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 a b s t r a c t

An important issue in model-based control design is that an accurate dynamic model of the system 
is generally nonlinear, complex, and costly to obtain. This limits achievable control performance in 
practice. Gaussian Process (GP) based estimation of system models is an effective tool to learn unknown 
dynamics directly from input/output data. However, conventional GP-based control methods often 
ignore the computational cost associated with accumulating data during the operation of the system 
and how to handle forgetting in continuous adaption. In this paper, we present a novel Dual Gaussian 
Process (DGP) based Model Predictive Control (MPC) strategy that enables efficient use of online 
learning based predictive control without the danger of catastrophic forgetting. The bio-inspired DGP 
structure is a combination of a long-term GP and a short-term GP, where the long-term GP is used 
to keep the learnt knowledge in memory and the short-term GP is employed to rapidly compensate 
unknown dynamics during online operation. A novel recursive online update strategy for the short-
term GP is proposed to successively improve the learnt model during online operation without a 
‘‘dictionary" update and re-computation of the Gram matrix at each time step. Effectiveness of the 
proposed strategy is demonstrated via numerical simulations.

© 2025 Published by Elsevier Ltd.
 

1. Introduction

Model predictive control (MPC) has attracted considerable at-
tention in recent decades due to its capability of dealing with 
control problems under operational constraints, with many appli-
cations across various fields (Aswani, Gonzalez, Sastry, & Tomlin, 
2013; Ding, Pandala, & Park, 2019; Qin & Badgwell, 2003). Its 
performance highly depends on the accurate description of the 
system dynamics, typically modeled by first principle laws such 
as the Newton-Euler approach. However, a comprehensive and 
precise model for high performance operations is often costly 
to obtain.

Recently, data-driven learning-based control methods have 
shown potential to capture unmodeled dynamics and achieve su-
perior performance in compensatory control over physical model-
based control. Gaussian process (GP) regression (Rasmussen, 2003),
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a nonparametric data-driven modeling method, is promising to 
automatically learn unknown dynamics from measurement data. 
Compared to other model learning methods, GP regression pro-
vides not only a single function estimate, but also a variance that 
indicates the accuracy of the estimated model. By exploiting the 
learnt GP model, various control methods based on the combina-
tion of adaptive control and robust/stochastic MPC schemes have 
been introduced (Beckers, Kulić, & Hirche, 2019; Carron et al., 
2019; Hewing, Kabzan, & Zeilinger, 2019; Liu, Wang, Lee, & Tóth, 
2024; Mesbah et al., 2022). While the GP-based model in these 
methods provides flexibility to represent the unknown dynamics 
with their uncertainty bounds, it also introduces a stochastic term 
into the state propagation of the MPC formulation, which neces-
sitates the use of approximations to make the control problem 
tractable  (Hewing, Wabersich, Menner, & Zeilinger, 2020). In 
addition, the high computational load during the model training 
and prediction limits the application of standard GP-MPC for 
small data sets. For a long time, online adaptation in GP-based 
control methods have been avoided to prevent critical accumula-
tion of data, although benefits of such a capability were obviously 
needed to realize the full potential of the framework. To address 
this issue, various online GP approaches have been developed to 
update the learnt GP model during control operation. A sparse 
online GP (SOGP) method has been first proposed in Csató and 
Opper (2002) and has been further extended and applied in 

https://doi.org/10.1016/j.automatica.2025.112316
https://www.elsevier.com/locate/automatica
https://www.elsevier.com/locate/automatica
http://crossmark.crossref.org/dialog/?doi=10.1016/j.automatica.2025.112316&domain=pdf
mailto:y.liu11@tue.nl
mailto:wangpy_hit@163.com
mailto:r.toth@tue.nl
https://doi.org/10.1016/j.automatica.2025.112316


Y. Liu, P. Wang and R. Tóth Automatica 177 (2025) 112316

 

model reference adaptive control (Chowdhary, Kingravi, How, & 
Vela, 2014), incremental backstepping control (Ignatyev, Shin, & 
Tsourdos, 2023), etc. Similarly, incremental online sparse GP has 
been introduced in Nguyen-Tuong and Peters (2011) and applied 
in MPC strategy for autonomous racing cars (Kabzan, Hewing, 
Liniger, & Zeilinger, 2019). Another online GP approach is evolving 
GP (Kocijan, 2016; Maiworm, Limon, & Findeisen, 2021; Petelin 
& Kocijan, 2011) and has been utilized in online MPC (Maiworm 
et al., 2021).

Despite the development of the aforementioned approaches, 
significant challenges still remain for online GP-based predictive 
control. First, existing online GP methods, such as SOGP, typically 
involve a fixed-budget dictionary updated by adding and deleting 
data based on certain criteria like linear independence measure or 
information gain. This necessitates the re-computation of the (in-
verse) Gram matrix when new data measurement arrives, which 
is computationally costly. Second, although current online GP 
approaches can retain a certain degree of memory due to the 
fixed size data-dictionary, as stated in Maiworm et al. (2021), 
these online GP approaches capture only the system dynamics 
in an evolving sub-region of the entire operating regime. Hence, 
learnt dynamic aspects of the system can be lost, i.e., forgotten, if 
the system is operated long enough in other regions and have to 
be re-learnt when the previous region is visited again. In addition, 
the current adaptive GP-based MPC approaches (Hewing et al., 
2019; Kabzan et al., 2019; Maiworm et al., 2021) are mainly fo-
cused on fast online adaptation, but unlike the biological process 
of learning, they do not address when adaptation can stop or how 
important features can be stored and remembered.

Motivated by these challenges and inspired by the biologi-
cal concept of ‘‘long/short term memory’’ of human beings, we 
propose a novel dual Gaussian process (DGP) based MPC strategy 
in this paper, as an extension of our preliminary work (Liu & 
Tóth, 2021). The main contributions of this paper are summarized 
below:

(C1) A novel recursive online updating strategy is proposed to 
continuously learn unknown time-varying uncertainties
(Section 3.2). Unlike existing online GP methods, it avoids re-
optimization of the hyperparameters and dictionary updates when
new data measurement arrives, which allows for a computation-
ally efficient implementation. Additionally, it updates both the 
posterior mean and variance simultaneously, which is especially 
beneficial for predictive control.

