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Abstract The authors consider the problem of reaching consensus over a communication network via
asynchronous interaction between pairs of agents. A well-known method is the linear gossip algorithm
due to Tsitsiklis (1984). Extension of this, allowing the selection of a strictly stationary sequence of
communicating pairs, was given in Picci and Taylor (2013). Extension of the linear gossip algorithm to
directed communication networks, retaining the linear dynamics, was proposed by Cai and Ishii (2012),
later extended by Silvestre, et al. (2018). A definite novelty of these algorithms is that Ls-convergence
with exponential rate can be established. The authors attend the above issues, extending the result of
Picci and Taylor (2013) motivated by features of algorithms for directed networks. The authors present
and discuss the algorithm of Silvestre, et al. (2018), together with systematic simulation results based
on 5M randomly chosen parameter settings. The core of the proposed mathematical technology is a
set of simple observations, presented with a tutorial aspect, by which the authors can conveniently
establish various results on the almost sure convergence of products of strictly stationary sequences of

matrices to a rank-1 matrix.
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1 Introduction

“A good traveler has no fixed plans and is not intent on arriving.”— Lao Tzu.
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LINEAR GOSSIP ALGORITHMS 99

Salute. We have met Peter in person in January 1989 arriving to Montreal, where T (the
second author) was offered a position of a visiting professor at the Department of Electrical
Engineering, McGill University. My co-author, my son, was 4 years old at that time. We
have left a country behind the political structures of which were about to fall apart, and found
ourselves in a cultural and professional atmosphere hardly known back home. The enthusiasm
and generosity of Peter was certainly a key factor in shaping the next three and half years
into a most memorable and productive period of my life. In spite of being a newcomer I had
the privilege to teach a course on his then freshly published book, Linear Stochastic Systems,
republished as [1]. This course has become since then my favorite point of return in my teaching
activity. John Littlewood wrote: “Mathematics is the art of vague thinking”. One of the
excellent qualities of Peter is his ability to articulate his/our position in face of vagueness. I
was also impressed by his innovative spirit encouraging his students to enter into new fields
of research, such as discrete event systems or mean-field theory. I should also remember here
Jorma Rissanen for having connected me with Peter. In addition, their joint paper [2] is partially
responsible for my never ceasing interest system identification. Peter and his wife, Anne were
also a solid background for our whole family both in needs and on festive occasions. Let me
thank to you for all these, and wish you peaceful years to come.

The subject matter of this paper is a mathematical technology relevant for the analysis of
consensus algorithms defined over a network. The objective of these algorithms is to compute
the average of values associated with each node of the network, denoted by x’ for node %, via
local, asynchronous communication between the agents. Such problems arise in a number of
applications such as sensor networks!®!, platooning!*, smart grids(® or opinion dynamics®l.

For historical perspective we note that a pioneering work on the subject is due to Tsitsiklis!”,
with the introduction of the classical gossip algorithm. In this simplest setting the communi-
cation links, modeled as the edges of a graph, are not directed, and if ¢ and j communicate,
then they update their values simultaneously and symmetrically by taking the same convex
combination of their respective current values. The dynamics of the vector of values is thus
defined in terms of a multiplication by a random, doubly stochastic matrix. For this reason
this algorithm is also referred to as a linear gossip algorithm.

In its classical form, it is also assumed that the pairs (7, j) are chosen independently with
fixed probabilities following the tick of a global clock. Convergence of variants of the gossip
algorithms have been studied in [8].

Considerable extension of the classical linear gossip algorithms has been presented by Picci
and Taylor!®!, allowing a strictly stationary, ergodic choice of communicating pairs, in particular
allowing a sequential choice of communicating nodes, rendering the algorithm truly distributed.
In their key result they prove almost sure convergence with geometric rate.

If the communication links are directed, and communicating agents ¢ and j update their
values differently then the gossip algorithm may fail to converge to the mean. However, an
alternative approach, variants of which has been introduced under the names push-sum!%,
weighted gossip!'!] or ratio consensus algorithm[!'?, does succeed in reaching consensus.

A convenient illustration of this approach is that various amounts of a liquid containing a
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chemical in various concentrations are given at the nodes. The objective is to determine the
concentration of the grand total using local mixtures between communicating pairs.

In [10] it is assumed that the communication pairs (i, j), with ¢ sending a message to j, are
chosen independently with fixed probabilities following the tick of a global clock. Almost sure
(a.s.) convergence of variants of the algorithm has been established.

Significant extension of the classical setup has been presented in [11], allowing strictly
stationary, ergodic communication protocols. They proved a.s. convergence raising the question
of identifying its rate. This open problem has been settled in [12] for a variety of settings. It
may come as a pleasing surprise that the established a.s. rate is identical with that proved in [9]
for linear gossip algorithms.

In passing we note that the methodology of [12] also allows the extended analysis of the
effect of packet losses for push-sum algorithms, initially studied in [13].

The results of the present paper complement and extend the results in [9], and closely
related, mathematically sophisticated previous results of [14] and [15].

The rate of convergence in [12] is given in terms of spectral gap A1 — A2, where A1, A2 denote
the first two Lyapunov exponents associated to products of random matrices. However, it is
known that in general computing the spectral gap can be NP-hard['6: 17, On the other hand,
extending the arguments of [18], computable upper bounds were given in [19, 20].

A valid reservation against ratio consensus algorithms is that the mean is being estimated
by ratios of two random variables, as a consequence up to now Lo-convergence has not been
established.

An ingenious method to circumvent this shortcoming was proposed by [21], defining a linear
gossip algorithm for networks with directed communication links, by introducing an auxiliary
variable for each node, interpreted as a surplus or account, the overall effect of which is that
the sum of the variables remains constant. Their values may be negative, hence we prefer to
refer to these variables as accounts for bookkeeping. A key feature of their construction is that
the matrices describing the joint dynamics of extended variables have a common fixed left and
right eigenvector, mimicking the situation of doubly stochastic matrices.

The motivation of the present paper is to discuss some of the mathematical delicacies rel-
evant to the analysis of the linear gossip algorithm proposed in [22], the convergence of which
has been established for the case of independent identically distributed (i.i.d.) sequence of
matrices, under a specific choice of parameter values a = 8 = v = 1/2, defining the algorithm.
Simulation results suggest, though, that the algorithm may not converge for arbitrary choices of
the parameters, as suggested by the authors, see Section 7. This deficiency justifies the analysis
of some of the mathematical building blocks that are relevant in the construction of the linear
gossip algorithm of [22].

An essential novel aspect of the present paper is that we consider communication protocols
defined by a strictly stationary ergodic sequence of matrices, defined below, that can be conve-

niently handled via Oseledec’s multiplicative ergodic theorem!23]

. In particular, our technical
results apply for sequential communication protocols, reflecting the case of a truly distributed

consensus algorithm. It is hoped that these results will contribute to the full-scale analysis of
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an appropriately defined extension of the linear gossip algorithm of [22].

The structure of the paper is as follows. In Section 2 we present the consensus problem
for undirected and directed networks, and state two basic convergence results for classic linear
gossip and for ratio consensus methods. Then we briefly present the algorithm proposed by [22]
with a novel interpretation. We also present a preliminary application of Theorem 5.1 for a
sequence of random matrices sharing some features with those in the algorithm of [22], see
Theorem 2.4.

In Section 3, we supply the mathematical background material necessary to formulate and
prove our results. In Section 4 we collect a set of simple results on random sequences of matrices
with a common eigenvector, with a tutorial aspect in mind.

The main technical result of our paper, establishing a.s. rank-1 limit of the product of a
strictly stationary, ergodic sequence of matrices, sharing a common left and right eigenvector
with common eigenvalue, is given in Section 5, formulated as Theorem 5.1. This result is a
significant extension of [9, Theorem 5.2], although under a slightly stronger condition, with a
proof, relying on the preliminary results of Section 4, that is fairly transparent.

A simple corollary of this result, with a setup in close kinship with that of the linear
gossip algorithm of [22], is given as Theorem 2.4. We also present a method for constructing a
random sequence of matrices satisfying the conditions of Theorem 5.1, a special case of which,
Theorem 5.5, is designed to match some of the features of the linear gossip algorithm of [22].

In Section 6 we revisit the linear gossip algorithm of [22], provide its detailed interpretation
and formal description, together with a critical assessment, in the light of [21].

