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Abstract: The Koopman framework is a popular approach to transform a finite dimensional
nonlinear system into an infinite dimensional, but linear model through a lifting process
using so-called observable functions. While there is an extensive theory on infinite dimensional
representations in the operator sense, there are few constructive results on how to select the
observables to realize them. When it comes to the possibility of finite Koopman representations,
which are highly important from a practical point of view, there is no constructive theory.
Hence, in practice, often a data-based method and ad-hoc choice of the observable functions
is used. When truncating to a finite number of basis, there is also no clear indication of the
introduced approximation error. In this paper, we propose a systematic method to compute
the finite dimensional Koopman embedding of a specific class of polynomial nonlinear systems
in continuous-time, such that the embedding can fully represent the dynamics of the nonlinear

system without any approximation.
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1. INTRODUCTION

In most engineering fields, due to increasing performance
demands, tackling the nonlinear behaviour becomes more
and more important. However, the available methods in
the field of nonlinear control (e.g. feedback linearization,
backstepping, sliding mode control (Khalil, 2002)) are gen-
erally complex to design, only offer stability guarantees,
and offer limited capeabilites for performance shaping.
This is in contrast to the systematic and powerful tools
available for linear time invariant (LTT) systems. However,
using LTT control methods designed for a linearized model
of the original nonlinear plant around an operating point
offers good local performance only in the neighborhood of
the operating point, which neighborhood can be arbitrary
small. Hence, there is an increasing need to extend the
powerful LTT control design and modelling framework to
address nonlinear systems beyond local control. As such,
there is a significant interest in finding globally linear
surrogate models of nonlinear systems.

One of the more promising approaches to achieve this is
the Koopman framework (Mauroy et al., 2020), (Bevanda
et al., 2021), where the concept is to project the original
nonlinear state space to a higher dimensional (possibly in-
finite), but linear space, through observable functions. For
this space, a linear Koopman operator exists to describe
the original nonlinear dynamics through the observables.
The Koopman framework shows promising results in its
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application to real-world analysis and control applications
(e.g. mechatronic systems (Abraham and Murphey, 2019),
(Cisneros et al., 2020), distributed parameter systems
(Klus et al., 2020)). For practical use, a finite number of
observables needs to be selected, which is called the lifting.
Based on these, time-shifted data matrices are constructed
to compute via least-squares a matrix approximation of
the Koopman operator. This technique is known as ez-
tended dynamic mode decomposition (EDMD) (Williams
et al., 2015). However, the main problem is that the choice
of the observables is heuristic and there are no guarantees
on the quality of the resulting model. To tackle this, one
solution is to use data-driven techniques to learn the lifting
from data, in order to circumvent the manual selection
of observables (Lusch et al., 2018), (Tacob et al., 2021).
Nevertheless, this is still an approximation and the ques-
tions on how to embed the nonlinear system into an exact
linear finite dimensional lifted representation and when
this is possible at all are still open. This is an important as-
pect, because, for control purposes, having an exact finite
dimensional embedding allows for the application of the
available control tools for linear systems. Moreover, if there
exist approximation errors in the model that cannot be
quantified, the expected performance will not be achieved.
To tackle this, there have been attempts to connect the
Koopman framework to immersion (Wang and Jungers,
2020) and Carleman linearization, in order to obtain a
clear way of computing the observables. However, in the
immersion approach, the existence of a finite dimensional
fully linear lifting depends heavily on the observability
property of the system and, in general, the resulting em-
bedding contains a nonlinear output injection (Krener and
Isidori, 1983), (Jouan, 2003). Closely connected to the
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immersion approach is the notion of polyflows, which allow
for a finite linear embedding of the system through the Lie
derivatives of the trajectories. However, the corresponding
polyflow property can only be satisfied in an approximate
sense for general nonlinear systems and the approach is
non-constructive in terms of the resulting Koopman form,
which is still obtained via a data-driven approximation
(Jungers and Tabuada, 2019). Regarding the Carleman
linearization (Kowalski and Steeb, 1991), while it offers
a systematic way of computing the lifting functions, the
resulting embedding is still an infinite dimensional model
that needs to be trimmed.