(C2) A novel DGP structure is developed to achieve both 
‘‘memorizing’’ and ‘‘learning’’ by a combination of long-term and 
short-term GPs (Section 3.3). To the best of our knowledge, this is 
the first approach that is capable of preventing forgetting relevant 
process information without periodic reinforcement (long-term 
GP), but at the same time ensures exploration and adaptation to 
uncertain or varying aspects of the dynamics (short-term GP).

(C3) Rigorous results on prediction and moment propagation 
of the stochastic inference problem under the proposed DGP 
structure are detailed (Section 4 & Appendix). This facilitates the 
formulation of a dual version of the GPMPC scheme, enabling 
adaptive predictive control to achieve bio-inspired advantages of 
online learning and remembering.

The paper is organized as follows. Section 2 formalizes the 
MPC problem and introduces preliminaries on GPs. The proposed 
recursive online sparse GP and the novel DGP structure are de-
tailed in Section 3. A learning-based predictive control strategy 
using the DGP structure is presented in Section 4. Numerical 
simulations with comparative studies are provided in Section 5 to 
demonstrate the capabilities of the proposed adaptive predictive 
control scheme. Finally, conclusions are drawn in Section 6.
2

2. Preliminaries and problem formulation

2.1. The data-generating system

In this paper, we consider discrete-time nonlinear systems 
that can be represented in the form of 

x(k + 1) = f (x(k), u(k)) + g(x(k), u(k)) + v(k), (1)

where k ∈ Z is the discrete time, x(k) ∈ Rnx , u(k) ∈ Rnu  are 
the state and control input signals, while f : Rnx×nu → Rnx  and 
g : Rnx×nu → Rnx  are bounded deterministic vector functions. 
The function f  constitutes the physically well interpretable and 
a priori know dynamics of the system, i.e., its nominal model, 
whereas, g represents the unknown, i.e., unmodeled dynamics 
together with external deterministic disturbances of the system. 
The signal v is considered to be an independent and identically 
distributed (i.i.d.) white noise process v(k) ∼ N (0,Σ ϵ) where 
Σ ϵ = diag(σ 2

ϵ,1, . . . , σ
2
ϵ,nx ), describing stochastic disturbances 

affecting the system. Moreover, we assume that the full state 
vector is available for measurement.

Let us consider f  to be linear, allowing to write (1) as 

x(k + 1) = Ax(k) + Bu(k) + g(x(k), u(k)) + v(k), (2)

where A and B are the known system matrices derived from 
the linearization of the idealistic dynamics, hence g(x(k), u(k))
captures the approximation error of the applied linearization 
and discretization or effects that cannot be captured reliably by 
the idealistic model (1) (i.e., both nonlinear effects and external 
deterministic disturbances). For a generic nonlinear system given 
in (1), separation of the dynamics to a linear part Ax(k) + Bu(k)
and a remaining nonlinear part g(x(k), u(k)) gives an equivalent 
representation of the system and such a separation is always 
possible. 

2.2. The predictive control problem

In this paper, we consider a constrained finite-horizon optimal 
control problem for (2). Given the current time instant k ∈ Z, 
time horizon Nc ∈ N, the state and input constraints X ⊆ Rnx

and U ⊆ Rnu , respectively, the goal is to find the sequence 
of admissible control inputs U k = {u0|k, . . . , ui|k} that satisfy 
xi|k ∈ X  and ui|k ∈ U for all i ∈ INc

0 = {i ∈ Z | 0 ≤ i ≤ Nc}, that 
is, solving the following receding horizon optimization problem 
to minimize the cost function J: 

min
Uk

J(x(k),U k) = lf(xNc|k) +

Nc−1∑
i=0

l(xi|k, ui|k)

s.t. x0|k = x(k), u0|k = u(k),
xi+1|k = Axi|k + Bui|k + g(xi|k, ui|k),
xi|k ∈ X , ui|k ∈ U,

(3)

where l(·) : Rnx × Rnu → R and lf(·) : Rnx → R are the stage and 
terminal cost functions, defined in a quadratic form with weight 
matrices Q , Q f and R, i.e., l(x, u) = x⊤Qx + u⊤Ru. Furthermore, 
we consider polytopic constraints for the state and control input: 

X = {x(k) | Cxx(k) ≤ cx}, (4a)

U = {u(k) | Cuu(k) ≤ cu}, (4b)

where Cx ∈ Rnc×nx , cx ∈ Rnc , and nc is the number of half-space 
constraints. The predictive control problem (3) can only be solved 
if g is known or if an approximate description of it is efficiently 
learnt from data. 
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2.3. Learning with Gaussian processes

To guarantee the aforementioned state and control input con-
straints, a model ∆(x(k), u(k)) of g should be identified reliably. 
We consider ∆(x(k), u(k)) as a GP where the state-input pairs 
z(k) ≜ vec(x(k), u(k)) ∈ Rnx+nu  and y(k) ≜ x(k+1)−Ax(k)−Bu(k)
are denoted as training inputs and outputs, respectively. In terms 
of definition, a vectorial Gaussian Process GP : Rnz → Rnx

assigns to every point z ∈ Rnz  a random variable GP(z) taking 
values in Rnx  such that, for any finite set {z(τ )}Nτ=1 ⊂ Rnz , 
the joint probability distribution of GP (z(1)) , . . . , GP (z(N)) is 
multidimensional Gaussian. This constitutes a distribution over 
functions. A GP is fully determined by its mean function µ(z) and 
covariance function κ(z, z ′) ≜ cov(∆(z),∆(z ′)): 
∆(z) ∼ GP(µ(z), κ(z, z ′)), (5)

which describes our prior belief over the uncertain dynamics. 
GP regression is often implemented for each element of the GP-
output variable separately, i.e., in terms of scalar-valued ∆i ∼

GP(µi, κi) with i ∈ Inx1 , constituting to ∆ = vec(∆1, . . . ,∆nx ). In 
this paper, it is assumed that there is no prior knowledge about 
∆. Hence, we use the squared exponential function with automatic 
relevance determination (SEARD) κi

(
z, z ′

)
= σ 2

f,i exp
(
−

1
2 (z − z ′)⊤

Λ−1
i (z − z ′)

)
 as a prior due to its universal approximation capa-

bility, where σ 2
f,i ∈ R≥0 and Λi = diag(l2i,1, . . . , l

2
i,nz ) are signal 

variance and length-scale hyperparameters, respectively.
Consider the training set DN = {(y(k), z(k))}Nk=1 with N noisy 

output samples y(k) = ∆(z(k))+v(k). Let Z = vec(z(1), . . . , z(N))
and Y i = vec(y i(1), . . . , y i(N)) for i ∈ Inx1 . Then, we have P(∆i) =

