these products
square summable. The terms belonging to ir and iq are related to the effect of Bir and
Ciq on the output of (1). The following Lemma captures this intuition in a rigorous
way.

Lemma 6 For every (u,p) ∈ U × P , λ ≥ 0, the output of � at time T admits the
following representation:

y�(u,p)(T )=
np∑

iq ,ir=0

∞∑

k=0

∑

I∈Ik

∫

	T
k+1

wλ
iq ,ir ,I (τ )ϕλ

iq ,ir ,I (τ )dτ .

The proof is based on aVolterra-series expansion [15] and can be found inAppendixA.
The Lemma states that the output of � is an infinite sum of convolutions of the inputs
with iterated integrals of the scheduling signal. This observation allows us to represent
the output of an LPV system as a scalar product in a suitable Hilbert space which turns
out to be the key for the proof of the main result.

Next, we define the λ-weighted H2 norm, a variant of the classical H2 norm, param-
eterized by a constant λ ≥ 0.

Definition 7 The λ-weighted H2 norm of a system � of the form (1) is defined as
follows for λ ≥ 0.

‖�‖2λ,H2
:=

np∑

iq ,ir=0

∞∑

k=0

∑

I∈Ik

∫

	∞
k+1

∥
∥
∥wλ

iq ,ir ,I (τ )

∥
∥
∥
2

2
dτ .

There exist several, non-equivalent definitions of H2 norms for LPV systems, see
for instance [47, Section 2.2], [48, Section 7.4]. These definitions are equivalent when
applied toLTI systems, however, even for LTV (Linear Time-Varying) systems they are
not equivalent, see [47, Section 2.2] for an overview.When extending these definitions
to LPV systems, one can choose one of these definitions of H2 norms, and then take the
maximum of the H2 norms of the corresponding LTV systems, where the maximum is
taken over the scheduling signals (	-blocks). This was done for instance in [49, 50].
The norm ‖�‖λ,H2 is different from these other H2 norms for LPV systems. However,
as it is shown in Lemma 8, under certain stability conditions this norm exists, and
similarly to other H2 norms, it is an upper bound on peak output under unit energy
input.

The definition of ‖�‖λ,H2 is similar to the approach in [51], where the average of
Volterra-kernels is taken as the definition of the H2 norm. The H2 norm in this paper
involves a weighting term, hence it can be considered an extension of the norm used in
[51]. The introduction of the weighting term is motivated by the need to upper bound
the Rademacher complexity of LPV systems. In contrast, the various definitions of the
H2 norm used in the literature were motivated by the need to formalize various control
objectives. We point out that the precise relationship between the H2 norm used in
this paper and the various definitions used in the literature requires further research.
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While the definition of the H2 norm ‖�‖λ,H2 is different from many other norms
defined in the literature, e.g., [47–50], they do share certain characteristics. In par-
ticular, it can be shown that they all provide an upper bound on the norm of the
input–output operator generated by the system, where the input space is taken to be
L2 and the output space L∞, see Lemma 8 in the next section.Moreover, when applied
to LTI systems with λ = 0, the above defined norm is the classical H2 norm.

Intuitively, the norm ‖�‖λ,H2 is finite whenever the Volterra-kernels wλ
iq ,ir ,I

are

finite energy signals and the sum of their L2 norms is finite, too. For λ = 0, the
definition ‖�‖λ,H2 is a direct extension of the H2 norm for bilinear systems [52].

4.1 Assumptions

In order to state the main result of the paper, we state several assumptions.

Assumption 1 (Stability) There exists λ ≥ np such that for any � ∈ E of the form (1)
there exists Q� � 0 such that

AT
0 Q� + Q�A0 +

np∑

i=1

AT
i Q�Ai +

np∑

i=0

CT
i Ci ≺ −λQ�. (10)

Assumption 2 (Bounded H2 norm) We assume that sup�∈E ‖�‖λ,H2 ≤ cE .

Assumption 3 (Bounded signals) For any u ∈ U and y ∈ Y , ‖u‖L2([0,T ],Rnin ) ≤ cU
and |y(T )| ≤ cY .

Assumption 4 (Lipschitz loss function) The loss function � is c�-Lipschitz-continuous,
i.e., |�(y1, y′

1) − �(y2, y′
2)| ≤ c�(|y1 − y2| + |y′

1 − y′
2|) for all y1, y2, y′

1, y
′
2 ∈ R, and

�(y, y) = 0 for all y ∈ R.

(Discussion on the assumptions) Assumption 1 ensures quadratic stability of all LPV
systems in the considered set of parametrizations with a decay rate λ

2 , and it ensures
the finiteness of H2 norms as per the following Lemma.

Lemma 8 If Assumption 1 holds with λ ≥ np, then for any � ∈ E and Q� � 0 from
Assumption 1, we have

‖�‖2λ,H2
≤

np∑

ir=0

trace(BT
irQ�Bir ) < +∞.

Additionally, for any u ∈ U , p ∈ P , we have

|y�(u,p)(T )| ≤ (np + 1) ‖�‖λ,H2
‖u‖L2([0,T ],Rnin ) .

The proof can be found in Appendix B. Note that the second part of Lemma 8
implies Bounded Input Bounded Output (BIBO) stability: if u has a bounded L2
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norm on [0,∞), i.e., supT>0 ‖u‖L2([0,T ],Rnin ) < +∞, then Lemma 8 implies that
supT>0 |y�(u,p)(T )| < (np + 1) ‖�‖λ,H2 supT>0 ‖u‖L2([0,T ],Rnin ) < +∞.