The present paper discusses a novel method to system-
atically convert a polynomial nonlinear system to an
exact finite dimensional linear embedding and compute
the corresponding linear representation analytically (with-
out EDMD). Starting from the idea of the simple 2-
dimensional example shown in (Brunton et al., 2022), we
introduce a state-space model where the state equation
is described by a lower triangular polynomial form. We
prove that there always exists an exact finite dimensional
Koopman representation and we show how to systemati-
cally compute it. This approach is applicable for the class
of nonlinear systems for which there exists a bijective
nonlinear state transformation that brings the state-space
description of the system to this lower triangular form. We
also show that, once the autonomous part of the nonlinear
system is embedded, the extension to systems with inputs
is trivial and can be performed in a separate step. Using an
example system, we demonstrate that the lifted Koopman
model can fully capture the original dynamics, both in an
autonomous operation and in the presence of inputs.

The paper is structured as follows. Section 2 describes
the Koopman framework and details the proof and steps
needed to obtain the finite embedding. In Section 3, we
discuss the example and showcase the simulation results.
In Section 4, conclusions on the presented results are given
together with outlooks on future research.

2. FINITE DIMENSIONAL EMBEDDING

The present section details the Koopman framework and
introduces the proposed method to compute an exact
finite dimensional embedding. Additionally, we discuss the
extension to systems with inputs.

2.1 Koopman framework

Consider the autonomous nonlinear system:

&= f(x), (1)
with z := x(t) denoting the state, ¢ € R represents the
time and f : R™ — R™ is the nonlinear vector field which
we consider to be a Lipshitz continuous function. Given an
initial condition x(0) € X C R™, the solution z(t) can be
described as: .

x(t) = F(t,2(0)) := =(0) +/ fle(r))dr. (2)
0
It is assumed that X is compact and forward invariant
under the flow F(t,-), such that F(t,X) C XVt >
0. Introduce the family of Koopman operators {K'};>o
associated to the flow F(¢,-) as:

Ktp(z(0)) = ¢ o F(t,z(0)), &€ F, (3)
where F C C! is a Banach function space of continuously
differentiable functions and ¢ : X — R is a scalar ob-
servable function. As the flow F' is uniformly Lipshitz and
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X is compact forward-invariant, the Koopman semigroup
{K'}4>0 is strongly continuous on F (Mauroy et al., 2020).
Thus, the infinitesimal generator £ : Dy — F associated
with {K'};>¢ can be described as (Lasota and Mackey,
1994; Mauroy et al., 2020):

) ¢ S Dﬁv (4)

where D, is a dense set in F. Note that, as described
in (Lasota and Mackey, 1994), the generator L is a linear
operator. Through the infinitesimal generator, we can thus
describe the dynamics of observables as follows:

b= 2r=ro (5)

which is a linear infinite dnnensmnal representation of the
nonlinear system (1). If there exists a finite dimensional
Koopman subspace F,,, C D, such that the image of £ is
in Fy,, then, given the set of lifting functions as basis of
Fne, we have Lo € span{®}, V¢ € ®. Thus, the following
relation holds:

j —£¢] ZL ,j(b’m (6)

where L denotes the matrix representatlon of £ and the
coordinates of L¢; in the basis ® are contained in the
column L _; Let A = LT € R™" then, based on (5), the
lifted representation of (1) is given by:

b(a) = 52 (@) /()

Thus, one can formulate conditions for the existence of a
finite dimensional embedding of (1) as:

® € span{®},

which is equivalent to

oD
%f € span{®}.