N (∆i|0,KN,i) and P(Y i|∆i) = N (Y i|∆i, σ
2
ϵ,iIN ), respectively, 

where KN,i ∈ RN×N  denotes the Gram matrix with elements 
[KN,i]n,m = κi(z(n), z(m)), n,m ∈ IN1  and ∆i = vec(∆i(z(1)), . . . ,
∆i(z(N))) for i ∈ Inx1 . One can obtain the predictive distri-
bution of ∆(z∗) at a new test point z∗ as P(∆∗

|DN , z∗) =

N (µ∆(z∗),Σ∆(z∗)) where µ∆(z∗) = vec(µ∆,1(z∗), . . ., µ∆,nx (z∗)), 
Σ∆(z∗)= diag(σ 2

∆,1(z
∗), . . . , σ 2

∆,nx (z
∗)) with the predictive mean 

and variance for each dimension: 
µ∆,i(z∗) = K ∗N,i(KN,i + σ 2

ϵ,iIN )
−1Y i, (6a)

σ 2
∆,i(z

∗) = k∗∗,i−K ∗N,i(KN,i+σ
2
ϵ,iIN )

−1KN∗,i, (6b)

where [KN∗,i]j = κi(z(j), z∗), K ∗N,i = K⊤

N∗,i and k∗∗,i = κi(z∗, z∗). 
Furthermore, given the marginal likelihood P(Y i) = N (0,KN,i +

σ 2
ϵ,iIN ) and the hyperparameter set θi = vec(σ 2

ϵ,i, σ
2
f,i, λi,1, . . . ,

λi,nz ), the probabilistic GP model (5) can be trained by maxi-
mizing the likelihood of each predictive output separately, i.e., 
log P(Y i) = −

N
2 log 2π−log |KN,i+σ

2
ϵ,iIN |−

1
2Y

⊤

i (KN,i+σ
2
ϵ,iIN )

−1Y i
where | · | denotes the determinant of a matrix. The optimal 
θ̂i = argmaxθi log P(Y i) can then be obtained by means of 
conjugate gradient-based algorithm (Rasmussen, 2003), which 
has a computational load of O(N3) per iteration.

3. Recursive online sparse Gaussian regression with dual struc-
ture

3.1. Sparse variational Gaussian process

In this subsection, we present key definitions and equations 
essential for the subsequent derivations. Under the diagonal 
prior covariance assumption of κ, each ∆i can be independently 
formulated and trained. For simplicity, we drop the output di-
mension indexing as the derived results apply channel-wise as 
in Section 2.3. The computational load per test case for the 
full GP in (6a) and (6b) is O(N) for the mean and O(N2) for 
the variance. Next, we focus on generalizing for online learning 
sparse variational GP regression (SVGP), first introduced in Titsias 
3

(2009) and later extended to mini-batch training (Hensman, 
Fusi, & Lawrence, 2013) and non-Gaussian likelihoods (Hensman, 
Matthews, & Ghahramani, 2015).

The goal of sparse GP is to find a set of pseudo inputs Zu =

vec(zu,1, . . . , zu,M ) associated with pseudo outputs
∆u = vec(∆u,1, . . . ,∆u,M ) of size M ≪ N , such that the true 
posterior distribution P(∆|DN ) is approximated by a Gaussian 
distribution q(∆,∆u) = P(∆|∆u)q(∆u) by means of variational 
inference, where a tractable variational distribution q (∆u) =

N (∆u|mu, Su) is used. This corresponds to the maximization of 
the evidence lower bound (ELBO) of log P(Y ):

L(q) ≜
∫

q (∆,∆u) log
P (Y ,∆,∆u)

q (∆,∆u)
d∆d∆u

= F (q) − KL(q (∆u) ∥ P (∆u)), (7)

 where F (q) =
∫
q (∆u) P (∆|∆u) log P(Y |∆)d∆d∆u, and KL(· ∥

·) represents the Kullback–Leibler divergence which quantifies the 
similarity between two distributions. Then, the optimal varia-
tional distribution q∗ (∆u) in terms of the maximum of (7) with 
mu and Su can be derived analytically: 
mu = σ−2

ϵ SuK−1
M KMNY , (8a)

Su = KM
(
KM + σ−2

ϵ KMNKNM
)−1 KM , (8b)

where [KMN ]i,j = κ(zu,i, z(j)) denotes the covariance matrix 
between pseudo inputs Zu and training inputs Z , KMN = K⊤

MN , 
and KM is the covariance matrix of the pseudo inputs. Merg-
ing the optimal distribution q∗ (∆u) into L(q), we get L(q) =

logN (Y |0,Q N + σ 2
ϵ IN ) −

1
2σ2
ϵ
tr(K̆N ) where K̆N = KN − Q N , 

Q N = KNMK−1
M KMN . The pseudo inputs Zu and hyperparameters 

θ can be optimized by maximizing the ELBO, which results in a 
computational load of O(NM2

+ M3).
With the approximated posterior q(∆,∆u), one has q(∆) =∫

P (∆|∆u) q (∆u) d∆u = N (µ∆(z), σ 2
∆(z)). At test point z∗, the 

predictive mean and variance are 
µ∆(z∗) = K ∗MK−1

M mu, (9a)

σ 2
∆(z

∗) = k∗∗−K ∗M
(
K−1

M −K−1
M SuK−1

M

)
KM∗, (9b)

 where [K ∗M ]j = κ(z∗, zu,j).
It is worth mentioning that, the hyperparameters and pseudo 

points are fixed after the ELBO maximization. However, since 
the external environment for real physical systems can be com-
plicated and time-varying, the offline pre-trained GP model is 
required to be successively improved to ensure continuous bet-
terment/adaptation.

3.2. Recursive online sparse Gaussian process

Next, a novel online update strategy for sparse GP is proposed. 
Instead of updating the data-dictionary and re-computing the 
(inverse of) Gram matrix at every time moment, the proposed 
method updates the posterior mean and variance of q (∆u) re-
cursively based on the regression error at the current time step 
k.