Assumption 1 is not restrictive as it can be translated into inequalities on the
eigenvalues of the system matrices (see Appendix B), which are not too difficult
to ensure by choosing a suitable parametrization. For example, in case of deep state-
space architectures, the matrix A is usually chosen to be diagonal [14]. In general,
stable parametrizations are quite common in learning [9, 53], and there is a rich lit-
erature on stable parametrization of LTI systems, e.g., [54–58]. In particular, stability
of the parametrizations is usually assumed in LPV system identification, e.g., [1,
59–61]. Moreover, stable LPV systems contain exponentially stable bilinear systems
and it is known that such bilinear systems are universal approximators for nonlinear
input–output systems with fading memory [62]. Intuitively, many forms of stability
constraints on input–output systems satisfy the definition of fading memory. This is a
strong indication that stable LPV systems might be universal approximators for stable
systems.

However, we are not aware of any formal result in the literature. Relevant results
on the topic can be found in [62–65].

Assumption 2 ensures that the λ-weighted H2 norm of the elements of class E
are bounded by cE . Note, that Assumption 2 does not automatically follow from
Assumption 1. Indeed, Assumption 1 implies that every element of E has a finite
H2 norm, but it does not guarantee the existence of a uniform upper bound on the
H2 norms of the elements of E . However, by Lemma 8, Assumption 2 follows from
Assumption 1 for instance, for continuous parametrizations with a bounded compact
parameter set, or when Q� is independent of � and the matrices Bi are bounded for
all � ∈ E .

Below we present a sufficient condition for computing an upper bound on the H2
norms of models from E .
Lemma 9 Assume that there exist positive real numbers γ > 0 and 
 > 0 such that
γ ≥ 
 + np and for every � ∈ E of the form (1)


 > sup
1≤i≤np

‖Ai‖22 np and
∥
∥
∥eA0t

∥
∥
∥
2

≤ e− γ
2 t .

Then Assumption 1 holds for any np ≤ λ < γ − 
 and Q� = I
K 2
C (np+1)
γ−λ−


, and

cE ≤ (np + 1)2K 2
C K

2
Bnin

( 1

γ − λ − 


)

where KB = sup0≤i≤np ‖Bi‖2 and KC ≥ sup0≤i≤np ‖Ci‖2, KC > 0,

The proof of Lemma 9 follows from a simple calculation followed by applying
Lemma 8. Using the Linear Matrix Inequality (LMI) of Assumption 1 and Lemma 8,
it is possible to formulate further LMI-based sufficient conditions for Assumption 2 to
hold. However, working out such conditions would go beyond the scope of the paper.

Assumption 3 means that the input signal has finite energy and the output signal is
bounded. The assumption on |y(T )| means the true labels are bounded. By Lemma 8,
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the first two assumptions along with finite energy inputs already imply that the outputs
of the systems from E are bounded uniformly by a suitable constant. In practice,
considering finite energy inputs and bounded outputs is often natural.

Assumption 4 is standard in machine learning, it is satisfied for �(y, y′) = |y− y′|,
and even for the square loss, if the latter is restricted to bounded labels.

5 Main result

We are ready to state our main contribution, which is a PAC bound of the type (5).

Theorem 10 (Main result) Let

c := 2c� max{cU (np + 1)cE , cY }
R(δ) := c

(
2 + 4

√
2 log(4/δ)

)
.

Under Assumptions 1–4 , for any δ ∈ (0, 1), we have

PS∼DN

(

∀� ∈ E : L(�) − LS
N (�) ≤ R(δ)√

N

)

≥ 1 − δ.

Application of PAC to learning and system identification As it was already men-
tioned in Sect. 1, system identification and learning theory have similar objectives,
hence we will use the term learning for both in the discussion below and discuss them
separately, whenever the difference is relevant.

Again, as it was mentioned in Sect. 3.2, PAC bounds can be used to bound the true
loss of the learned model using its empirical loss on the validation or training data,
see Equations (6) and (7). That is, any learning algorithm maps a dataset S to a model
�̂ = �̂(S). As a PAC bound holds uniformly on all models, with probability at least
1 − δ over S, we get the explicit high-probability bound on the true error

L(�̂) ≤ LS
N (�̂) + R(δ)√

N
.

This allows us to evaluate the prediction error of the identified model for unseen data.
Moreover, for any accuracy ε > 0 we can determine the minimum number of data

points Nm = R2(δ)

ε2
such that if N ≥ Nm , the true loss of any identified model is

smaller than ε plus the empirical loss. The integer Nm represents the minimal number
of data points after which we can view the empirical loss as indicative of the true loss.

Moreover, as it was discussed in Sect. 3.2, a PAC bound from Theorem 10 can be
used to relate the true loss of the model learnt by empirical loss minimization and
the best achievable true loss, see Equation (8). More precisely, consider the minimal
prediction error model �̂ = argmin�∈E LS

N (�) and the best possible model �� =
argmin�∈E L(�), provided they exist. Then using [10, Theorem 26.5] and the upper
bound on the Rademacher complexity of E from the proof of Theorem 10, we can get
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the following high-probability upper bounds on the difference between the true loss
of the these two models.

Corollary 11 With thenotationof Theorem10andwith R2(δ) := c
(
2 + 5

√
2 log(8/δ)

)
,

for any δ ∈ [0, δ]

PS∼DN

(

L(�̂) ≤ L(��) + R2(δ)√
N

)

≥ 1 − δ.