However, the major question is how to compute ¢ such
that the conditions (8) are true. In the Koopman frame-
work, to recover the original states of (1), the existence of
a back transformation ®f(®(x)) = x is often assumed. For
simplicity, this is achieved by adding an extra condition
to (8), namely that the original states are contained in ®,
i.e., the identity function is part of ®. Next, in order to
explicitly write the LTI dynamics given by the Koopman
form, let z(t) = ®(x(¢)). Then, an associated Koopman
representation of (1) is:

z= Az, with z(0) = ®(x(0)). (9)
It is important to note that, by the existing theory, in
general, one cannot guarantee the existence of a finite
dimensional Koopman invariant subspace Fp,. In the
sequel, we show that, in case of systems described by a
state-space representation where the state equation can be
written in a lower triangular polynomial form, there always
exists an exact finite dimensional Koopman representation
of the system in the form of (9) and this representation
can be systematically computed.

= AdD(x). (1)

(8a)

(8b)

2.2 Ezact finite embedding procedure

We assume the existence of a bijective nonlinear state
transformation ¥ : R™ — R"™ such that $W(z) =
f(T(x)) results in the following equivalent state-space
representation of the original system:
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i’l = a1x

By = asws + fa(z1)

i3 = azrz + f3(21, 22) (10)
Ty = ApTy + fn(xla o 71/'”71)

where f, (with p € {2,...,n}) is given by:

dp dp p—1
_ (p) Ji
fp(xla""xp—l)_z'” Z 0 TR IHJ:il,

J1=0 Jp—1=0

with polynomial terms of the form ;vl ...x;” . Here,

as an abuse of notation, we do not distinguish the new
state variable with a different notation such as z =
U(z). Furthermore d,, is the maximum power of the
resulting polynomial terms, hence for the generality of the
notation we do not distinguish the minimal power of each
subterm that results from such a conversion. Under these
considerations, we can give the following theorem.

Theorem 1. For an autonomous continuous-time nonlinear
system that has a polynomial state-space representation in
the form of (10), there exists an exact finite-dimensional
polynomial lifting & : R™ — R™ containing the states
x;, with @ € {1,...,n}, such that (8a) holds true.

Proof. The theorem is proven by induction. First, we will
consider the cases when n = 1,2, 3,4 and then we will show
that if the statement of Theorem 1 holds for n-number of
states then we can prove that it also holds for n + 1.

e n = 1: Consider the 1%*-order system
.’tl = a1x1 (12)

Let W1 = {21} and & = vec(Wy), ie., ®(x) = z1.
It is trivial to see that condition (8a) holds true as
%1 = a1x1 € span{®}.

e n = 2: Notice that the dynamics defined by the 27d-
order system are described by (12), together with

To = agTo + Z a(2) ]1. (13)

Jj1=0

Here, superscript @ of the coefficient o denotes
that it belongs to the 2" state equation. Let V, =
{29,..., 2%} and Wy = {22 }UVa, while ® = vec(W;U
Ws). By calculating ®, we get the terms associated
with Wy and the terms

(ft (l‘]ll) :jll‘{l_li‘l = jlalx]f (14)
originating from V5. It is easy to observe that all terms
in (14) are already contained in ® and @5 € span{®},
hence condition (8a) holds true.

e n = 3: The dynamics of the 3"d-order system are
described by (12), (13) and the following equation:
d3 ds3
T3 = asrs + Z Z 04]1 J2x]11q;%2_ (15)
J1=0352=0
As performed previously, we take the nonlinear terms
' 2)? and add them to the set of lifting functions
Vs = {2929, ..., 2029} and Wy = {3} U V3, while
® = vec(W1 U Wg UWs). By calculating ®, we get the
terms associated with Wy, W5 as before and

dy/ .
T (x{%z:?) = gl el 4 joat ey (16)

= (jra1 + j2a2) 55]11%2 +J2 Z as Jlﬂl a2t
%,_/
a 71=0 b
based on V3. The following observations can be made:
- The terms a are already contained in V3.
- For the terms b, we can observe that the power
jo decreases by 1 and j; increases by at most ds.
Introduce the operator Dy, such that D (z)'22?) =

{leﬂl g2 1}d2 _,» 1€ it gives the b terms of (16).