On the basis of recursive Bayesian regression and given a new 
online measurement output y(k) = ∆(z(k)) + v(k), the posterior 
mean and variance (8) at the kth step qk(∆u) = N (∆u|mk

u, S
k
u)

can be rewritten in terms of the posterior q1:k−1(∆u) =

N (∆u|mk−1
u , Sk−1

u ) with 
mk

u = Sk
u(S

k−1
u mk

u + σ−2
ϵ Φ⊤

k y(k)), (10a)

Sk
u = (Sk−1

u + σ−2
ϵ Φ⊤

k Φk)−1, (10b)
and kernel Φk = K zMK−1

M |z=z(k) with [Φ(z(k))]j = φ(z(k), zu(j)). 
Then, (9a) can be seen as a linear combination of M kernel 
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. ,
functions, each one corresponding to a pseudo input: 

µ∆(z) =

M∑
j=1

mu,jφ(z, zu,j) = Φ(z)mu. (11)

Note that (11) can be interpreted as a weight-space representa-
tion of (9a). Thus, recursive least squares can be efficiently used 
to update (9a) and (9b) online under an incoming data stream 
of measurement points. Given a new data point {z(k), y(k)}, the 
posterior mean and variance can be updated by: ⎧⎪⎨⎪⎩

mk
u = mk−1

u + Lkrk, rk = y(k) − Φkmk−1
u ,

Lk = Sk−1
u Φ⊤

k G
−1
k ,Gk = λ+ ΦkSk−1

u Φ⊤

k ,

Sk
u = λ−1 (

Sk−1
u − LkGkL⊤

k

)
,

(12)

where 0 < λ ≤ 1 is the forgetting factor. The recursion starts 
from m0

u and S0
u, serving as the prior of the GP. This recursive 

online sparse GP, which is one of the main contributions of this 
paper, can be integrated into the predictor of an MPC scheme to 
handle varying disturbances and sudden changes in the dynamics.

Remark 1.  The online update starts from m0
u, which can be 

provided by an offline trained GP. The initial posterior variance 
S0
u is a user-defined parameter matrix and can be selected as 

S0
u = β−1IM with 0 < β ≤ 1.

Remark 2.  Compared with the existing online GP methods, such 
as the SOGP in Chowdhary et al. (2014), Csató and Opper (2002), 
Ignatyev et al. (2023), incremental online sparse GP in Kabzan 
et al. (2019), Nguyen-Tuong and Peters (2011), and evolving GP 
in Kocijan (2016), Maiworm et al. (2021), Petelin and Kocijan 
(2011), the proposed recursive online sparse GP performs direct 
updating the GP posterior distribution q(∆u). There is no need 
to re-optimize the hyperparameters nor update the ‘‘dictionary’’ 
when new data measurement arrives, which would need the 
re-computation of the Gram matrix at each time step, leading 
to heavy computational load. Both the posterior mean mu and 
variance Su are updated simultaneously, which benefits the un-
certainty propagation within the prediction horizon in an MPC 
strategy.

Remark 3.  In system identification, persistency of excitation (PE) 
of the data is typically required to ensure distinguishability of 
the predictor w.r.t. each value of the parameter given the con-
sidered data set (Gevers, Bazanella, Bombois, & Mišković, 2009). 
In GP-based model augmentation, regularization introduced by 
the nonzero variance σϵ,i in (6a) always ensures such distin-
guishability and hence uniqueness of the parameter estimate, but 
‘‘goodness’’ of the data is required in a different form for this type 
of non-parametric estimator. We need data points that densely 
cover the X ⊆ Rnx  state and U ⊆ Rnu  input sets over which we 
would like to estimate the unknown function g .

3.3. Dual Gaussian process structure

Due to the aforespecified adaptation structure of the recursive 
online sparse GP, the learnt dynamics obtained during the of-
fline training phase will be gradually forgotten during the online 
learning phase. Specifically, if the measured information during 
the online control phase does not represent the previously learnt 
dynamics, they will fade via the forgetting factor λ according 
to (12). For example, model knowledge for large state values will 
fade in case the state reaches an equilibrium at zero and remains 
there for a while. Inspired by the biological concept of ‘‘long/short 
term memory’’, we present a novel structure named dual Gaus-
sian process (DGP) (see Fig.  1), which allows to store collected 
experience and it is able to prevent knowledge forgetting.
4

Fig. 1. An illustration of the dual Gaussian process structure.

The DGP structure consists of two GPs: the long-term GP, 
which learns time-independent uncertainties and disturbances, 
and the short-term GP, which adapts online to time-varying dis-
turbances and sudden changes in system dynamics. The hyper-
parameters and the pseudo points of the long-term GP remain 
fixed during the online learning phase and are batch-updated 
after each mission. This makes the long-term GP able to keep 
the accumulated experience preserved in terms of long-term 
memory, but still evolve from mission to mission. The short-term 
GP learns around the predicted mean of the long-term GP with its 
posterior recursively updated online. Hence, each element of the 
unknown dynamics ∆(z) can be rewritten as the sum of two GPs: 
∆(z) = ∆l(z) +∆s(z), (13a)

∆l(z) ∼ GP(µl(z), κ(z, z ′)), (13b)

∆s(z) ∼ GP(0, ν(z, z ′)), (13c)

where subscript l and s represent ‘‘long-term’’ and ‘‘short-term’’, 
respectively. ν(z, z ′) denotes the covariance function for the 
short-term GP. For simplicity, the prior mean function is set as 
zero in the following derivations. Furthermore, the mean function 
µl(z) for the long-term GP is obtained from the offline phase.

Assumption 1.  The long-term GP ∆l and the short-term GP ∆s
are independent from each other.

Note that Assumption  1 is mild because the sum of two func-
tions, which are drawn from two arbitrary Gaussian processes, is 
also a Gaussian process. Furthermore, the short-term GP is set to 
learn around the mean value of the long-term GP, and the long-
term GP is kept fixed during the online update of the short-term 
GP.

Then, considering the training set DN , the prior distribution for 
∆l and ∆s are given by: 
P(∆l) = N (∆l | µl,KN ), (14a)

P(∆s) = N (∆s | 0,V N ), (14b)
with ∆l = vec(∆l(z(1)), . . . ,∆l(z(N))) and ∆s = vec(∆s(z(1)), . .
∆s(z(N))), respectively. Moreover, the model likelihood is de-
noted as P(Y |∆l,∆s) = N (Y |∆l + ∆s, σ

2
ϵ IN ) where V N  is the 

Gram matrix with [V ]i,j = ν(z(i), z(j)) for the short-term GP. To 
deal with large data sets, we introduce two sets of pseudo points 
for the DGP, i.e., ul,i = ∆l(zu,l,i) and us,i = ∆s(zu,s,i) where z (·),i
denote the M number of pseudo inputs for the long/short-term 
GP, respectively. The graphical model for DGP is shown in Fig.  2.