That is, the bound of Corollary 11 is a version of the bound (9). In particular, we can

determine the minimal number of data points Nmin = R2
2(δ)

ε2
, such that the difference

between the performance of the minimal prediction error model and that of the best
possible model is below the desired threshold ε.

Potential application to parameter estimation As it was mentioned in Sect. 3.2,
bounds of the type (9), for instance, the one of Corollary 11, can be used to show
consistency of the learning algorithm based on empirical risk minimization, if the
latter is viewed as a parameter estimation algorithm. That is, for linear systems it is
known that models with a small prediction error tend to be close to the true one, under
suitable identifiability assumptions [9, Theorem 8.3]. For LPV systems, this problem
requires further research, but we expect similar results.

Comparison of PAC bounds with asymptotic consistency results in system identifi-
cation Classical results in system identification aim at showing that for large enough
N , an identification algorithm which choose models with a small empirical loss small
will result in models with a small true loss, e.g., [9, Lemma 8.2] for LTI systems. We
are not aware of similar results for continuous-time LPV systems. However, even for
LTI systems, Theorem 10 is different from these classical results, as the latter says
little about how large N should be so that the empirical loss upper bounds the true loss
with a certain accuracy. On the downside, classical results hold for data which origi-
nate from a single time-series, while the present paper assumes presence of multiple
independently sampled time-series.

Limitation of the i.i.d. assumption In contrast to the widespread practice in system
identification, we assume access to several i.i.d. samples of input, output and schedul-
ing signals.While this assumption is somewhat restrictive, it is still applicable in many
scenarios. In particular, the i.i.d. assumption is reasonable when learningNeural ODEs
[13, 23, 29, 30] and SSMs [14, 66]. Furthermore, deriving PAC bounds in this setting
is a first step toward PAC bounds for the case of a single long time signal. Indeed,
as it was mentioned before in Sect. 1, it is possible to extend PAC bounds based on
Rademacher complexity to the non i.i.d. setting [21, 22]. We conjecture that it would
be possible to combine the results of the presented paper with those of [21, 22] in
order to extend them to data originating from a single time series.

Sampling, persistence of excitation, etc. Since PAC bounds hold for any identifica-
tion algorithms, we did not make any assumptions on such, otherwise crucial issues,
as persistence of excitation, sampling, etc.

Discussion on the bound: dependence on N and T, and the role of stability The
bound in Theorem 10 tends to zero as N grows to infinity and is also independent of
the integration time T , a consequence of assuming stability of the models. The latter
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is a significant improvement compared to prior work [23, 28–30]. We conjecture that
some form of stability is also necessary for time-independent bounds, as intuitively
in case of unstable systems small modeling errors may lead to a significant increase
of the prediction error in the long run. The bound grows linearly with the maximal
H2 norm of the elements of E , with the maximal possible value of the true outputs,
and with the maximal energy of the inputs. Roughly speaking, as the minimal degree
of stability over E increases, the maximal H2 norm over E tends to decrease, thus the
more stable the considered system class, the tighter the bound.

Relationship between the quality of approximation and the PAC bounds for LPV
systems As mentioned in Sect. 3.2, there is generally a trade-off between the gener-
alization ability of E , captured by R(δ), and the approximation error of E , defined as
inf
�∈E

L(�). In the ideal case, E is expressive enough to closely approximate the true

system, yielding inf
�∈E

L(�) ≈ 0, but not so rich as to include models with a very high

H2 norm (i.e., cE is not too large). If cE is too small, then the behavior of models on
any concrete dataset used for learning is closer to their behavior on unseen data, so
fewer data points are needed to learn a model whose true loss is close to the empirical
loss or the approximation error of E . However, in this case, the latter — and hence the
quality of approximation provided by any learned model — can itself be large.

An extreme trivial example occurs when the C(p(t)) matrices of all LPV models
in E are zero, so that the maximal H2 norm cE is zero. In this case, the bounding term
R(δ) in Theorem 10 becomes zero, and the true loss depends only on the marginal
distribution of the true output y, while the empirical loss LS

N (�) for any � ∈ E
depends solely on the true outputs in the dataset S. Here, the behavior of any model
on any concrete dataset fully determines its behavior outside it, since in both cases the
models produce constant zero output.

Conversely, if E is large enough to contain a good representation of the underlying
distribution D, then cE may be large and one may need more data points to avoid a
large generalization gap. As an extreme example, let us assume that the underlying
physical process can be exactly modeled by an LPV system �� which satisfies our
assumptions, and the H2 norm of �� is at most c�. Let E be the class of all LPV
systems satisfying our assumptions, with H2 norm at most cE such that c� ≤ cE .
However, lacking knowledge of the true system, we may select cE to be large. Clearly,
the approximation error satisfies inf

�∈E
L(�) = 0 since the true system �� ∈ E , while

due to the large number of systems included in E , for any finite sample S we can pick
a model � ∈ E that behaves very differently outside S than on S. This is reflected by
the large value of cE .

In short, our results bound the prediction error of the learned model on new data
relative to either the prediction error on the data used for learning or to the best
prediction error achievable by the given set of parametrizations. These results do not
provide any guarantee about the approximation error. Establishing similar bounds on
the latter is a separate problem, which is beyond the scope of this paper.

Multiple outputs Under suitable assumptions on the loss function, which are satis-
fied for quadratic and 1-norm losses, the results can be extended to multiple outputs by
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applying Theorem 10 separately for each output component, with confidence 1−noutδ,
see Appendix C for a detailed derivation.