Then let V3 < V3 U @b(‘/g) Repeating the process,

i.e., applying the time derivative again to = 1+ ap !

further decreases jo and increases the power of x1,
and at each step only terms of the form a and b are
generated. Repeating the process for a finite number
of steps gives that Dy, (V3)\ Vs C {29, ...,z }. Hence,
based on case n = 2, we know that for V3 < V3 U
Dy (V3) taking W3 = {z3} U V3 and ® = vec(W; U
Wo U Ws) will ensure that condition (8a) holds true.
n = 4: The dynamics of the 4*"-order system is
described by (12), (13), (15), together with:
di  ds  da
T4 = agTq + Z Z Z af?jmdmjllxézx? (17)
J1=0j2=0j3=0

To ease readability, let (; = .73]11 I with j = ji +

(dg 4+ 1)j2 + 1. This means that j = 1 corresponds to
Jj1 = 0,j2 = 0, 5 = 2 corresponds to j; = 1,72 = 0,
up until 5 = P = (d4 + 1)?, which corresponds to
j1 = dy4, jo = d4. Then, (17) can be written as

T4 —“4x4+z Z aus : (18)
j=1j3=0
Let Vy = {¢129, . .. ,Cpx34} and Wy = {x4}UVy, while
d = vec(Uf:1 W;). By calculating @, we get the terms
associated with Wy, Wy, W3 as before and

d , o
dt (Cﬂb) = {af? + jsGa i (19)

= Jsas C]  +is Z a? CJ+n 13 L+ Gy’
%,_/
a b c

- The terms a are already contained in Vj.

- For the terms b, we can observe that the power js
decreases by 1 and the powers of z; and x5 within
¢ increase by at most ds (which is finite), encoded
in terms of n;. Applying the same iterations as
in case n = 3, we can construct a V4 such that
Dp(Va)\ Vi €{C1, -, Cn. }- We can observe that
the (; terms are in the form of the b terms in
case of n = 3, hence the same procedure can be
further applied till Dy, (V) \ Va C {29,..., 27" }.

- For the terms c, d—dtg“j leads to a decrease of
the orders of z' and 2J* in the terms (. In-
troduce the operator ®. such that D.((;z}’) =
{Gag’ i), ie., it gives the ¢ terms of (19). Then
let Vi «+ V4 U CD (V). Repeating the process for
a finite number of steps gives that ©.(V4) \ V4 C

{2929, ..., 27 25%}. Next, D, can be applied as
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t
Fig. 1. State trajectories of the nonlinear system represen-
tation (29a)-(29d) and the Koopman embedding (30).

Dy (2] 2%?) = {¢ejual® '}, This holds as the
powers of both x; and To 1ncrease through the ap-
plication of ®;. Iterating both the b and ¢ terms
together leads to Dy, (Vy) \ Va C {29,... 27"}
Hence, based on case n = 3, we know that for
Vi + V4 UD(Vy) taking Wy = {x4} U V4 and
¢ = Vec(U?:1 W;) will ensure that condition (8a)
holds true.
e n+ 1 states (n + 1 order system):
Assume that for ® = vec({J;_, W;), condition (8a)
holds true in the n*P-order case. The dynamics of the
n—+1 order system is described by (10), together with:

n+1 n+1

Epgl = Ay + Z Z o ".H) o adn (20)
Jj1=0 Jn=0
Similar to the strategy in the n = 4 case, introduce

Jn—1

G =t a ), with j = 1437020 jr(dngr + 1)K

and P = (d,+1+1)"" 1. With this notation, (20) reads
as: P dnya
~(n+1 j
-Tn+1 = Op4+1Tn+1 + Z Z Ck§ ]—: )ij#‘ (21)
Jj=1jn=0
Let Vg = {G2%,...,Cpain™'} and Wy =
{Zn+1}UVip1, while & = vec(U!] W;). By calculat-
ing ®, we get the terms associated with Wy, ..., W,
as before and
d L ) S
& (Gut) = Gt + duGuate 2

P
— 2 in s ~(n) in—1 | / . .dn
= JnGn ij?n +In § 043 <j+n; ZE% =+ C]x%
~—— - —_——
a J=1 b c

- The terms a are already contained in W,,.