Subsequently, one can obtain the following conditional distri-
butions: 
P(∆l|ul) = N (∆l|KNMK−1

M ul, K̆N ), (15a)

P(∆s|us) = N (∆s|V NMV−1
M us, V̆ N ), (15b)

where V̆ N = V N − ON , ON = V NMV−1
M VMN . The marginal likeli-

hood of the DGP is log P(Y ) = log
∫
P(Y |∆ ,∆ )P(∆ |u )P(∆ |u )
l s l l s s
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l)
Fig. 2. Graphical model of the DGP.

P(ul)P(us)d∆l d∆sduldus. Next, two variational distributions
q(ul) = N (ul|mu,l, Su,l) and q(us) = N (us|mu,s, Su,s) are intro-
duced to approximate the true posterior: P(∆l,∆s, ul, us|Y ) ≈

P(∆l|ul)P(∆s|us)q(ul)q(us). Then, the marginalized distributions 
of ∆l and ∆s are 

q(∆l) =

∫
P(∆l|ul)q(ul)dul, (16a)

q(∆s) =

∫
P(∆s|us)q(us)dus, (16b)

which can be simply computed as 

q(∆l) = N (

ml  
KNMK−1

M mu,l,

S l  
KN + Q̂ N ), (17a)

q(∆s) = N (V NMV−1
M mu,s  

ms

,V N + ÔN  
Ss

), (17b)

where Q̂ N = KNMK−1
M (Su,l − KM )K−1

M KMN , and ÔN = V NMV−1
M

(Su,s −VM )V−1
M VMN . It is worth mentioning that the posterior for 

long-term GP q(ul) is obtained after the offline training phase and 
it is fixed during the inference. Furthermore, the posterior q(us)
for the short-term GP is updated with (14). We can obtain a lower 
bound of log P(Y ) for the DGP as follows:

L(q) ≜

∫
q (∆l,∆s, ul, us) log

P (Y ,∆l,∆s, ul, us)

q (∆l,∆s, ul, us)

d∆ld∆sduldus

=

∫
q(ul)

∫
P(∆s|us)q(us)

∫
P(∆l|ul)

log P(Y |∆l,∆s)d∆ld∆sdusdul

−KL(q (ul) ∥ P (ul)) − KL(q (us) ∥ P (us)). (18)

Since the posterior of the long-term GP is fixed during the online 
learning phase, we can equate the variational parameters of q(ul)
to (8): mu,l = mu and Su,l = Su. Next, we will compute the 
analytic form of (18) to get the optimal variational parameters 
for q(us). The inner integral for the first term of (18) can be 
solved as 

∫
P(∆l|ul) log P(Y |∆l,∆s)d∆l = logN (Y |KNMK−1

M ul+

∆s, σ
2
ϵ IN )−

1
2σ2
ϵ
tr(K̆N ). Merging the inner integral into the sec-

ond integral leads to 
∫
P(∆s|us)q(us)

∫
P(∆l|ul) log P(Y |∆l,∆s)

d∆ld∆s dus = logN (Y |KNMK−1
M ul + ms, σ

2
ϵ IN ) −

1
2σ2
ϵ
tr(K̆N ) −

1
2σ2
ϵ
tr(Ss). Substituting this back to (18) and using Jensen’s in-

equality, one obtains L(q) ≤ log
∫
N (Y |KNM K−1

M ul+ms, σ
2
ϵ IN )P (u

dul −KL(q (us) ∥ P (us))− 1
2σ2
ϵ
tr(K̆N )− 1

2σ2
ϵ
tr(Ss). Using Gaussian 

identities, the integral can be further simplified as: ∫
N (Y |KNMK−1

M ul + ms, σ
2
ϵ IN )P (ul) dul

2
(19)
=N (Y |ms,Q N + σϵ IN ).
5

Furthermore, the KL-divergence between two Gaussians is 
analytical, that is:

KL(q (us) ∥ P (us)) =
1
2
log |VM | +

1
2
m⊤

u,sV
−1
M mu,s

+
1
2
tr(Su,sV−1

M ) −
1
2
M −

1
2
log |Su,s|. (20)

 Consequently, one gets the analytical form of L(q):

L(q) = logN (Y |ms,Q N + σ 2
ϵ IN ) −

1
2σ 2

ϵ

tr(K̆N )

−
1

2σ 2
ϵ

tr(Ss) −
1
2
log |VM | −

1
2
m⊤

u,sV
−1
M mu,s

−
1
2
tr(Su,sV−1

M ) +
1
2
M +

1
2
log |Su,s| + C, (21)

where C is a term independent of q(us). By taking the derivatives 
of L(q) w.r.t. the variational parameters of q(us) and setting them 
to zero, the optimal q∗(us) can be derived with the following 
mean and variance: 
mu,s =VM (VM+VMN Q̃

−1
N V NM )−1VMN Q̃

−1
N Y , (22a)

Su,s = VM
(
VM + σ−2

ϵ VMNV NM
)−1 VM , (22b)

where Q̃ N = Q N + σ 2
ϵ IN . Combining (16) with the learnt vari-

ational parameters, one can derive the predictive distribution of 
both of the GPs: 

q(∆∗

l ) =

∫
P(∆∗

l |ul)q∗(ul)du∗

l ≜ N (µ∗

l , σ
2∗
l ), (23a)

q(∆∗

s ) =

∫
P(∆∗

s |us)q∗(us)du∗

s ≜ N (µ∗

s , σ
2∗
s ), (23b)

with µ∗

l = K ∗MK−1
M mu,l, µ∗

s = V ∗MV−1
M mu,s, σ 2∗

l = k∗∗ −

K ∗MK−1
M KM∗+K ∗MK−1

M Su,lK−1
M KM∗, and σ 2∗

s = v∗∗−V ∗MV−1
M VM∗+

V ∗MV−1
M Su,sV−1

M VM∗.
Finally, the predictive distribution of the latent function ∆ at a 

new test point z∗ is given by q(∆∗) =
∫
P(∆∗

|∆∗

l ,∆
∗
s )q(∆

∗

l )q(∆
∗
s )

d∆∗

l d∆
∗
s  which leads to the following predictive mean and vari-

ance of the DGP:
µ∆(z∗) = K ∗MK−1

M mu,l + V ∗MV−1
M mu,s, (24)

σ 2
∆(z

∗) = k∗∗ + v∗∗ − K ∗MK−1
M KM∗ − V ∗MV−1

M VM∗

+ K ∗MK−1
M Su,lK−1

M KM∗ + V ∗MV−1
M Su,sV−1

M VM∗.