Discretization of the input data According to Remark 2, the bound in Theorem 10
holds for time sampled trajectories of u and p as long as the samples interpreted as
piecewise constant functions are in U and P . Furthermore, the loss function described
by Equation (3) ensures the theorem holds for time sampled output trajectories.

The discretization algorithm has no particular effect on the bound. Intuitively, by
its nature Theorem 10 does not say anything about how accurately we learn the
underlying true LPV system. Instead, it gives a bound on the generalization error,
i.e., on the difference between the empirical and true errors as defined in Sect. 3. It
is a consistency theorem in the sense that it ensures that given enough data points,
regardless of the discretization method on the input trajectories (as long as the dataset
remains i.i.d.), the model will behave identically on seen and unseen data with high
probability. That is, our results suggest the learning algorithms for any sampling are
consistent.

An unsatisfactory time-sampling method could cause the following. First, it could
increase the smallest possible true loss that is achievable in the considered learning
setup, namely inf

�∈E
L(�) in Equations (8) and (9). Second, in our setup, we assume

that D is unknown but it is already implicitly given by the physical constraints of the
learning experiment. These physical constraints, including the choice of the sampling
time, may influence the unknown distributionD, for example, by restricting it to inputs
and scheduling signals which are piecewise constants on sampling intervals. In this
case, L(�) will capture the prediction error only for such inputs and scheduling. If
the loss function � evaluates the prediction error only at sampling times, then the true
loss captures the prediction error on unseen data only at sampling times.

Theorem 10 essentially describes what properties of the learning problem influence
the additive bounding terms in Equations (8) and (9). Under concrete circumstances,
analysis of learnability requires analyzing the smallest achievable true loss, the ade-
quacy of the loss function and the additional bounding terms. The statement in
Theorem 10 is about the latter.

Discretized LPV systems It is also possible to discretize the continuous-time LPV
system, resulting in a discrete-time LPV. However, discretizing an affine LPV system
does not generally preserve the affine dependence [67]. Furthermore, the sufficient
condition for stability and the existence of a finite H2 norm is different in the discrete-
time case. While stability and the existence of H2 norm can be formulated in terms of
LMIs for the discrete-time case and we conjecture that the proof technique could also
be extended, such an extension is out of the scope of the paper. It is worth noting that
the extension of the results of the paper to discrete-time LPV systems would be useful
for the class of deep selective State-Space Models (selective SSMs), in particular, for
the Mamba architecture. These models have recently gained popularity and they have
turned out to be very promising for several text and video processing tasks [14, 68].
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6 Proof of Theorem 10

The proof is of two parts. In the first part, we prove Theorem 10 for the special case
of true and empirical losses described by Equation (2). In the second part, we show
that the general case can be reduced the first part.

First part In this case, the definitions of L(�) and LS
N (�) have the forms

L(�) = E(u,p,y)∼D
[
�(y�(u,p)(T ), y(T ))

]

LS
N (�) = 1

N

N∑

i=1

�(y�(ui ,pi )(T ), yi (T )).

The main component of the proof is the estimation of the Rademacher complexity
of the class of LPV systems.

Recall from [10, Def. 26.1] that the Rademacher complexity of a bounded set
A ⊂ R

m

is defined as

R(A) = Eσ

[

sup
a∈A

1

m

m∑

i=1

σi ai

]

,

where the random variables σi are i.i.d such that P[σi = 1] = P[σ = −1] = 0.5. The
Rademacher complexity of a set of functions F over a set of samples S = {s1 . . . sm}
is defined as RS(F) = R({( f (s1), . . . , f (sm)) | f ∈ F}).

Intuitively, Rademacher complexity measures the richness of a set of functions, see
e.g., chapter 26 in [10], and can be used for deriving PAC bounds [10, Theorem 26.5]
for general models. Below we restate this result for LPV systems.

Theorem 12 Let L0(T ) denote the set of functions of the from (u,p, y) �→
�(y�(u,p)(T ), y(T )) for � ∈ E . Let B(T ) be such that the functions from L0(T )

all take values from the interval [0, B(T )]. Then for any δ ∈ (0, 1) we have

PS∼DN

(

∀� ∈ E : L(�) − LS
N (�) ≤ 2RS(L0(T )) + 4B(T )

√
2 log(4/δ)

N

)

≥ 1 − δ.

The proof of Theorem 10 follows from Theorem 12, by first bounding the
Rademacher complexity of RS(L0(T )) and then bounding the constant B(T ).

Step 1 We show that

RS(L0(T )) ≤ c√
N

Consider the class F of output response functions (u,p) �→ y�(u,p)(T ) for � ∈ E
and the corresponding Rademacher complexity RS(F). By [10, Lemma 26.9] and
Assumption 4, RS(L0(T )) ≤ c�RS(F), hence it is enough to bound RS(F). For the
latter, we need the following Lemma.
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Lemma 13 There exists a Hilbert space H such that for every � ∈ E there exists
wT ,� ∈ H and for every (u,p) ∈ U × P there exists ϕT ,u,p ∈ H, such that

y�(u,p)(T ) = 〈wT ,�, ϕT ,u,p〉H
and

∥
∥
∥ϕT ,u,p

∥
∥
∥H ≤ cU (np + 1)

∥
∥
∥wT ,�

∥
∥
∥H ≤ ‖�‖λ,H2 .