- We can observe that the power j, decreases by 1
and the powers of z; (i € {1,...,n — 1}) within ¢
increase by at most d,, (which is finite), encoded
in terms of n;. Applying the same iterations
as in the prev10us cases, recursively leads to
Dp(Vir1) \ Vayr C {a:l,...,xrfl} in a finite
number of steps.

- As seen in the previous cases, taking d%gj for
the terms c, leads to a decrease of the orders
of 7', ..., zd" in the terms (. By using V41 <

Vit UD. ( n+1) in a finite number of steps leads
t0 De(Vig1)\Vigr C {afal, ... 2y 2im }. Apply-
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Fig. 2. Error between the state trajectories of the original
nonlinear system representation (29a)-(29d) and the
Koopman embedding (30).

ing Dy, we have Dy (2] zdr) = {45,290~ f 1-
As before, iterating the terms b and ¢ together
leads to @b( V1) \ Vg1 C {af,... 2
Hence, based on case n, we know that for V41 +
Vn+1 UDy(Vit1) taking Wiyt = {Zny1} U Vg and
= vec(U!] Wi) will ensure that condition (8a)
holds true. This completes the proof.

This shows that for an autonomous polynomial nonlinear
system with dynamics described by (10), there exists a
finite dimensional lifting ®, containing the states and
polynomial terms, satisfying & = g—f f € span{®}. This
implies that there exists a square real matrix A such that
d(z) = AD(x).

2.8 Systems with input

Next, we present the extension to systems with inputs.
Consider the following control affine nonlinear system:

&= f(x) + g(z)u, (23)
with the autonomous part given by (10) and g : R™ —
R™=*"u and u € U C R™. To obtain the lifted representa-
tion, one can use the sequential method described in (Iacob
et al., 2022). First, an exact lifting of the autonomous
part is computed such that conditions (8) hold. Next, the
Koopman embedding is computed using the properites of
the differential operator. Applying the lifting ® and taking
the time derivative, one obtains:

P = Z—i(w)x’

0P 0P
= %(x)f(x) + %(x)g(x)u.

Using the equivalence of conditions (8b) and (8a), an
associated Koopman embedding of (23) is:

®(z) = AD(z) + B(z)u, (25)
with B(z) = g—f(:c)g(x). As described in (Iacob et al.,
2022), one can further express (25) as a linear parameter
varying (LPV) Koopman form by introducing a scheduling
map p = u(z), where z = ®(x) and defining B, o z = B.
Then, the LPV Koopman model is described by:

2= Az+ B,(p)u,

®(x(0)).
Moreover, as shown in (Goswami and Paley, 2017; Tacob
et al., 2022), if 22¢; € span{®} (g, is the i column of g),
then there is a matrlx B; € R"*™ that satisfies:

(24)

(26)
with z(0) =
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Fig. 3. State trajectories of the original nonlinear system
detailed in Section 3.2 and the Koopman embedding
(31) under step (top) and multisine inputs (bottom).

9%
ax gZ
As such, the lifted model can be written in a bilinear form:

Z=Az+ ZBizui,
i=1
where u; is the i*" component of v and z = ®(z). Note that
different equivalent bilinear models can be formulated as
detailed in (Tacob et al., 2022).

3. EXAMPLE

This section presents the embedding of a 4-dimensional
system and shows simulation results for both autonomous
and input-driven operation.