Note that obtaining these analytic formulas is one of the main 
contributions of the paper, as the predictive distribution q(∆∗)
of the latent function ∆ can be used for multi-step prediction 
over a given horizon as it is done in the MPC scheme in the 
next section. Furthermore, to update the predictive mean and 
variance of the short-term GP, one can first recursively update 
the posterior distribution q(us) with (14) using online data points, 
then marginalize it on us as in (16), leading to q(∆∗).

4. DGP-MPC scheme

In this section, we reformulate the MPC problem (3) using 
the proposed DGP structure based model of g, i.e., the predictive 
distribution. While such an MPC formulation being standard in 
the GP literature, one of our main contributions is to enable the 
standard MPC to have bio-inspired advantages of online learning 
and remembering by integrating the DGP structure into it.

The stochastic property of the DGP directly leads to the ran-
dom variable xi|k through the prediction model, making the GP 
input z stochastic during the state propagation. Under the as-
sumption that z i|k = vec(xi|k, ui|k) ∼ N

(
µz

i ,Σ
z
i

)
 with µz

i =

vec(µx, u ) and Σ z
= diag

[
Σ x, 0

]
, the contribution of the GP 
i i|k i i
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model to the state-propagation is P(∆i|k|µ
z
i ,Σ

z
i ) =

∫
P(∆i|k|z i|k)

P(z i|k|µz
i ,Σ

z
i )dz i|k. One can observe that the posterior P(∆i|k|µ

z
i ,

Σ z
i ) is non-Gaussian and intractable for analytic computation.
In this paper, we further extend the exact moment match-

ing approach (Deisenroth, 2010) to the proposed DGP structure 
to fit a Gaussian distribution optimally to the first and sec-
ond moments of the posterior distribution: P(∆i|k|µ

z
i ,Σ

z
i ) ≈

N (µi
∆,Σ

i
∆). See Appendix for details on the derivation of this 

Gaussian approximation.
Then the prediction model in (3) can be rewritten as xi+1|k ∼

N (µi+1
x ,Σ i+1

x ) with mean and variance: 

µi+1
x = Aµi

x + Bui|k + µi
∆, (25a)

Σ i+1
x = AΣ i

xA
⊤

+ Σ i
∆ + Σ ε, (25b)

 where Σ ϵ = diag(σ 2
ϵ,1, . . . , σ

2
ϵ,nx ).

The stochastic state prediction also results in a probabilistic 
cost function J . Generally, one chooses the expected value to 
represent the stochastic cost, that is: E[J(x(k),U k)]. Based on the 
prediction model (25), the mean of the stochastic cost function 
can be expressed in a deterministic form:

E[J(x(k),U k)] =

Nc−1∑
i=0

[
l(µi

x, ui|k) + tr(QΣ i
x)

]
+ lf(µNc

x ) + tr(Q fΣ
Nc
x ). (26)

Next, we discuss the satisfaction of the constraints on the state 
and the control input. As xi|k is a random variable with mean µi

x
and variance Σ i

x, we intend to satisfy the polytopic constraints 
in a probabilistic sense in terms of chance constraints as in 
Hewing et al. (2019), Köhler and Zeilinger (2022): P(xi|k ∈ X ) ≜
P(Cxµ

i
x ≤ cx) ≥ γ , where γ  is a chosen probability level of 

the credibility sets. We utilize the quantile function ϖ(γ ) to 
convert the above given chance constraints into deterministic 
ones. By denoting ej = C x,jxi − cx,j with j ∈ Inc1 , we have 
ej ∼ N (C x,jµ

i
x − cx,j, C x,jΣ

i
xC

⊤

x,j) Thus, the chance constraint is 
equivalent to ϖ(γ ) ≤ 0 and finally leads to: 

C x,jµ
i
x ≤ cx,j − ϖ(γ )

√
C x,jΣ

i
xC

⊤

x,j, j ∈ Inc1 . (27)

Based on these, the DGP-MPC problem is transformed into a 
deterministic formulation: 
min
Uk

(26)

s.t. (4b), (25), (27), (A.2), (A.3)
x0|k = x(k), u0|k = u(k),

(28)

which can be solved by nonlinear optimization algorithms such 
as CasADi or acados.

5. Illustrative examples

In this section, simulation results for trajectory tracking with 
a quadcopter are presented to demonstrate the effectiveness of 
our proposed strategy.

5.1. Quadrotor dynamics

Define p ∈ R3 and v ∈ R3 as the position and velocity of 
the center of mass. By denoting the attitude in Euler angles as 
ζ = [ φ θ ψ ]

⊤, the motion equations for the quadrotor are 
given as: ṗ = v,mv̇ = mge3 − TRe3 + F∆, ζ̇ = Θω, J ω̇ =

−ω×Jω+τ +τ∆, where F∆ and τ∆ represent unknown force and 
torque affecting the quadrotor due to time-varying uncertainties 
and unmodeled dynamics, such as external wind, complex inter-
actions of rotor airflows affected by the ground and walls, friction 
6

and flapping dynamics of the rotor blades (Kai, Allibert, Hua, & 
Hamel, 2017).

By denoting x = vec(p, v, ζ,ω) ∈ (R12)R and u = vec(T , τ) ∈

(R4)R, the continuous-time model is discretized with sampling 
time Ts = 0.05 s and separated to a linear part represent-
ing the linearized dynamics around hovering and the remaining 
nonlinearities resulting in the representation form (2).

The challenges posed by this application are:
(1) The ideal dynamics described by the first principles cannot 

capture all the unknown internal nonlinearities, external aerody-
namic effects and varying winds. These effects can be captured 
by the recursive online sparse GP method in Section 3.2.

(2) The quadrotor needs to memorize and exploit historical 
data when the system experiences a similar environment while 
performing a repetitive task. This can be handled by the DGP 
structure in Section 3.3.

(3) During operation, state and input constraints should be 
satisfied. Here the state constraints refer to a limited safe space 
where the quadrotor can fly and the input constraints correspond 
to the maximal thrust force and torque that the quadrotor can 
provide. This is addressed by the DGP-MPC strategy in Section 4.