Finally, in Section 7 we present the summary of systematic simulation results based on
5M randomly chosen parameter values «, 3,7, defining the algorithm of [22], resulting in a
remarkable dichotomy with respect to (w.r.t.) empirical stability. We also provide simulation
results for a sequential communication protocol, outperforming the above methods.

A retrospect view of the paper is provided in a brief discussion.

2 Technical Setup of Consensus Problems

We consider a communication network represented by a directed graph G = (V, E), with
|V| = p. To each node i a real number z° is associated, called the values. The problem is
then to compute the ratio T := Y, 2" /p at all nodes recursively, using only local asynchronous
interactions allowed by G = (V, E). This is called the average consensus problem.

2.1 The Linear Gossip Algorithm

In the classic linear gossip algorithm, proposed in [7] the graph G = (V, E) is not directed,
and at any time n the communicating nodes 4, j, with (i,5) € E, update their old values,
J

v—1, simultaneously. Letting ¢ be the sender and j the receiver, node ¢

denoted by ¢, _; and z
sends a fixed deterministic fraction of its value to node j, denoted by «;;, with 0 < ay; < 1.
The updating rule is symmetric, a;; = a;;. Then the current values at nodes i, j are updated

to the convex combinations
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L=ajz, o+ (1 — o)z, (1)
" 1 (2)

As mentioned in the Introduction, in the classical form of the linear gossip algorithm the pairs
(i,7) are chosen independently with fixed probabilities following the tick of a global clock. The
communication link active at time n will be denoted by (i, jn)-

In order to describe the overall dynamics in matrix-vector notation let x,, = (z}, -, 22

)T
denote the vector of values at time n with o = z. Construct a p x p matrix A,, obtained from
the identity matrix I, as follows: Replace the 2 x 2 minor I5 of I, corresponding to the row

and column indices i = i,, and j = j,, by the 2 x 2 matrix A defined as
A= , 3)

with 0 < a < 1, acting on (2%, 27). Obviously, A,, is a doubly stochastic matrix, having right
and left eigenvectors u = v =1=(1,1,---,1)T:

A,1=1, 174, =1". (4)
Then the dynamics of the above linear gossip algorithms is described by the equation for n > 1,
Ty = ApTp_1, To=2x. (5)

At this point we have to interrupt our discussion with a technical reminder. Let £ = (&,), n >
0 be a one-sided stochastic process defined over the probability space ({2, F, P), taking its values
in a Fuclidean space. The process £ is strictly stationary if for any fixed set of integer indices
{0 <4y < iy < -+ < iy} the joint distributions of the m-tuples (&, 47y &istry - - & tr) are
identical for all 0 < 7 € Z. A classic way of constructing £ is as follows:

En(w) = &o(T"w),

forall n > 0, w € £2, where T : 2 — {2 is a measurable, measure-preserving mapping, meaning
that for all C' € F we have P(T~1C) = P(C). Any one-sided strictly stationary process £ can be
represented in this way, in a weak sense, meaning distributional equivalence, over an appropriate
probability space (£2', F', P'). We may choose 2/ = {w' : &’ = ({o(w),&1(w), -+ ), w € 2}, the
set of semi-infinite trajectories of £, and define T” as the left shift, deleting &y (w).

For a given T, a set C' € F is essentially invariant if P(T-1C A C) = 0, with A denoting the
symmetric difference of two sets. The process £ and T itself are ergodic if for any essentially
invariant set C' € F we have either P(C) = 0 or P(C) = 1. Equivalently, a strictly stationary
process £ is ergodic if and only if for all non-negative measurable functions f : {2 — R we have

N—o00

1 N—-1
lim Z;J f(&) =E[f(&%)] as.
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Similarly, a two-sided stochastic processes £ = (£,), —00 < n < +00, defined on ({2, F, P),
is strictly stationary if for any fixed set of integer indices {i; < iz < -+ < i,} the joint

distributions of the m-tuples (&, ++,&i,47, - ;& +-) are identical for all T € Z. Setting

En(w) = &o(T"w),

for all n € Z, w € (2, where T : {2 — (2 is a one-to-one measure-preserving mapping is a
convenient way of defining £. Any two-sided strictly stationary process £ can be represented in
this way in a weak sense over an appropriate probability space (£2/, F', P’). A suitable choice
may be 2 = {w' 1w = (--+,&-1(w), &(w), &1(w),-++), w € 2}, the set of two-way-infinite
trajectories of &, with 7" defined as the left shift. £ will be called ergodic if T, and hence T,
are ergodic. In what follows, the distinction between one-sided vs. two-sided ergodic processes
will be made explicit or implied by the context.

Returning to [9], as pointed out in the Introduction, in this paper the classic assumption
that the selection of communicating pairs is i.i.d. has been significantly relaxed. To present
their result consider an underlying probability space (2, F, P). We say that the edge-process
(in,jn),n > 0 or the communication protocol is strictly stationary ergodic if the associated
matrix-valued process is strictly stationary ergodic. Next, we formulate a condition in the
terminology of [12]. A matrix is called allowable, if it has no zero row or zero column. A
strictly stationary process of non-negative allowable random matrices (4,),n > 1, is called
(forward) sequentially primitive if M, = A; - A;_1--- Ay is strictly positive for some finite
stopping time 7 with probability 1 (w.p.1). For details see (40) below.

For the formulation of the main result of [9] we will also need the notion of Lyapunov
exponents A\; = A\;(A), i =1,2,--- ,p, associated with a strictly stationary, ergodic sequence of
matrices, such as (A,), n > 1, to be discussed in Section 3. An upgraded form of the main
result of [9], Theorem 5.2, under the stronger condition of assuming two-sided ergodicity, can

now be stated as follows, with arbitrary matrix norm || - ||:

Theorem 2.1 Assume that (A,), —o0 < n < +00, defined above is a strictly stationary,

ergodic process of random, p X p matrices. Assume that (A,) is sequentially primitive. Then

11T

An'Anfl"'Al_ﬁ

1
lim —log

n—o00 N

=X(A)<0 as. (6)

The above result is a direct corollary of Theorem 5.1, Section 5. As 1T1 = p it follows
that average consensus takes place with exponential rate, bounded from above by A2(4) < 0,
improving the claim of [9, Theorem 5.2] on exponential rate with some rate A < 0.

It should be noted that the condition in [9], assuming that for all edge e € F we have
P(e) > 0, together with the assumption that the graph (G, E) is connected, implies that (4,,)
is sequentially primitive, see [9, Lemma 5.1].

Note that the construction of A, can be more formally described as follows. Let e; be the
i-th unit vector in RP, and let ¢ = i,,, 7 = j,,. Define the p x 2 selector matrices

Sy =5(4,75) = (e;,€5). (7)
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Then we can write

Ap, =1, — Sp(Iy — A)ST. (8)
The convenience of this representation will become plausible below, particularly in Section 6.

2.2 Ratio Consensus

We now shift our focus to the case when the communication network is represented by a
directed graph G = (V, E). In order to deal with this situation we introduce a set of auxiliary
variables w® > 0 called the weights.

Let 79 = 2 = (2%, 22%,--+ ,2P)T and wy = w = (w!,w?, - ,wP)T denote the vectors of
initial values and weights, respectively, at time 0, assuming w > 0, w # 0. A standard choice is
wo = (1,1,---,1)T, which is the one needed to achieve average consensus. We update both the
values and weights at time n as follows. Select a directed edge (i, j) € E randomly, representing
the communicating pair. Then the sender, node i, initiates a transactions by sending a fixed
deterministic fraction, say aj; with 0 < a;; < 1, of his/her values and weights to the receiver,
node j. A classic assumption is to require that the sequence of communicating edges is i.i.d.
and aj; = 1/2 for all communicating edges, leading to the celebrated push-sum method['%).
However, following [11] and [12], our focus of attention is in the case of strictly stationary
ergodic sequences.