Proof Let V be the vector space consisting of sequences of the form

f = { fiq ,ir ,I | I ∈ Ik; iq , ir ∈ [np]0}∞k=0

such that fiq ,ir ,I : 	T
k+1 �→ R

1×nin is measurable. In other words, every element
f ∈ V is a sequence of functions indexed by iq , ir and I which depends on k. The
actual ordering of the sequence members is not relevant and is considered the same for
all f ∈ V . Our goal here is to define a suitablemathematical structure that incorporates
the weighted Volterra-kernels as well as the weighted scheduling-input products, for
all possible values of k. As it turns out, we can define an inner product over the
above defined V in a way that the subset of V formed by the vectors of finite norm
gives rise to a Hilbert spaceH in a way thatH contains both the Volterra-kernels and
scheduling-input products.

For any f , g ∈ V let us define the series

〈 f , g〉 =
np∑

iq ,ir=0

∞∑

k=0

∑

I∈Ik

∫

	T
k+1

fiq ,ir ,I (τ )giq ,ir ,I (τ )T dτ .

and for any f ∈ V , let us denote by ‖ f ‖2 = 〈 f , f 〉. LetH consists of those elements
f ∈ V for which the series ‖ f ‖2 is convergent. Then for any f , g ∈ H, the series
〈 f , g〉 is absolutely convergent. Let us denote its limit by 〈 f , g〉H. ThenH is a Hilbert
space with the scalar product 〈·, ·〉H, and we denote by ‖·‖H the corresponding norm.

Let λ ≥ np be such that Assumption 1 is satisfied. Let

wT ,� = {(wλ
iq ,ir ,I )|	T

k+1
| I ∈ Ik; iq , ir ∈ [np]0}∞k=0

ϕT ,u,p = {(ϕλ
iq ,ir ,I )

T | I ∈ Ik; iq , ir ∈ [np]0}∞k=0.

We show that wT ,� ∈ H and ϕT ,u,p ∈ H by proving that
∥
∥wT ,�

∥
∥2H and

∥
∥ϕT ,u,p

∥
∥2H

are finite and bounded as claimed in the Lemma.
By the definition of wT ,� it is clear that

∥
∥
∥wT ,�

∥
∥
∥
2

H ≤ ‖�‖2λ,H2
< +∞
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due to Assumption 2.
As for ϕT ,u,p, due to p taking values in [−1, 1]np ,

∥
∥
∥ϕλ

iq ,ir ,I (τ )

∥
∥
∥
2

2
≤ ‖u(T − τk+1)‖22 e−λτk+1

for any I ∈ Ik , τ = (τk+1, . . . , τ1) ∈ 	T
k+1, k ≥ 0. Hence, by setting

∫
	t

k
dτ = 1 for

k = 0 and any t > 0, we obtain

∥
∥
∥ϕT ,u,p

∥
∥
∥
2

H =
np∑

iq ,ir=0

∞∑

k=0

∑

I∈Ik

∫

	T
k+1

∥
∥
∥ϕλ

iq ,ir ,I (τ )

∥
∥
∥
2

2
dτ

≤ (np + 1)2
∫ T

0
‖u(T − t)‖22 e−λt

( ∞∑

k=0

∑

I∈Ik

∫

	t
k

dτ

)

dt

For iterated integrals we have the well-known inequality (see [15, Chapter 3.1])

∫

	t
k

dτ ≤ tk

k! ,

therefore (due to Ik = [n p]k) we have

(np + 1)2
∫ T

0
‖u(T − t)‖22 e−λt

( ∞∑

k=0

∑

I∈Ik

∫

	t
k

dτ

)

dt

≤ (np + 1)2
∫ T

0
‖u(T − t)‖22 e−λt

( ∞∑

k=0

nkpt
k

k!
)

dt

= (np + 1)2
∫ T

0
‖u(T − t)‖22 et(np−λ)dt

≤ (np + 1)2 ‖u‖2L2([0,T ],Rnin )
< (np + 1)2c2U < +∞

where the last inequality follows from the choice of λ ≥ np and Assumption 3.
Finally, by Lemma 6, y�(u,p)(T ) = 〈wT ,�, ϕT ,u,p〉H. ��
Using Lemma 13 and [10, Lemma 26.10] we have

RS(F) ≤ cEcU (np + 1)√
N

yielding

RS(L0(T )) ≤ c�RS(F) ≤ c√
N

.
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Step 2: Bounding B(T ) By Assumption 4, we have

|�(y�(u,p)(T ), y(T ))| ≤ 2c� max{|y�(u,p)(T )|, |y(T )|} ≤ 2c� max{cUcE , cY } ≤ c

The second-to-last inequality follows fromapplyingLemma8 andAssumption 3 along
with np ≥ 1.

Finally, the first part follows from the bounds obtained in Step 1. and Step 2. together
with Theorem 12.