5.2. Data collection

Based on our considerations and according to the disturbance 
model in Kai et al. (2017), the GP inputs are designed as z =

vec(ζ, v, T ) ∈ (R7)R. To generate the training data, we use a 
linear MPC based on the baseline model to enable the quadrotor 
approximately follow a reference trajectory and explore the space 
for 50 s, which is designed as xr(t) = 1.5 sin(t) + 1.5 sin(0.33t), 
yr(t) = sin(1.1t + π/2) + sin(0.11t), and zr(t) = sin(0.33t +

π/2) + sin(0.76t) + 3 with t = kTs. The data is generated using 
the continuous-time model actuated in a zero-order hold (ZOH) 
fashion, and collected at 20 Hz, resulting in a training data set 
with size N = 1000. We employ a constant wind with speed 
(1 3 − 2)⊤ m/s in frame I which occurs as a heading-dependent 
uncertainty in the dynamics during the offline phase. After the 
data collection, the long-term GP is trained with pseudo points 
with size M = 20, resulting in the posterior q(ul). Furthermore, 
the posterior of short-term GP is initialized as mu,s = 0, Su,s =

102I .

5.3. Simulation analysis

The quadrotor is forced to track a helix trajectory in 3D space, 
which is described by: xd(t) = 2 sin(t), yd(t) = 2 cos(t), and 
zd(t) = 2t/Ttot + 2 with a total operation time Ttot = 20 s. 
Furthermore, to validate the effectiveness of the proposed strat-
egy, the constant wind turns into a time-varying wind at t =

10 s. The discrete-time nonlinear dynamics of the quadrotor are 
decomposed into two LTI systems, i.e., the outer-loop transla-
tional subsystem and the inner-loop rotational subsystem. To 
simplify controller design and speed up simulation, we adopt a 
PD controller for the rotational subsystem and use the proposed 
DGP-MPC scheme for the translational subsystem. Despite the 
linearizing effect of feedback control in the rotational subsystem 
driven by PD controller, the nonlinearities and additional dynam-
ics significantly affect the translational system, which highlights 
the necessity of a GP compensation. For the MPC scheme, the 
prediction horizon is chosen as Nc = 5, and the weight matrices 
in the cost function are set to Q = 20I6 and R = I3. It 
should be noted that the prediction horizon Nc is selected by 
considering closed-loop stability and performance of the MPC 
strategy, computational load, time constant of the system, and the 
sampling time in terms of the overall operation of the integrated 
design.
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Fig. 3. Simulated flight trajectory with the proposed DGP-MPC adaptive control 
method.

Fig. 4. The true uncertain dynamics (given by orange) in terms of x, y, z
components, together with the mean of the learnt DGP structure (given by blue) 
evaluated at the true state values at time t for the 2nd iteration..

Table 1
Quantitative evaluation of the performance of the controllers in terms of their 
achieved tracking error and average cost..
 Controller MSE (×10−3) Avg. cost Avg. time (s) 
 X Y Z  
 Baseline 2.89 7.29 3.28 14.51 0.078  
 LGP-MPC 1.06 1.70 1.12 7.98 0.474  
 OGP-MPC 0.32 0.54 1.09 7.13 0.531  
 DGP-MPC 1st iter. 0.36 0.38 0.93 6.68 0.892  
 2nd iter. 0.08 0.05 0.52 4.28 1.006  

The 3D trajectory of the quadrotor controlled by the proposed 
DGP-MPC for the 2nd iteration is depicted in Fig.  3. It can be seen 
that trajectory tracking is achieved and the tracking performance 
is adequate during the constant wind from 0 s to 10 s, which 
suddenly turns into the time-varying wind at 10 s. The learned 
unknown function ∆ is depicted in Fig.  4. It is clear that after 
the 2nd iteration, i.e., with two-task experience, the predictive 
mean of the DGP structure evaluated at the true state values 
at time t can track the true function in real-time with a fast 
convergence because the memory of the trained function is kept 
in the long-term GP.

To show the advantage of the proposed DGP-MPC strategy, the 
following methods are compared with the DGP solution: (1) Base-
line MPC: MPC strategy using the baseline linear model without 
any GP augmentation; (2) LGP-MPC: MPC strategy with offline 
trained GP; (3) OGP-MPC: MPC strategy with offline trained GP 
which is recursively updated online with (12). Figure  5 shows 
7

the quadrotor trajectories by these MPC schemes projected to 
the X-Y plane, where the color of the trajectory indicates the 
current time. One can easily notice that in Fig.  5(a) and (b), both 
the baseline MPC and LGP-MPC have poor dynamic responses 
during the whole online phase due to their inaccurate prediction 
model; in Fig.  5(c), owing to the recursive online capability of our 
algorithm, the OGP-MPC shows significantly better performance 
than the baseline and the LGP-MPC, which does not deteriorate 
even under time-varying wind conditions. Compared with Fig. 
5(c), the results of the DGP-MPC given in Fig.  5(d) show the best 
control performance during the entire task. The reason is that the 
proposed DGP structure enables real-time accurate compensation 
of both the system uncertainties and time-varying disturbances. 
Furthermore, the DGP-MPC preserves the historical data of the 
repetitive task, which leads to a more precise estimation of the 
unknown dynamics especially in the first half of the task.

The long-term memory and active learning capability of the 
proposed DGP could also be observed in Fig.  6, which depicts the 
absolute value of GP estimation error |µ∆,i −∆i| of the LGP, OGP, 
and DGP in a repetitive task. One can easily deduce that the DGP 
is capable of estimating the unknown function ∆ more accurately 
within the first 10 s while the LGP results in a dramatic estimation 
error after ∆ begins to vary with time. On the other hand, the 
OGP needs to re-learn ∆ at the beginning since it inevitably 
forgets the previously learnt parts of the function during the 
recursive update process. Then, after 10 s, when fast adaptation 
is required to handle the time-varying effects both OGP and DGP 
perform equally well. In this case, OGP shows slightly better 
performance as DGP is more cautious in the adaptation by trying 
to exploit its long-term memory.

The quantitative evaluation of the proposed DGP-MPC ap-
proach in comparison with the baseline controllers is provided 
in Table  1, which illustrates the average performance in 20 sim-
ulation cases (executed on a Macbook Pro with OS Monterey, 
10-core M1 Pro, 16 GB RAM). It can be observed that the achieved 
tracking error and average quadratic cost in terms of (26) of the 
proposed DGP-MPC approach in executing the same trajectory 
has significantly improved through multiple experiences. After 
only one rollout it shows much better performance and a smaller 
average cost compared to the other control methods, although its 
computational time is higher. Note that the overall computational 
time mainly results from the multi-step-ahead predictor associ-
ated with vectorial GPs, which is shared by all GP-MPC methods 
and can be further mitigated by proper embedded-code-based 
implementation and parallel execution.