In order to describe the dynamics in matrix-vector notation, let x,,_1 and w,_1 denote the
p-vector of values and weights, respectively, at time n — 1. The dynamics can then be formally
described by the equations

Ty = Anﬁnfl and w, = Anwnfla (9)

for n > 1, where A,, is a p X p random matrix obtained from the identity matrix I, as follows.
Consider the matrices describing the interaction between ¢ = i,, and j = j, with ¢ < j:
1-— Qi 0

A= : (10)
Qg4 1

Then A, is obtained by replacing the minor of I, defined by the indices 4,5 by A. Note that

A, is column-stochastic for all n. Using the selector matrices S,, = S(i, j) defined above with

1 =1n, ] = Jn, we may express A, formally as
Ap =1, — Sn(Io — A)ST. (11)

A remarkable property of the ratio consensus algorithm has been established in [12, Theo-
rem 19], recast and specialized below for the current setup as follows:

Theorem 2.2 Let (A,,), n > 1, defined as in (11), be a strictly stationary, ergodic process
of random, p X p matrices. Assume that (A,,) is (forward) sequentially primitive and for the
forward index of sequential primitivity 1., see below (40), we have Eip, < co. Then for any
vector of initial values x € RP, and any non-negative vector of initial weights w € RY. such that

w # 0 we have for all i,
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. 1 xt 1Tz
limsup — log | — — | < Ao <0 a.s.

Choosing w = 1, Theorem 2.2 implies that average consensus is achieved: For all agents i
the values !, /w!, will converge to the same non-random limit = > ©_, } /p, with at least the
given rate.

A by-product of the proof of the theorem above given in [12] we obtain that the matrix
product A, --- A; can be approximated by a rank-1 matrix with exponentially decaying error:

There exist a sequence of random vectors (uy),n > 1 such that almost surely

uplT

1
limsup —log |A, - Ap_1--- A1 —

n—oo N Un

<A <0, (12)

For a justification of the above see Corollary 3.3 in Section 3.

It may come as a pleasing surprise that the a.s. rate of convergence for ratio consensus
algorithms provided by Theorem 2.2 is identical with the a.s. rate of convergence of linear
gossip algorithms in Theorem 2.1.

Remark 2.3 The condition Ev,, < oo does not show up in Theorem 2.1. This is not
accidental: This condition is needed only for the ratio consensus algorithm, see [12, Lemma
44), easily implying that 1/w! is sub-exponential, see [19, Lemma 10], thus not deteriorating
the convergence rate.

It should be noted, that in analogy with the assumption for the linear gossip algorithm given
in [9], assuming that for all edge e € E we have P(e) > 0, together with the assumption that
the graph (G, E) is strongly connected, implies that (A,,) is sequentially primitive.

On the sideline: A stochastic process &,,n > 1 is called sub-exponential, if for any ¢ > 0
we have for all n, with finitely many exceptions, a.s. |&,| < exp(en). We will use the notation
& = exp(o(1)n). Equivalently, &,,n > 1 is called sub-exponential if limsup,,_, . + log|¢,| < 0.

In the case when (A,),n > 1 form an i.i.d. sequence, a computable upper bound for the
rate A has been given in [19]: Setting By := Ay (I — 117/171) we have

1
Yo < 5 log p (E[BISB)

with p(-) denoting the spectral radius. Extensive simulations indicate that the above upper
bound is surprisingly tight.

2.3 Linear Gossip Algorithm for Directed Networks

As briefly mentioned in the Introduction, [22] presented a completely different approach to
solving the average consensus problem for directed networks G = (V, E). The communication
protocol is assumed to be i.i.d. using edges of a strongly connected graph with positive proba-
bilities. The idea is that along with the values z° we introduce auxiliary variables y* for each
node serving as an account for bookkeeping, initialized as y§ = 0 for all .

To describe the overall dynamics on the network in a compact, preliminary form let z,_;
and y,_1 denote the p-vectors of values and accounts, respectively, at time n — 1, and let
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Zn—1 — s (13)

with y,_1 = 0. The authors of [22] then constructed an i.i.d. sequence of 2p x 2p matrices (F},),
defined in terms of three parameters «,f3,~, characterizing the strength of communication
between an active pair of sender and receiver, and their accounts. Specific details will be given
in Section 6. The construction is deliberately such that the matrices F;, have a common fixed
right and left eigenvector u and v with eigenvalue 1, in analogy with the linear gossip algorithm,
see (4), namely for all n

Fou=u and oTvF, =vT. (14)

However, in the setting of [22] we have

1 1
u= and v = , (15)
0 1

with 1 =1, and 0 = 0,. Note that the condition F,u = wu virtually implies that F}, has at
least one negative element, excluding the possibility of applying the arsenal of the theory of
non-negative matrices, such as [24].

The dynamics of the system can be compactly written as

Zn = Fnznfla (16)

with zp containing initial data at the nodes of the network, with yo = 0. It is claimed in [22,
Theorem 2] that with the specific choice of « = 8 = v = 1/2 exponentially fast a.s. convergence
of z, to average consensus takes place:

1
limsup — log |Fy, - Fru_1 -+ F1 20 — Tu| < 0. (17)

n—oo T

The above result is actually stated as a simple corollary of exponentially fast Ls-convergence,
the latter being the main point of attraction of [22, Theorem 2]. Notably, La-convergence for
ratio consensus is still an open problem.

The proof is intricate and problem-specific, raising issues of validation and simplification.
The reader may be puzzled by the claim, briefly mentioned in [22], that the above convergence
results may hold true for any choice of 0 < a, 5,7 < 1. Systematic simulations indicate that
this claim or conjecture might not be true in general, although it may be true for a fairly large
set of parameters, see Section 7.

It may be of interest to provide a transparent analysis of the linear gossip algorithm proposed
in [22] even for the i.i.d. case. A more ambitious project may be to extend such an analysis to
strictly stationary ergodic processes (Fy,).

A partial progress in this direction, resembling Theorem 2.1, can be formulated as follows:

Theorem 2.4 Assume that F = (F,), —0o < n < 400 is a strictly stationary, ergodic
process of random, 2p x 2p matrices, satisfying (14) with u,v given in (15). Let Elog™ ||F,|| <
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o0. Assume that the top Lyapunov exponent of F = (F,) is 0, or A\ (F) = 0, and the spectral
gap 1is positive, i.e., A (F) — Aa(F) > 0. Then

1 T
lim = log || Fy - Fyuy -+ F) — —o—
u-v

n—o00 N

=X(F) a.s. (18)

The above result is a direct corollary of Theorem 5.1 of Section 5. A generic method for
constructing random sequences of matrices (F,), satisfying the conditions of the theorem, will
be also given in Section 5.

This theorem clarifies the rational behind the specifications of (F},) in the light of the average

consensus problem. Namely, choosing an initial value zg with 0-s for all accounts, i.e.,
zZo = s (19)

the limiting effect of the transactions, provided by the theorem above, is

U,’UT

T, 0 = U (v"20)/p = u (1, 20)/p = Tu. (20)
Thus we arrive at the following conclusion:

Corollary 2.5 Under the conditions of Theorem 2.4 we have almost surely,

limsupllog|Fn~Fn_1---F1 20 —Tul < Ay <0. (21)
n—oo M

Thus, average consensus, restricted to the values z?, takes place with exponential rate. In
addition, the accounts y* are ultimately reset to 0 with exponential rate.

A common generalization of Theorems 2.1 and 2.4 will be stated and proved in Section 5,
see Theorem 5.1.

Note, however, that the validity of (21) does not imply the validity of (18), since the range
of initial values zq for (21) is restricted to a p-dimensional subspace.

While the above corollary is fairly general, it remains an open problem if its conditions
can be verified even for the i.i.d. sequence (F),) specified in [22, Theorem 2]. An alternative
challenge is to construct a sequence of matrices (F;,) from scratch, satisfying the conditions of
Theorem 2.4, reflecting a truly distributed computing algorithm.

Following [22], we may wish to impose the constraint that F,, has to reflect one-directional
transactions between the sender ¢ and the receiver j and their accounts at any time n. Thus F),
has to be obtained from the unit matrix I, by replacing one of its 4 x 4 minors, corresponding
to the values and accounts at i and j, by a fixed 4 x 4 matrix F, defining a fixed pattern of
transactions.

A key challenge is then to construct a matrix F' and a communication protocol such that
0 = A (F) > Aa(F). The arguments of [21] and [22] suggest that selecting i.i.d. communicating
edges may yield a sequence (F),,) with the above property, but a rigorous statement requires

additional meticulous considerations.
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3 Technical Preliminaries
3.1 Product of Random Matrices

In this subsection we provide a summary of two fundamental results on products of random

matrices, based on [12]: The Fiirstenberg-Kesten theorem[?®/| and Oseledec’s multiplicative
ergodic theorem(??| an improved version of which has been given in [25]. Let |- | denote an
arbitrary norm in R?, and let || - || denote the induced operator norm for matrices.