Second part Now we will reduce the general case to the first part. Let F0 be the
set of functions of the form (u,p, y) → ∫

[0,T ] �(y�(u,p)(τ ), y(τ )) dμ(τ) defined
analogously to Theorem 12. This is a generalization of L0(T ) defined in Theorem 12,
as the image may depend on the whole trajectories y� and y, not just their values at
T . We have

RS(F0) = Eσ

[

sup
�∈E

1

N

N∑

i=1

σi

∫

[0,T ]
�(y�(ui ,pi ), yi )(τ )dμ(τ)

]

≤ Eσ

[∫

[0,T ]
sup
�∈E

1

N

N∑

i=1

σi�(y�(ui ,pi ), yi )(τ )dμ(τ)

]

=
∫

[0,T ]
Eσ

[

sup
�∈E

1

N

N∑

i=1

σi�(y�(ui ,pi ), yi )(τ )

]

dμ(τ)

≤ μ([0, T ]) sup
t∈[0,T ]

Eσ

[

sup
�∈E

1

N

N∑

i=1

σi�(y�(ui ,pi ), yi )(t)

]

= μ([0, T ]) sup
t∈[0,T ]

RS(L0(t))

where L0(t) is defined the same as L0(T ) from Theorem 12 with T = t .
As we require μ to be normalized by T , we have μ([0, T ]) ≤ 1.
Let B([0, T ]) = sup

t∈[0,T ]
sup
u,p,y

�(y�(u,p), y)(t). By Theorem 12 and using the above

proven inequality RS(F0) ≤ μ([0, T ]) supt∈[0,T ] RS(L0(t)), we have

PS∼DN

(

∀� ∈ E : L(�) − LS
N (�) ≤ 2 sup

t∈[0,T ]
RS(L0(t)) + 4B([0, T ])

√
2 log(4/δ)

N

)

≥ 1 − δ

and we can bound RS(L0(t)) for any t ∈ [0, T ] the same way we bound RS(L0(T ))

in the first part, i.e., RS(L0(t)) ≤ c√
N
.

In other words, we can apply the first part with T = t and as the obtained bound is
independent of T , the bounding term for RS(L0(t)) and hence for supt∈[0,T ] RS(L0(t))

is the same as in the first part (c/
√
N ) and the statement of Theorem 10. Furthermore,

the calculation in Step 2. of the first part holds for B([0, T ]). This concludes the proof
of the second part and the theorem.
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7 Numerical example

We considered a parameterized family E of LPV systems �(θ) = (Ai (θ),Bi (θ),Ci

(θ))
np
i=0 where np = 1, � ⊆ R

3, and for all θ = (
θ1, θ2, θ3

)T ∈ �,

A0(θ) =
(

− 1
θ1

0
1 −1

θ1

)

, A1(θ) =
(
0 θ2
0 0

)

, B0(θ) =
(

θ3
0

)

,

B1(θ) = (
0, 0

)T
, C0(θ) = (

0, 1
)
, C1(θ) = (

0, 0
)

� = {θ ∈ R
3 | ‖�(θ)‖H2,λ < cE }, θ2 = θ3, λ = 1.2 and cE = 2.

We considered the training dataset S = {ui , pi , yi }Ni=1, and the validation dataset
Sval = {ui , pi , yi }Mi=1,M = 104 whereui , pi are signals definedon [0, T ] = [0, 0.45],
ui , pi are right continuous and they are constant on each interval [kTs, (k + 1)Ts),
k = 0, . . . , k�, with Ts = 0.01 and k� = 45. Moreover, the values pi (kTs) and
ui (kTs), i = 1, . . . , N , k = 1, . . . , k� were sampled independently from the uni-
form distribution on [0, 3] and [0, 30], respectively, and their means were substracted
to render them zero mean. The signal yi is the output of the system �(θ�), where
θ� = (

0.1 −1.87, −153.15
)T , to which we added a zero mean Gaussian white noise

with variance 0.05. Note, that the data generator �(θ�) does not belong to the set of
parameterizations E .

We apply the following learning algorithm to the parametrized family E . Notice,
that for θ ∈ � the output y�(θ)(u, p) satisfies

d2

dt2
y�(θ)(u, p)(t) = − 2

θ1

d

dt
y�(θ)(u, p)(t) −

(
1

θ21
− θ2

)

y�(θ)(u, p)(t) + θ2u(t)

(11)

Indeed, it follows that if x(t) = (
x1(t) x2(t)

)T is the state of �(θ) from the zero
initial state, corresponding to input u and scheduling p, then x2(t) = y�(θ)(u, p)(t)
and d

dt y�(θ)(u, p)(t) = x1(t) − 1
θ1
y�(θ)(u, p)(t). By taking the derivative of the

latter equation, using the equation for d
dt x1(t) determined by �(θ) and x1(t) =

d
dt y�(θ)(u, p)(t) + 1

θ1
y�(θ)(u, p)(t), (11) follows.

If we apply the first-order Euler approximation scheme, then

d

dt
y�(θ)(u, p)(t)|t=kTs ∼ 1

Ts

(
y�(θ)(u, p)((k + 1)Ts) − y�(θ)(u, p)(kTs)

)

d2

dt2
y�(θ)(u, p)(t)|t=kTs ∼ 1

T 2
s

(
y�(θ)(u, p)((k + 2)Ts) − 2y�(θ)(u, p)((k + 1)Ts)+

+ y�(θ)(u, p)(kTs)
)
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and therefore, from (11), by standard algebraic manipulations, we obtain the following
approximate input–output representation

y�(θ)((k + 2)Ts) ∼ φk+2(θ)a(θ) (12)

or, alternatively,

y�(θ)((k + 2)Ts) = φk+2(θ)a(θ) + vk (13)

where the term vk depends on u, p, θ and the approximation error d
dt y�(θ)(u, p)

(t)|t=kTs − 1
Ts

(
y�(θ)(u, p)((k + 1)Ts) − y�(θ)(u, p)(kTs)

)
, and

φk+1(θ) = (
y�(θ)((k + 1)Ts), y�(θ)(kTs), u(kTs)

)
,

while the function a(θ) is defined by

a(θ) =
(
2(1 − Ts

θ1
), −(1 − Ts

θ1
)2, T 2

s θ2, θ2T 2
s

)T
.