Remark 4.  For a non-repetitive task, the proposed DGP-MPC 
and OGP-MPC have similar control performance due to their 
abilities of online updating according to (12). However, in terms 
of the implementation, the posterior qk(∆) of OGP-MPC with 
a single GP structure will continuously update with the online 
incoming data, while the initial posterior q0(∆) obtained from 
the offline training phase will gradually vanish during the online 
phase. In contrast, the DGP-MPC proposed in this paper has a 
DGP structure with long-term GP and short-term GP. As a part 
of the overall posterior distribution, the long-term GP posterior 
with offline trained historical data remains fixed and only the 
short-term GP posterior is updated with the online data to cope 
with complex time-varying conditions. Therefore, the proposed 
DGP-MPC approach has a clear advantage for repetitive tasks.

6. Conclusions

A novel GP based online learning approach for uncertain sys-
tems together with an adaptive MPC scheme have been proposed 
in this paper. Specifically, a dual Gaussian process structure has 
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Fig. 5. Flight trajectories of the quadrotors projected to the X-Y plane while being driven by the controllers. The color of the trajectory indicates the time (from 
0–20 s).
Fig. 6. Absolute value of the GP estimation error |µ∆,i −∆i| for each dimension 
i evaluated over time for the 2nd iteration.

been designed to learn the system uncertainties with both long-
term remembering and rapid online learning capabilities. Reoc-
curring dynamics are learnt and preserved by a long-term GP 
while the short-term GP performs recursive online adaption to 
compensate unlearnt or time-varying uncertainties during the 
control operation. The effectiveness of our approach have been 
demonstrated by numerical simulations and compared with mul-
tiple MPC schemes. The proposed DGP structure is not only lim-
ited to MPC, but also can be extended to any GP-based controller 
that requires both ‘‘memory’’ and ‘‘learning’’.

Appendix. Uncertainty propagation for DGP

During the state propagation procedure given in (25), the GP 
input becomes a stochastic variable P(z∗

|µ̃, Σ̃ ) = N (µ̃, Σ̃ ). This 
leads to the following predictive distribution: 

P(∆∗
|µ̃, Σ̃ ,DN )=

∫
P(∆∗

|z∗,DN )P(z∗
|µ̃, Σ̃ )dz∗. (A.1)

Next, we show the exact moment matching procedure for the 
proposed DGP. First, we rewrite the predictive mean of the DGP 
as µ∆(z∗) = K ∗Mβl + V ∗Mβs where βl = K−1

M mu,l, βs = V−1
M mu,s. 

Then, for predicting at uncertain input z∗
∼ N (µ̃, Σ̃ ), we need 

to compute the first moment mean m̄(µ̃, Σ̃ ) = Ez∗ [µ∆(z∗)]
according to the law of iterated expectations. For convenience, 
we denote the Gaussian kernel as κ

(
z, z ′

)
= cN (z|z ′,Λ) where 

c = σ 2(2π )D/2|Λ|
1/2 and D = n + n . Thus, using the product of 
f x u

8

two Gaussian identities, one has: 

m̄(µ̃, Σ̃ ) =

∫
(K ∗Mβl + V ∗Mβs)P(z

∗
|µ̃, Σ̃ )dz∗

=

M∑
j=1

βl,jLl,j +
M∑
j=1

βs,jLs,j

= β⊤

l L
(1)
l + β⊤

s L
(1)
s ,

(A.2)

where the elements of vector L(1)
l  and L(1)

s  are Ll,j = clN (µ̃|z (j)u,l,Λl

+ Σ̃ ) and Ls,j = csN (µ̃|z (j)u,s,Λs + Σ̃ ), respectively. Next, we 
compute the variance of the predictive distribution. Similarly, 
by rewriting the variance of the DGP in a concise form, one 
has σ 2

∆(z
∗) = k∗∗ + v∗∗ − K ∗MBlKM∗ − V ∗MBsVM∗, where 

Bl = K−1
M − K−1

M Su,lK−1
M  and Bs = V−1

M − V−1
M Su,sV−1

M  are 
the terms independent of test point z∗. According to the law 
of iterated conditional variances, the variance v̄(µ̃, Σ̃ ) can be 
derived as v̄(µ̃, Σ̃ ) = Ez∗ [σ 2

∆(z
∗)]+Ez∗ [µ∆(z∗)2]−E2

z∗ [µ∆(z∗)], 
where Ez∗ [σ 2

∆(z
∗)] = σ 2

fl + σ 2
fs −

∑
i∈IN1

∑
j∈IN1

Bi,j
l Li,jl − Bi,j

s Li,js , 
Ez∗ [µ∆(z∗)2] =

∑
i∈IN1

∑
j∈IN1

βl,iβl,jL
i,j
l + βs,iβs,jL

i,j
s + 2βl,iβs,jL̄i,j, 

E2
z∗ [µ∆(z∗)] = m̄(µ̃, Σ̃ )2.
Therefore we have:

Li,j(·) = c2(·)N (z iu(·)|z
j
u(·), 2Λ(·))N (µ̃|zd(·), Σ̃ +

1
2
Λ(·)),

L̄i,j = c2l c
2
s N (z iu,l|z

j
u,s,Λl + Λs)N (µ̃|ξi,j,Ξ ),

where zd(·) = (z iu(·) + z ju(·))/2, ξi,j = Λs(Λl + Λs)−1z iu,l + Λl(Λl +

Λs)−1z ju,s, Ξ = (Λ−1
l + Λ−1

s )−1
+ Σ̃ . This leads to the solution 

for the predictive variance of:

v̄(µ̃, Σ̃ ) = σ 2
fl + σ 2

fs − tr((Bl − βlβ
⊤

l )L
(2)
l )

− tr((Bs − βsβ
⊤

s )L
(2)
s ) + 2tr(βlβ

⊤

s L̄)

− m̄(µ̃, Σ̃ )2. (A.3)

Note that if the GP input is deterministic without any uncer-
tainty, i.e., Σ̃ = 0, then m̄(µ̃, 0) tends to µ∆(z∗) and v̄(µ̃, 0)
collapses to σ 2

∆(z
∗) as we expect.
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