Proposition 3.1 (Fiirstenberg-Kesten’s theorem) Let A := (A4,),n > 1 be a strictly
stationary, ergodic random sequence of pxXp matrices over a complete probability space (12, F,P),
such that Elog™ ||A1|| < co. Then the a.s. limit

1
A(A) = lim —logl||4p - Ap1- - A1 < o0, (22)
n—oo 1N
allowing M\ (A) = —oo, exists, and it is equal to
1 1
lim —Elog||A, - Ap_1--- Ai]| = inf —=Elog |4, - An_1--- Ai]. (23)
n—oomn, n>1ln

A more refined characterization of A,,-A,,_1 - - - A is given by Oseledec’s theorem. For a start

we make a brief detour in the elementary theory of Lyapunov exponents. Let A = (A,),n > 1

be a fixed sequence of p X p matrices. For any x € RP define the Lyapunov exponent of z w.r.t.
A as

Az) = Mz, A) := limsup % log|Ay - Ap—1--- Ajz|. (24)

n—oo

Then, for any extended real number —oo < p < +00 define
L,=L,(A):={zeRP: Az, A) < u}. (25)

It is easily seen that L, is a linear subspace of R?, for u < p' we have L, C L,/, and
L,, is continuous from the right. It follows that there is a finite number of possible Lyapunov

exponents, +00 > f11 > tp > -+ > [ig > —00, such that

Rp:LHlDLMQ-.-QLNq;{O}::L

=

Hq+17 (26)

and L, is a piecewise constant function of y with points of discontinuity exactly at p;. It follows
that for 1 <r <gq,
x€ L, \ Ly, implies Ax)= pu,. (27)
Let the dimension of L, be denoted by ¢, with 1 < r < ¢+ 1, with 7,11 = 0. Then the
co-dimension of L, relative to L, ., is i, — 4,11, which is interpreted as the multiplicity of the
Lyapunov exponent .. Accordingly, we define the full set of Lyapunov exponents Ay > Ay >
-+ > A, by setting for 1 <i<p

N = Loy if 4.>7> ir+1. (28)

The multi-set of Lyapunov-exponents will be denoted by A(A). It is readily seen that scaling
A= (A,) by n € R, i.e., defining 4,, = nA, will yield
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A(A) = A(A) + log n]. (29)

If (A,) = (An(w)) is the realization of a strictly stationary ergodic process, then the above
observations can be extended to the fascinating result below, stated first in [23], and proved

under weaker condition in [25]. We will use the notation M,, := A, - A,_1--- A;.
Proposition 3.2 (Oseledec’s theorem) Assume that (A,), n > 1 is a strictly stationary
ergodic process of p X p matrices such that Elog||A1||" < oo. Then there exists a subset ' C 2
with P(2') =1 such that for all w € ' and for any x € RP the limit below exists:
1
Az) = lim —log|A, - Ap—1--- Arx|. (30)

n—o00 N

Moreover, the Lyapunov exponents Ay > Ay > --- > )\, possibly taking the value —oo, do not
depend on w € 2. Accordingly, u, and i, for 1 <r < q do not depend on w € 2 either. In

addition, the following almost sure limit exists:

M* = lim (MIM,)"*"

n—oo

(31)

An alternative notation for the Lyapunov-exponents A(z), spelling out its dependency on
A= (4,) and w will be
Az) = Mz, A, w). (32)
The proof given in [25] implies the following remarkable fact on the singular value decom-
position (SVD) of M,,:
M, = U, 2, Vy, (33)

where U,,, V,, are orthonormal matrices, and %, is diagonal with entries oL > 02 > ... > P > 0,
such that

1
A = lim —logo® as. k=1,---,p. (34)
n—oo N
Therefore we have
5, = diag(ePstoMIn) 55, (35)

Surprisingly, the orthonormal matrices V,, will also converge almost surely in a restricted
sense. For the current paper we present only a special case. In particular, if Ay > Ay, then, by
Lemma 5 of [25], for the first row of V;,, denoted by v} we have for any ¢ > 0

vl — ol = O(em M Aetolny 5 (36)

n

for some random v!". Writing
P
M, =ulvt ol + E wkok ok, (37)
k=2

we get the following corollary:
Corollary 3.3 Under the conditions of Proposition 3.2, assuming A1 > A2, we have for

some fized random v*

M, = ulvt ol + O(ePetelhn), (38)
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In the special case when A,, = A for all n, arranging the eigenvalues of A, say p;, according
to their absolute values in non-increasing order, we have for all 4

Ai = log |pil. (39)

This is easily seen from the definition of A; under (28) and the decomposition of R? as a
direct sum of invariant subspaces corresponding to distinct real or conjugate pairs of complex

eigenvalues.

3.2 Sequentially Primitive Non-Negative Matrix Processes

We will now briefly revisit the concept of sequentially primitivity in a systematic exposition.

A matrix is called allowable, if it has no zero row or zero column. It is called row-allowable
if it has no zero row.

Definition 3.4 A strictly stationary process of non-negative allowable random matrices
(A,),n > 1, is called (forward) sequentially primitive if M, = A, A,;_1--- A; is strictly positive
for some finite stopping time 7 with probability 1 (w.p.1). For any n > 1 we define the (forward)

index of sequential primitivity as
tp =min{ep > 1: Apiy1 - Appyp_2---Ap > 0} (40)

Since by assumption A, is row-allowable we will have M,, > 0 with strict inequality for all
n > 1.

The definition extends to two-sided processes. In this case we may also define the concept
of backward sequential primitivity, and the index of backward sequential primitivity as

pn=min{p>1:A4, Ay_1--Ap_,41 > 0}. (41)

It is easily seen that a two-sided strictly stationary sequence (A,,) is forward sequentially
primitive if and only if it is backward sequentially primitive. Moreover, the indices of forward
and backward sequential primitivity, ¥,, and p,, have the same distributions, see Lemma 5
of [12].

Furthermore, Theorem 36 of [12] implies:

Lemma 3.5 Let A= (A,), n>1 be a strictly stationary, ergodic process of non-negative
allowable matrices such that Elogt |A1| < +oo, and A is (forward) sequentially primitive.
Then A\ (A) — X2(A) > 0.

A direct corollary is the following lemma, reinforcing Theorem 2.2:

Lemma 3.6 Let A = (A,) be as in Theorem 2.2. Then we have A\ (A) = 0 and A\2(A) < 0.

4 A Common Eigenvector of (G,)

In this section we discuss a few remarkable properties of sequences of random matrices
(G) having a common right eigenvector u, needed subsequently, and presented with a tutorial

aspect in mind. These auxiliary results will be used for the proof of extensions of Theorems 2.1
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and 2.4, and also for arguments that may be relevant for the further analysis of linear gossip
algorithms on directed networks, proposed in [21] and [22].
Having said all this consider a strictly stationary ergodic sequence of p x p matrices (Gy,)

with a common right eigenvector u € RP, having a common eigenvalue n € R:
Gpu=nu w.p.l (42)

for all n. Tt is easily seen that under this condition log|n| is an element of the Lyapunov-
spectrum of (Gy,), i.e., log|n| € A(G), see Lemma 4.2 below. But first:

Condition 4.1 G = (G,), —00 < n < 400 is a two-sided strictly stationary, ergodic
sequence of p X p random matrices defined over (2, F , P). Moreover Elog||G1]|* < oo.

Lemma 4.2 Let G = (G,,) satisfy Condition 4.1. Assume that the matrices G, have a
common right eigenvector u with the same eigenvalue n € R, so that G,u = nu for all n w.p.1.
Then log |n| belongs to the multi-set of Lyapunov-exponents of G: log|n| € A(G).

Remark 4.3 Similarly, if the G,,-s have a common left eigenvector vT such that vTG,, =

nu™ then log|n| € A(G™Y). A standard example is when the G,-s are column stochastic matrices,
with vT = 1T and n = 1.

Proof  First assume that n # 0. Letting G, = G,,/n, we have G,,u = u and the statement
of the lemma reduces to 0 € A(G). Once this is shown, the claim log || € A(G) follows by (29).
Let us therefore assume that n = 1.