That is, if the data is generated by an element �(θ�) of E , then it should satisfy the
linear regression

yi (kTs) = φi,ka(θ�) + vi,k, k ≥ 2,

where vi,k is an error term introduced by Euler discretization and

φi,k = (
yi ((k − 1)Ts), yi ((k − 2)Ts), yi ((k − 2)Ts)pi ((k − 2)Ts), ui ((k − 2)Ts)

)
.

Finally, we compute an estimate θ̂ of θ� by solving the least squares minimization
problem

θ̂ = argmin
θ

(
1

N

N∑

i=1

k�∑

k=2

‖yi (kTs) − φi,ka(θ)‖22
)

(14)

for k = 1, . . . , k�, i = 1, . . . , N , k� = 45.
Note that in Equation (14) the argmin should be taken over θ ∈ �. However, finding

the least square estimate θ̂ together with the constraint θ ∈ � is very difficult. On the
other hand, the problem formulation implies θ� ∈ � and we expect the least squares
estimator θ̂ to be close to θ� due to the formulation of the least squares problem,
implying also θ̂ ∈ �. The latter is numerically verified for each N , hence we have
θ̂ ∈ �.

We chose δ = 0.05 and we computed R(δ). We then computed LS
N (�(θ̂)) and

L(�(θ̂)) for the case described by Equation (2) in Sect. 3, using the norm as loss
�(y, y′) = ‖y− y′‖1, and by approximatingL(�(θ̂)) by the empirical prediction error
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Fig. 1 Difference between the
estimated and the true error. The
estimated error is the sum of the
empirical error measured on a
finite set with N elements and
the PAC bound

LSval
M (�(θ̂))on the validation dataset.AsFigure 1 shows,L(�(θ̂)) ≤ LS

N (�(θ̂))+ R(δ)√
N

holds, and we can see that the maximum of the true loss is strictly greater, than the
minimum of the bound, as, e.g., the bound for N = 10000 is strictly smaller, than
the true loss L(�(θ̂)) for N = 200. In other words, the bound is non-vacuous. The
MATLAB code of the example can be found at https://github.com/danielracz/lpv_
mcss.

8 Conclusion

In this paper, we examined LPV systems within the confines of statistical learning
theory and derived a PAC bound on the generalization error under stability conditions.
The central element of the proof is the application of Volterra-series expansion in
order to upper bound the Rademacher complexity of LPV systems. Further research is
directed toward extending these methods to more general models, possibly exploiting
the powerful approximation properties of LPV systems.

Appendix A: Proof of Lemma 6

Proof Consider the family of bilinear systems indexed by iq , ir ∈ [np] and a fixed
t ∈ [0, T ], defined as

ṡ(τ ) =
(

A0 + λ

2
I +

np∑

i=1

pi (τ + T − t)Ai

)

s(τ )

s(0) = Biru(T − t)e− λ
2 t

ys,tiq ,ir
(τ ) = Ciq s(τ ).

(A1)
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From the Volterra-series representation [15] of bilinear systems we have

ys,tiq ,ir
(τ ) =

[
wiq ,ir ,∅(τ ) +

∞∑

k=1

∑

I∈Ik

∫

	τ
k

w
λ,τ
iq ,ir ,I

(υ)pI ((t, υ
T )T )dυ

]
u(T − t)e− λ

2 t

(A2)

where τ ∈ [0, t], pI is as in Sect. 4 andw
λ,τ
iq ,ir ,I

(υ) = wλ
iq ,ir ,I

((τ,υT )T ), for all I ∈ Ik
and υ ∈ 	τ

k , k > 0. By [1, Chapter 3.3.1.1] we have

y�(u,p)(T ) =
∫ T

0
C(p(T ))�(T , T − t)B(p(T − t))u(T − t)dt (A3)

where �(r , r0) is the fundamental matrix of the system

ż(r) = A(p(r))z(r).

Since the fundamental matrix �λ(r , r0) of a slightly different system, defined as

ż(r) = (A(p(r)) + λ

2
I)z(r),

satisfies

�λ(r , r0) = e
λ
2 (r−r0)�(r , r0),

we have

s(τ ) = �λ(T − t + τ, T − t)Biru(T − t)e− λ
2 t

= e− λ
2 (t−τ)�(T − t + τ, T − t)Biru(T − t). (A4)

Using the definitions of C(p(T )) and B(p(T − t)) from Sect. 2, we can substitute
Equation (A4) into Equation (A3) and obtain

y�(u,p)(T ) =
∫ T

0

np∑

iq ,ir=0

piq (T )pir (T − t)ys,tiq ,ir
(t) dt . (A5)

Substituting Equation (A2) into Equation (A5) together with {(t,υ) | t ∈ [0, T ],υ ∈
	t

k} = 	T
k+1 yields the result. ��

Appendix B: Proof of Lemma 8 and bounding the H2 norms

Proof Let � be a fixed system satisfying Assumption 1 and let Q = Q� . Then
AT
0 Q + QA0 ≺ −λQ, and hence A0 + λ

2 I is Hurwitz [69]. Let
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S = AT
0 Q + QA0 +

np∑

i=1

AT
i QAi +

np∑

i=1

CT
i Ci + CT

0 C0 + λQ.

Then S ≺ 0 and hence S = −VVT for some V. Define

C̃ =
(
CT
0 | . . . |CT

np |V
)T

Ã = A0 + 0.5λI Ni = Ai , i ∈ [np].