Define the deterministic one-dimensional subspace
U:={z:z=-cu, ceR}.

Recalling Oseledec’s theorem, stated as Proposition 3.2, consider the set 2' C {2 given there,
with P(£2') = 1. Let w € 2 and consider the random sub-spaces L, = L, (w) defined under (25).
Then for any € > 0 we have

UNL_.(w)={0} and U C L.(w),

hence the subspace-valued piece-wise constant function L,(w) is discontinuous at x4 = 0 a.s.
Recalling the definition of Lyapunov exponents, see (26), it follows that 1 = 0 belongs to the
multi-set of Lyapunov-exponents of G = (G,,), as stated.

The case of 7 = 0 can be settled by noting first that G,u = 0 for all n w.p.1 implies
AMu, G,w) = —oo w.p.1. Hence U C L_ (w) w.p.1 and thus L_. (w) is a non-trivial subspace
w.p.1. and consequently —oco € A(G). |

Remark 4.4 For an exercise: We note that the last conclusion —oo € A(G) holds under
the much weaker condition that P(Gj is singular) > 0.

For a constant sequence of matrices G,, = G, with slight abuse of notations we have

A(G) = log [Sp(G)]- (43)
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Since Sp(G) = Sp(G7T) we have A(GT) = A(G). However, for a general sequence G = (G,,),
satisfying Condition 4.1, we may have A(GT) # A(G).
In spite of this, a generalization of the identity Sp(G) = Sp(GT) can be established as
follows. Let us define the stochastic process G = (G,,) by time-reversal as
En =G_,, for —oo<n<+oo. (44)

Lemma 4.5(_Assume that Condition 4.1 holds for the two-way infinite process G = (Gy,).
Then we have A(GT) = A(G).

Proof Note that Condition 4.1 implies the conditions of Oseledec’s theorem given as Propo-
sition 3.2. Recall that for any 1 < k < p,

M(G)+X(G) 4+ + M(G) = M(GAGA--- ANG),
where the number of terms within the bracket is k. Similarly,
MG + 2G4+ M(GY) = M(GTAGT A A GT).

Setting H = G AG A --- A G, and noting that wedge product and time reversal combined with
transposition are exchangeable, the right hand sides of the above equalities can be written as
A (H) and A\ (HT), respectively. Thus to prove the lemma it is sufficient to show that for any
k we have \;(H) = Al(ET).
Obviously, G itself can take the role of H thus it is sufficient to show that
F

M(GT) = \(G). (45)
Recalling the definition of A;(-) and the shift-invariance of the process G the above equality is
readily obtained:

1
/\1(G):limﬁE10g|\Gn~Gn_1-~-G1H,
ST T l T T T _ T l
A(GH) —hmnE log||GZ,, -GZ, -G = hmnE log||G=1-G_2---G_,]|.

The proof is completed. |

Remark 4.6 From Lemma 4.5 it follows that if G = (G),), —0o0 < n < +o0 is i.i.d., then
A(GY,w) = A(G,w), by noting that, in this case, <(_? and G have the same distributions.

Let the orthogonal complement of U be denoted by S = Sy:
S=8,:={z:zeRP, vtz =0} (46)

Now, S is an invariant subspace w.r.t. GIL for all n. Let the restriction of G to S be denoted by
GTg. To clarify the notations take a matrix representation of G, in a fixed coordinate system in
RP? for all n, such that u is the first unit vector, u = (1,0,---,0)T and the rest of the coordinate
T G with

n?

vectors being chosen from S. Then we get, identifying the linear operators G,,, G

their matrix representations:
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T OT
Go=| T I and GT=[ " (47)
0 GnS gn G;I;S

Let the random sequence (GES), —00 < n < +oo, read with increasing indices, be denoted
by G§. Obviously, G¥ satisfies Condition 4.1, implying, by Oseledec’s theorem, Proposition 3.2,
among others that the Lyapunov spectrum A(Gg) is constant w.p.1. Not surprisingly we have

the following result:

Lemma 4.7 Under the conditions of Lemma 4.2 we have
A(GE) c A(GT). (48)

The interpretation of inclusion for multi-sets, A C B, is that every element of A occurs in B

with greater or equal multiplicity.

Proof Let —oco < p < oo be arbitrary. Let 2 C 2 with P(£2') = 1, defined as the
intersection of the subsets of {2, associated with GE and GT, as given in Oseledec’s theorem,
Proposition 3.2. Then the invariance of S under G} implies for w € '

L,(GE,w) =L, (GT,w)nS. (49)

It follows that if 4 is a point of discontinuity of L, (G, w) then, necessarily, it is also a point
of discontinuity of L,(GT,w). Letting p, denote the points of discontinuity of L,(G%,w) in

strictly decreasing order, we also have, omitting the argument w,
Ly (G)\ Ly, (GF) = (Lo (G \ L, (GM)) NS,

Thus the multiplicity of any p, in A(G%) can not exceed its multiplicity in A(GT), hence the
claim follows. |
F
Applying the lemma with G'T replacing G* we get:
Corollary 4.8 Under the conditions of Lemma 4.2 we have
“ —
AGE) C A(GT) = AG). (50)

The cardinalities of the multisets A(EE) and A(G) are p — 1 and p, respectively, thus the
question remains which element of A(G) has to be removed to get A(GY).

Let puy € /1(<(_¥T) denote the Lyapunov-exponent defined by
- o
{us} = A(GT)\ A(G3). (51)

Recall the notation for the Lyapunov-exponent of © € R? w.r.t. G as A(z, G,w), see (32). Let
2" € 2 with P(£2") = 1, described by Oseledec’s theorem, Proposition 3.2.
By Lemma 4.2 we have \(u, G,w) = log || for w € ', motivating the lemma below.
Lemma 4.9 Let the conditions of Lemma 4.2 be satisfied. Then we have
“—
A(G5) = A(G) \ {log|n]}.
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Proof Note that log|n| € A(G), and by Lemma 4.5 A(G) = A(ZT). First assume log |n| ¢
A(EE) Then log|n| € A(G) = A(gT) implies the claim of the lemma.

The question is how to complete the proof for the case n € A(EE) We may be tempted to
use an appropriate result of the extensive literature on the continuity of Lyapunov-exponents.
However, we may proceed by some kind of simple interpolation argument.

Define a class of processes G(c) by a modification of (47) so that the (1,1) element 7 is
replaced by an arbitrary c € R:

c gF T c 0T
Gn(c) = and G, (c) =
0 GnS dn GES

Obviously, S remains invariant for G;} (c) for any ¢, actually Gl ¢(c) = G} 5. Now, by direct
inspection we get that for all w € 2 the Lyapunov-exponent A\(u, G(¢),w) becomes log ||, thus
log |¢| € A(G(c)). Thus we get

A(G(c)) = A(G) U{log e[} \ {log|n]}. (52)

Following (51), write {u(c)} = A(ZT(C)) \A(ZE) for any ¢ € R. With this notation we
have

AG) = AG(m) = MG () = A(GT) U {py ()} (53)
Substituting this into (52) we get
A(G(e) = AGE) Uy (n) U {log e} \ {log nl}- (54)

Let us now choose ¢ such that log|c| ¢ A(EE) By the first part of the proof we have
1+ (c) = log|c|. Thus we have
o - -
A(G(0) = MG () = A(G§) U{p+(0)} = A(GF) U {log c]}. (55)

Matching the right hand sides of the above two equalities it follows that

< <
A(G ) U {ps ()} U {log e[} \ {log[n]} = A(G'5) U {log |c[}, (56)
and from here we conclude p (1) = log || as stated. |

The above lemma and its proof implies the following corollary:
Corollary 4.10 Under the conditions of Lemma 4.2 we have
< <
A(GT) = A(G ) U {log |n]}.

A remarkable feature of the above corollary is that A(E), and hence A(G), is completely
determined by A(Eg) and A(u, G,w) = log|n|, allowing a certain degree of freedom in extending
GT to GT, that is choosing g,, € RP~1 in (47), subject to the conditions imposed onto G itself
in Condition 4.1. This phenomenon will be explored below in Lemmas 5.2 and 5.3.

Tilting our discussion towards the proof of the upcoming Theorem 5.1 we show that that

we can enforce the condition G, u = 0 for all n by modifying G,, as follows:

@ Springer



LINEAR GOSSIP ALGORITHMS 115

Lemma 4.11 Let G = (G,) be as in Lemma 4.2, and let z € RP be such that u™z # 0.
Define the modified sequence of matrices H = (Hy,) by

H, =G, —n-uzt/utz. (57)

Then
A(H) = A(G) \ {log |n|} U {—oc}. (58)

Proof Note that H,u = 0 for all n. Thus u is a common eigenvector of H,,-s with eigenvalue
no = 0. Obviously, S is an invariant subspace for H,l, and Hlg = G4 for all n. Indeed, for
T €S,

e H, =27 (G, —n-uzt Jutz) = 27G, (59)

implying H 'z € S. Thus, by Lemma 4.9,

F

A(H) = ACHE) U {log o} = A(GE) U {—oc}. (60)

Applying Lemma 4.9 once again, and writing A(Eg) = A(G) \ {log|n|} we get the claim. |
In the special case when log|n| is the maximal Lyapunov-exponent we get the following
corollary:
Corollary 4.12 Under the conditions of Lemma 4.11, and the additional condition that
log |n| = A\ (G) we have
M (H) = X (G). (61)
A special case of the above is the following corollary:
Corollary 4.13 Let A = (A,,) satisfy the conditions of Theorem 2.2, and define B = (B,,)
by
B, =A, —11%7/1T1. (62)
Then A\ (B) = X2(A) < 0.
Remark 4.14 It is worth mentioning that some of the elementary arguments of this

section can be abridged by the application of a not quite elementary result saying that if G,, is

upper block-triangular for all n, with square diagonal blocks A, D,, of fixed size, say

A, B,
G, = , (63)
0 D,
then
A(G) = A(A) U A(D). (64)

5 Rank-1 Limits of Random Products

In this section we present an extension of Theorems 2.1 and 2.4 together with their proofs,
and based on this extension we provide an attractive technical tool that may be relevant for

the further analysis of the linear gossip algorithm proposed in [22].
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We consider a strictly stationary ergodic sequence of px p matrices G = (G,), —00 < n < 400
with common right and left eigenvectors v and v, both in RP, with eigenvalues € R: For all
ne 7,

Gou=nu and vTG,=nT w.p.l. (65)

Our objective is to establish a.s. convergence of the products of G, - - - G1 to a rank-1 matrix.
If n # 0, then we can reduce the problem to the case n = 1 by scaling G,,, see below. The
following theorem extends Theorems 2.1 and 2.4:

Theorem 5.1 Let G = (G,,), —00 < n < +00 be as in Condition 4.1, satisfying (65) with
eigenvalues n = 1. Assume that 0 is the top Lyapunov exponent in A(G), i.e., \(G) =0, and
the spectral gap is positive: A2(G) < 0. Then

1 T
lim —log Gn-anl---Gl—%
uTv

n—o00 N

= 0(G) <0 as. (66)

Apart from the condition that (G,,) is a two-sided process, the theorem above is a significant
extension of the main result of [9], Theorem 5.2, inasmuch the individual matrices G,, can be
very general: No structure is imposed and non-negativity is not assumed. The above theorem
also significantly complements the main result of [22], Theorem 2, establishing rank-1 limit
almost surely and in Lo-sense for a class of i.i.d. processes (G,) with very special structures
for the individual matrices G,,, see Section 6 and in particular Proposition 6.1.

Proof  First note that

uvT uvT uvT
Gn~Gn_1-~-G1—m—(Gn—m)--(Gl—m), (67)
as easily seen by induction. Define the matrices H,, by
T
U
H,=G,— —. 68
T (68)

Obviously,  and v™ are right and left eigenvectors of H,, with 0 eigenvalue for all n. It is also
obvious that the random sequence H = (H,,) satisfies Condition 4.1.

By the Fiirstenberg-Kesten theorem[?6! supplemented by Oseledelec’ theorem!?®!| restated
above as Propositions 3.1 and 3.2, we have
1
ILm ElogHHn “Hp_1---Hi|| =M (H) as. (69)

But by Corollary 4.12 and our assumption on the spectral gap we have A1 (H) = \2(G) < 0, as
stated. |
Assume for a moment that G,, = G is fixed, and represented in analogy with (47) as
T T
0

a=| "7 and GT =" . (70)

0 GS g G’g
It is readily seen that the spectrum Sp(G) is not affected by changing the value of gT. In a
coordinate-free form this amounts to adding a matrix uz™ with 2 € S = S,. A remarkable

extension of this simple fact is given in the following lemma.
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Lemma 5.2 Let (G) be a random sequence of matrices satisfying the conditions of
Lemma 4.2. Let us set, as usual, S = Sy, := {x : * € R?, uYx = 0}. Let x,, € S, be a random
sequence such that (G, x,) is strictly stationary, and Elog™ |z,| < co. Define G,, = G, +uz’:.
Then

A(G) = A(G™). (71)

Proof We have G,u = Giu + uzfu = nu for all n. Furthermore, G} = G% for all n.
Indeed, for any = € S, we have 21G,, = 27G}, + 2Tuz} = 2T G}, Thus Lemma 4.9 implies the
claim. I

A reciprocal result holds when the matrices (G7) have a common left eigenvector:

Lemma 5.3 Let (Gf), —00 < n < 400 be a random sequence of matrices satisfying
Condition 4.1 with a common left eigenvector v # 0, so that vTGY = nu™ for all n. Let us set
S=25,={y:yeRr vy =0} Let y, € S, be a random sequence such that (G, y,) is
strictly stationary, and Elog™ |y,| < co. Define G,, = G, + y,vT. Then

A(G) = A(GY). (72)
Proof The random sequence of matrices (g;ﬁT) satisfies the conditions of Lemma 5.2 with

the common right eigenvector v. Likewise, (G ", y,,) satisfies the conditions of the lemma with
Yy, replacing z,, and S, replacing S,. Lemma 5.2 implies

A(GT) = A(G*T). (73)
The lemma now follows in virtue of Lemma 4.5. |

The above lemma opens an avenue to constructing a random sequence of matrices (Gy,)
with a prescribed common right eigenvector u having the same eigenvalue 7, so that G,u = nu
for all n, while keeping A(G) = A(G™).

Lemma 5.4 Let (G)) be a random sequence of matrices satisfying the conditions of

Lemma 5.3. Let u # 0 be a prescribed common right eigenvector, having the same eigen-

T

value  as vT, such that vTu # 0. Then there exists a unique sequence (yy), given by y, =

(nI — G¥)u/vTu, such that the modified random sequence
Gn =G +ynv" (74)

satisfies
vIG, =T and Gpu = nu. (75)

The sequence (G.,) satisfies Condition 4.1 and A(G) = A(G*).
Proof Consider the equations
Gou = (G 4 ypv " )u = nu.

This is a linear equation for y,, in p — 1 unknown, since y, € S,, while the number of equations
is also p — 1, due to scale invariance of u. The unique solution is given by

yn = (nl — G;‘Z)u/UTu. (76)
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It is readily seen that v'y, = 0, or y, € S,. Obviously, (G%,y,) is strictly stationary, and
Elog™ |yn| < 0o, as required. Thus A(G) = A(G*) follows from Lemma 5.3. |
A nice application of Lemma 5.4 that is potentially relevant for linear gossip algorithms

proposed in [22] is as follows:

Theorem 5.5 Let (G}) be a random sequence of 2p X 2p matrices satisfying the conditions
of Lemma 5.3. Let

1,
v= and u= (77)

1, 0,
Assume that v is a common left eigenvector of G -s with common eigenvalues n = 1, and let
u be a prescribed common right eigenvector, with common eigenvalues n = 1 for a suitable
modification of (GZ). Assume that (GZ) is non-negative and (forward) sequentially primitive.
Define
Gn = G+ (Iop — G2 uwv™ /p. (78)

Then for (G,) we have A(G) = A(G*), and almost surely
1
lim —log||Gp - Gno1---G1 — uvT/pH =X (G") < 0.
n—oo N
The novelty of the above result compared to Theorem 5.1 is that the existence of common
left and right eigenvectors, with eigenvalue 1, is guaranteed by construction, together with other

technical conditions, as the proof will show.