Then

ÃTQ + QÃ +
np∑

i=1

NT
i QNi + C̃T C̃ = 0

and hence, by [52, Theorem 6], for any choice of the matrix G = (
G1| . . . |Gnp

)
, the

bilinear system

S(G)

⎧
⎨

⎩

˙z(t) = Ãz(t) + ∑np
i=1 (Niz(t)pi (t) + Gi pi (t))

z(0) = 0
ỹ(t) = C̃z(t)

has a finite H2 norm ‖S(G)‖H2 which satisfies ‖S(G)‖2H2
= trace(GTQG), andwhich

is defined via Volterra-kernels as follows.
For each i ∈ [np], let

gGi,∅(t) = C̃eÃtGi

and for every I = (i1, . . . , ik) ∈ Ik , k > 0, t = (tk+1, . . . , t1)T ∈ R
k+1 and t ∈ R let

gGi,I (t) = C̃eÃtk+1Nik e
Ãtk · · · eÃt2Ni1e

Ãt1Gi .

Then

‖S(G)‖2H2
=

np∑

i=1

∞∑

k=0

∑

I∈Ik

∫

[0,+∞)k+1

∥
∥
∥gGi,I (t)

∥
∥
∥
2

2
dt.

Let Gi, j be the matrix of which the i th column is the j th column of Bi and all the
other elements are zero, i ∈ [np], j ∈ [nin]. By choosing G = Gir , j , it follows that

the j th column of wλ
iq ,ir ,I

(τ ) is the (iq + 1)-th row of gG
ir , j

ir ,I
(t) where τ ∈ 	∞

k+1 and

t = (τk+1 − τk, . . . , τ2 − τ1, τ1)
T , iq , ir ∈ [np]0, I ∈ Ik , k ≥ 0. Hence

nin∑

j=1

∥
∥
∥gG

ir , j

ir ,I (t)
∥
∥
∥
2

2
≥

np∑

iq=0

∥
∥
∥wλ

iq ,ir ,I (τ )

∥
∥
∥
2

2
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and by applying a change of variables in the iterated integrals,

np∑

iq ,ir=0

∞∑

k=0

∑

I∈Ik

∫

	∞
k+1

∥
∥
∥wλ

iq ,ir ,I (τ )

∥
∥
∥
2

2
dτ ≤

np∑

ir=0

nin∑

j=1

∥
∥
∥S(Gir , j )

∥
∥
∥
2

H2
=

np∑

ir=0

trace(BT
irQBir ).

In the last step we used the fact that

nin∑

j=1

trace((Gir , j )TQGir , j ) = trace(BT
irQBir ).

Finally, from Lemma 13 it follows that y�(u,p)(T ) = 〈wT ,�, ϕT ,u,p〉H for a suit-
able Hilbert space. From the definition ofwT ,� and ϕT ,u,p and the proof of Lemma 13
it follows that

‖wT ,�‖H ≤ ‖�‖λ,H2

‖ϕT ,u,p‖H ≤ (np + 1)‖u‖L2([0,T ],Rnin )

and hence by the Cauchy-Schwarz inequality the result follows. ��

Appendix C: Multi-output case

Let use assume that the elementwise loss functions satisfies the following condition:

�(y, ỹ) =
nout∑

j=1

� j (y
j , ỹ j ),

where y j , ỹ j denote the j th component of the vectors y, ỹ ∈ R
nout , respectively, and �i

are Lipschitz functions with Lipschitz constant c�. For instance, if �(y, ỹ) = ‖y−y′‖1
is the �1 loss, or �(y, y′) = ‖y − y′‖22 is the classical quadratic loss and y, y′ are
bounded, then this assumption is satisfied.

For all � ∈ E , let � j be the LPV system which arises from � by considering only
the j th output, and let E j be the class of LPV systems formed by all � j . For every

j ∈ [nout], consider the dataset S j = {(ui ,pi , y j
i )}1≤i≤N , which is obtained from the

dataset S by taking only the j th component of the true outputs {yi }Ni=1.
Then it follows that

L(�) =
nout∑

j=1

L(� j ),

where

L(� j ) = E(u,p,y)∼D
[∫

[0,T ]
� j (y� j (u,p)(τ ), y j (τ )) dμ(τ)

]
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LS j
N (� j ) = 1

N

N∑

i=1

∫

[0,T ]
� j (y� j (u,p)(τ ), y j (τ ))dμ(τ)

and

LS
N (�) =

nout∑

j=1

LS j
N (� j ).

By applying Theorem 10 to S j and E j , j ∈ [nout], it follows that

PS∼DN

(

∀� j ∈ E j : L(� j ) − LS j
N (� j ) ≤ R j (δ)√

N

)

≥ 1 − δ

for all j ∈ [nout]. Then by using the union bound it follows that

PS∼DN

(

∀ j ∈ [nout], ∀� j ∈ E j : L(� j ) − LS j
N (� j ) ≤

max
1≤ j≤nout

R j (δ)

√
N

)

≥ 1 − noutδ

and by usingL(�) = ∑nout
j=1 L(� j ) andLS

N (�) = ∑nout
j=1 L

S j
N (� j ) it then follows that

PS∼DN

(

∀� ∈ E : L(�) − LS
N (�) ≤ nout max1≤ j≤nout R j (δ)√

N

)

≥ 1 − noutδ.
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