Proof By Lemma 5.4, writing 1 for 1, and 0 for 0,, the matrices G,, satisfy
T 4T T 4T 1
1,1)G,=(1",1") and G, = , (79)
0

furthermore A(G) = A(G*). Now, by the Perron-Frobenius theorem and (43) the top-Lyapunov-
exponent of (G}) is 0. Furthermore, by Lemma 3.5 the spectral gap of (G},) is positive, hence
A2(G*) < 0. Thus, by Theorem 5.1 we get that A2(G*) is equal to the a.s. limit

1
lim l1og Gn -Gpo1---G1 — (1T,1T)/p )
0

n—o00 N

The proof is completed. |
The above construction is mathematically attractive, but the resulting matrices are unfor-
tunately not sparse, in contrast to the construction presented in [22]. A partial ramification of
this may be setting up a fixed point problem for T, but this is beyond the scope of this paper.
Let us thus restrict attention to column-stochastic matrices, in particular, we assume vTG” =
v with v = 1g,. Then the boundedness of the products Gy, - - - - - G1, n > 1 can be established:

*
n’

Lemma 5.6 Consider a sequence of column-stochastic matrices G, satisfying the condi-

tions of Lemma 5.4. Define Gy, following (74), by

Gn =G +ynvt =Gr + (I - G:uw™ JvTu. (80)
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Then the products Gy, - ---- Gy, n > 1 stay bounded.

Proof First we show that
Gn - Gno1--G=Gr- G -G+ Z G - 2_1---Gi‘n+1ymvT-
m=1

Proceed by induction. The proposition is certainly true for n = 1. Let us assume that it is true

for some n. Then

Gni1 -G Gy
=(Gryr + Ynp10") - G- Ga

=(Gpy1 + yn+1UT) GG (G + yn+1UT) ) Z G Gh1- G meT-
m=1

Noting that vTG?, = vT and that vTy,, = 0 for all m the claim follows by direct inspection.
Now, the sum on right hand side becomes

Z G -Gy, Gh (I = Gr)uv™ JoTu,

. MR
m=1

which is a telescopic sum, yielding

T, T T, T
Gn -Gpoq---G1 =G -GG =G -Gl Gluv Jviu+uv v,

*
n

Corollary 5.7 Let the conditions of Lemma 5.6 be satisfied, and let 0 = A1 (G*) > Xa(G™).
Then it holds in Lo(£2,F, P):

Since the products G}, - G;,_; - - - G} are bounded, the claim follows. |

1i_>m E||Gp-Gno1---G1 —uvT /uTv||? =0. (81)

Unfortunately, with the techniques used above, the rate of Lo-convergence can not be es-

tablished in this generality.

6 Revisiting Linear Gossip
6.1 An Informal Description

In this section we provide the details of the linear gossip algorithm for directed networks
proposed in [22], discuss the challenges faced in its analysis, and propose a reasonable heuristics
for rectifying some of the deficiencies of the original algorithm. We begin with an informal
description of the algorithm of [22] highlighting its logic.

Following [22], once an ordered pair (i, 7) is selected, with ¢ being the sender and j being
the receiver, the transformation of values and accounts at these nodes is carried out following
an a priori fixed communication protocol. In the first step of the transaction at time n node ¢
communicates its value !, to node j without changing its own value, and at the same clears

its account y,_; to 0 by transferring it to node j.
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The receiver node j updates its own value in several steps. First, having learnt the value of

node i, he/she updates its own value to the convex combination azf,_; + (1 — a)z),_;, with a

fixed 0 < a < 1. Equivalently, he/she corrects its own value by adding a(z?,_; — 27 ;).

Next, he/she then transfers a fixed fraction v of the received account y’_, with 0 <y < 1,
to its own value, while transferring the rest to its own account. Similarly, he/she then transfers
a fixed fraction § of its own account yf'lfl to its own value, with 0 < 8 < 1, while leaving the
rest on its own account. The last two actions play the role of feedback.

Finally, node j updates its account by compensating the first step, when correcting of its

i _
n—1

value by a(z?,_; — ! _,): The opposite amount —a(x 2} ) that would have been moved
to node i in the setup of the classical, linear, bidirectional gossip algorithm, a move prohibited

in the current setup, is moved to the account of node j.

6.2 A Formal Description

A formal description of the above algorithm, in terms of the current variables at the ordered

pair of nodes (1, j), is given as follows:

ot =2l @) =axl  +(1—a)r | +yh + By,
yh =0, y =—ari_;+tax)  +0 -y 1+ 1 -B)y_,.

It is easily seen that, in complete analogy with (11) in [21] for the case v = 0, the last
equation can be written as

Yh=Yn-1t o — (@ — @), (82)

reflecting the role of the accounts y* to keep the the overall sum of the variables z*, y* un-
changed.

Note that if pairs are chosen sequentially, the receiver at any time becoming the sender at
the next time moment, then, at the end of a transaction at time n, we will have y,]ﬁ = 0 for all
k except for k being equal to the index of the latest receiver.

We may wish to rewrite the algorithm using matrix-vector notations. Assume i < j. To
describe the algebra of the effect a transaction from node i to node j we introduce the vectors

Ty
= J
Tin— x,
Zpo1 = = S (83)
ynfl y:L—l
Y1
and the time-independent matrices
1 0 0
— A B a l—-a
F .= o = 7 p
C D 0 0 0 0

—a @ 1—-~v 1-2
We note in passing that in [21] the authors have chosen 8 = 0.
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Then the vector of new values and auxiliary variables at nodes 4, j will be given by

_ A B Tp—1
Fz,_1= o . . (84)
C D ynfl
Let
1 1
T = ? and W= 2. (85)
1s 0,

Not surprisingly, the matrix F satisfies
7'F=7" and Fu=n1u. (86)

6.3 Random Positioning

In order to describe the overall dynamics in matrix-vector notation, recall the definition of
the state z, in (13), and find the dynamics it follows, see (16).

To capture the algebra of constructing F,, from F we proceed as in Section 2, considering
now the problem of positioning the fixed square matrix F of size 4 x 4 into a unit matrix Iap,
by replacing one of its randomly selected 4 x 4 minor I, corresponding to the row and column
indices 4, 4,7+ p,j +p, by F.

Let the indices of the sender and the receiver at time n be ¢ = i,, j = j,. Recalling the
definition of a p x 2 selector matrix S(i,7) = (e;, e;), see (7), and setting S, := S(i,7), define
the 2p x 4 selector matrix by

IQ@S(i,j) =L®S,. (87)

Then we blow up the 4 x 4 matrix F' to a 2p x 2p matrix, multiplying it by the above selector
and its transpose from the left and the right, and express F,, defined in [22], as follows:
Fo=1Iy — (ILL®S,)(Is—F,) (I, ®S,)". (88)
It is readily seen that the matrices F;, satisfy
Fou=u and v'F, =vT, (89)

for all n, as postulated in (14) and (15).
The key problem is then to formulate conditions for F and the selection process S,, ensuring
0= /\1(F) > /\Q(F)

6.4 Convergence

While the heuristics of the above algorithm is appealing, simulation results indicate that,
with arbitrary choice of «, g,~, it may fail to converge to average consensus, see Section 7.
On the other hand, a.s. and Ls-convergence is stated for the case = f = v = 1/2 in [22,
Theorem 2], as follows:
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Proposition 6.1 Consider the linear gossip algorithm defined above with « = 3 = vy =
1/2. Let the communicating pairs (i, j) be selected independently with probabilities p;j = p;; > 0
for all (i,j) € E. Assume that the network is connected. Then average consensus takes place
a.s. with exponential rate, in particular, (21) holds with some A2 < 0. In addition, average

consensus takes place also in Lo with exponential rate.

A distinctive feature of the above result is that Ls-convergence is established, known for the
classic, symmetric linear gossip algorithms, but being an open challenge for ratio consensus.
In fact, Lo-convergence with exponential rate is the main message of the theorem (and of the
proof), from which a.s. convergence with exponential rate is easily derived via the Borel-Cantelli
lemma.

The selection of communicating pairs being i.i.d. a key tool of [22] is the analysis of the

spectrum of the matrix
E[(F —w'/p)® (Fy —w" /p)]. (90)

The authors also suggest that their method can be adjusted to work for any choice of 0 <
a, B,y < 1. However, systematic simulations indicate that the extension of [22, Theorem 2] in
such generality might not be true, see Section 7.

On the other hand, the same simulation results do indicate that the proposed algorithm
works as expected whenever a < 1/2.

It should be mentioned that a similar convergence result, for i.i.d. communication protocols,
has been established in [21], under the conditions that 8 = 0 and + is sufficiently small, using
matrix perturbation theory for the spectral analysis of (90).

Finally, simulation results suggest, under the condition 8 =~ = 1/2, that sequential choice
of communicating pairs yields superior convergence for o < 0.75. However, it is an open question
if 0 = A1 (F) > A2(F') holds for these scenarios.

6.5 Closing the Loop

A potentially useful alternative viewpoint is to describe the evolution of the variables x,,,
individually, and thus interpreting their interaction as a feedback effect. To this end, write F},
using p x p blocks as

A, B,
F, = . (91)
C., D,
The dynamics of (z,,y,) is then given by
Tp = Anxn—l + Bnyn—la (92)
Yn = Onxn—l + Dnyn—l- (93)

The benefit of this representation is that we may consider (92) and (93) independently as

coupled linear systems with states z and y respectively. Noting that

A, —1,1T B, —1,1F
F, —uwv’ /p= oLy /p vlp /P ) (94)
Ch D,
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a further benefit of this representation is that the (forward) products of state matrices A,, —
1plg /p and D,, are beautifully characterized by Corollary 4.13 and Lemma 6.2 below. Thus the
analysis leading to these results may give a clue to the analysis of the feedback system (92)—(93).

We end this section with a piece of recreational mathematics. Let D be a fixed square
matrix of size 2 X 2. Let us position it into a unit matrix I, with p > 2, by replacing one of its
2 x 2 minor by D, using an appropriate p x 2 selector matrix S = S(i, j), see (7):

D(S) :=1I,— S(I, — D)S™. (95)

Lemma 6.2 Assume that D is a contraction w.r.t. the Euclidean norm in || -||. Let
(Sn), n > 1 be a strictly stationary ergodic process of selector matrices defined by ordered
subsets of indices (i,j) of size 2, called K,,, such that P(i € K,,) >0 for alli=1,--- ,p. Then
for D = (D), n > 1 constructed by (95) with S = Sy, we have A\ (D) < 0.

The appeal of this result is that it is readily seen that

lim Dn . Dn—l cee Dl Yo = 0 a.s., (96)

n—r oo

for any initial condition yo € RP. A cheap way of seeing this is to refer to the fact that the
matrices D,, are paracontractions w.r.t. the Euclidean norm || - ||.

Indeed, for all n, and for any fixed point y* € R? of D,,, and any y € R? we have either
IDry — v*|| < |ly — y*|| or Dy = y. Since the matrices D,, have a unique common fixed point
y* =0, (96) follows from Theorem 1 of [27].

The added value of our Lemma 6.2 is that a.s. exponential rate of convergence is established.
The proof of this is left to the reader.

7 Simulation Results

Recalling that the convergence of the algorithm as stated in [22, Theorem 2] has not been
established for general choice of parameters (o, 3,7), one may be curious in assessing the sta-
bility properties of the products of (F,,) defined by [22]. With this motivation in mind we have
performed extensive simulation studies with 5M random choices of parameters on a specific
network.

We consider a complete graph with p = 50 nodes, representing symmetric all-to-all con-
nections. Transactions are performed with an i.i.d. choice of communicating pairs with equal
probabilities. Testing various 3-tuples of («, 3,7) for possible stability we introduce a quantita-
tive measure by re-expressing the error of interest F,, - -- F}zo — Tu as follows. First, note that
we can write
uT 2 Jp 0

I'U:UT: 20,

with J, = 1p1;f /p, since the y component of the initial zg is 0. Furthermore, thanks to the fact

@ Springer



124 GERENCSER BALAZS - GERENCSER LASZLO

that F,u = u for all n, we have

J, 0 Jp, 0
E,-F, - F P - P , (97)
0 0 0 0
from where for the error we get
_ Ip - Jp 0
Fn-Fn,l---Flzo—xu:Fn-----F1 Z0-
0 0

Using this representation of the error, we readily conclude that the validity of (21) implies that
the expression above converges to 0 at exponential speed for any zy € R?P, without requiring
yo = 0. In this case it follows that a.s.

1 I,—J, 0
lim —log||F, - Fy_1---F} <X <0,

In the current setup a sequence of matrices (F,,) will be called stable if the above inequality is
satisified, i.e., the norms decay exponentially a.s.

Hence it is reasonable to quantify the error by

I,—J, 0
Rn:log Fn'anl"'Fl )
0 0

providing a measure of discrepancy from consensus. In the current set of simulations, we fix
the number of steps as n = 5000.

We considered 5 000 000 random (a, 3,) 3-tuples, and for each of them we checked if
R,, < 0. The 3-tuples for which R,, < 0, indicating potential stability, form a cloud of points
within [0,1]3. Simulation results indicate the validity of the following conjecture, essentially
saying that if agents simultaneously decrease their confidence in their assessment of the values
(and thus increase the influence of other agents) by increasing «, it might generate instability.

Conjecture 7.1 Assume that a triple («, 8,7) generates a stable sequence of matrices
(Fy). Then this property is inherited for any other triple by decreasing « only.

Assuming the validity of Conjecture 7.1 we may define a critical value o* (3, ) below which
stability is ensured. This function of (8,v) € [0, 1]? is visualised via a contour plot in Figure 1,
with the levels identified by the color scale on the right side of the figure.

With the current set of randomly chosen data the evaluation of the critical value o*(8,v)
is based on samples with (8’, 7’) taking their values in a small neighborhood of the reference
point (8, ), and collecting all instances, for which R,, < 0, while bookkeeping the corresponding
a’-s. This procedure necessarily causes random fluctuations visible on Figure 1, and also on
Figures 2-3 that follow. A remarkable finding of these experiments is that that o < 1/2 seems
always to be stable.
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Figure 1 Contour plot of the simulated critical « values as seen after 5000 transmissions on a 50

node complete graph
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Figure 2 Simulated R, as a function of « for 3,7 &~ 1/2, as seen after 5000 transmissions on a 50
node complete graph

Figure 3 Simulated R, as a function of « for i.i.d. and sequential communication, with 8,y ~ 1/2,

as seen after 5000 transmissions on a 50 node complete graph

Figure 1 also suggests that o*(5,7) is a quasi-concave function taking on values close to 1
when 3 and v tend to 0, suggesting that low confidence in the values x*, amounting to choosing
« close to 1, can be compensated by increased friction in updating the accounts 3°.

To provide another perspective to our simulation results, we may wish to fix 8 =~y =1/2 as
in [22] and follow the evolution of the error as a function of a. Processing the already available
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R,-s is carried out by filtering all instances for which (3,7) € [0.49,0.51)%, leading to tuples
with general « and 3, restricted to the vicinity of 1/2. We thus forget 3,~, plot R,, against
« for this collection resulting in the function that can be seen on Figure 2.

A final step, deserving attention, is to consider a communication protocol with sequential
communication, according to which the receiver at any time becomes the sender at the next
time instant, with backtracking prohibited. We plot R,, against «, with (3, restricted to the
vicinity of 1/2, as in Figure 2. Overlapping the result with Figure 2 using a different scale, we get
Figure 3, showing remarkable differences between the two methods: Sequential communication
amplifies both stability and instability.

8 Discussion

We have considered the problem of reaching consensus over a communication network,
represented by a possibly directed graph. The technical focal point of the paper was the

extension of the results of Picci and Taylor!”)

, allowing the selection of a strictly stationary,
ergodic sequence of communicating pairs, resulting in a fairly general theorem on rank-1 limits
of products of random matrices, Theorem 5.1. The current investigations were motivated by
our interest in extending the applicability of linear gossip algorithms, designed for directed
networks, selecting i.i.d. communicating pairs, by Cai and Ishiil®!! and Silvestre, et al.l?? to
more general scenarios covering sequential selection of communicating pairs. The appeal of the
cited papers is that they establish Ls-convergence with exponential rate, unknown for widely
studied non-linear methods. The viability and limitations of the algorithm of [22] have been
tested by systematic simulation based on 5M randomly chosen parameter setting, displaying a
remarkable dichotomy with respect to empirical stability. We also provide simulation results
for an algorithm with sequential communication protocol, outperforming the method of [22] for

the specific parameter setting that is central in the cited paper.
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