= B;®. (27)

(28)

3.1 Autonomous case

Consider the following 4*" order system:

(29a
(29b
(29¢
(29d

We can apply the procedure discussed in Section 2 per
state equation to find the observable functions. The re-
sulting lifting functions are as follows: Wy = {1}, Wa =
{x27x§}7 W3 = {.’ﬂg,xle,fﬂ%,x%,l’?ﬁg,l’?}, and Wy =
{24, ¥12273, 213, ¥IT0, 1123, W30, Tl W0, XY, 2 20, 210}

The entire lifting set is & = vec(Wy, Wy, W3, Wy). For
easier interpretability, we write the observables as ®(x) =
[t1 @3 3 x4 ® @& @1 ®]]" where ®; contains the
elements of W, in order, without the state x;. Performing
the derivations as described in the proof, we obtain a finite
dimensional Koopman representation of the form:
2=Az, x=0Cz, (30)
with z(t) = ®(z(t)), A € R19%1 and C = [I4 04%15). The
structure of the state matrix A is detailed in the Appendix.
To compare the Koopman representation and the original
system description, let a; = a2 = a3 = a4 = —0.5, 04%2) =
aﬁ) = a(()?;) = aﬁ)l = —0.2 and o = [1 11 1]". We can
obtain solution trajectories of these two representations
by a Runge-Kutta 4*"-order solver. Furthermore, once the
initial condition is lifted, i.e. z(0) = ®(x(0)), the dynamics

(tl = a1x )
. 2,3

To = asxs + a5y )
L 3 3,2

T3 = asx3 + Q10102 + AgyTs )

. 4
T4 = 424 + 111 T12223.
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Fig. 4. Error between the state trajectories of the original
nonlinear system detailed in Section 3.2 and the
Koopman embedding (31) under under step (top) and
multisine inputs (bottom).

of the Koopman model are driven forward linearly, as
described by (30). Simulation results of the Koopman
model and the original nonlinear representation from a
given initial condition are depicted in Fig 1. As it can
be observed, there is an exact overlap between the state
trajectories of the original system description and the
state trajectories obtained from the lifted model (z1_4
correspond to x1_,4). Fig. 2 shows that the obtained error
is in the order of magnitude of 10~'°, which can be
attributed to numerical artifacts.

3.2 Input-driven case

Consider a control affine nonlinear system (23), with the
autonomous part given by the equations (29a)-(29d) and

g(x) = [1 21 23 sin(x3)]T. Applying the lifting procedure
described in Section 2.3, we can derive an exact LPV

Koopman model:

2= Az + B,(p)u (31a)

x=Cz, (31b)
with C' = [I4 Og4x15], 2(t) = ®(x(t)) and p = z. Note that
the state matrix A coincides with the autonomous case.
The explicit form of B(z) (and, in turn, B,) is omitted
due to space constraints, but it can be easily computed by
multiplying g—i with g(z). The structure of g—i(ac) is given
in the Appendix. We use the same coefficient values as in
the autonomous case. After lifting the initial state z(0) =
®(x(0)), the dynamics of the Koopman representation are
simulated forward in time by (31) for a step input (at
time ¢ = 1) and a multisine input with excited frequencies
placed equidistantly between 1 and 10 Hz with no phase
difference. Fig. 3 shows the solution trajectories of both
the original and the lifted system representations. There
is an exact overlap, i.e., the error of the state trajectories,
depicted in Fig. 4, is in the magnitude of 1074, which is
due to numerical integration.

4. CONCLUSIONS

The present paper shows that a finite, exact Koopman
embedding exists for a specific system class and an ap-
proach is provided to obtain this embedding. Furthermore,
as shown, the step to embed nonlinear systems with input
is easily achieved once the autonomous part is lifted.
Future work will focus on extending the current system
description to a more general class of nonlinear systems.
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5. APPENDIX
[z 000 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0]
0az 00 0 0 0 0 0 0 0 0 0 0 0 0 0 0
00as 0 0 oF of o 0 0 0 0 0 0 0 0 0 0 0
000a 0 0 0 0 0 0 ol 0 0 0 0 0 0 0 0
00003, 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0000 0 a+ax 0 af 0 0 0 0 0 0 0 0 0 0 0
0000 0 0 2m 0 242 o0 0 0 0 0 0 0 0 0 0
0000 0 O 0 4a5 O 0 0 0 0 0 0 0 0 0 0
0000 0 0 0 0 3a+aal) 0 0 0 0 0 0 0 0 0
A=|l0000 O O 0 0 0 6 0 0 0 0 0 0 0 0 0
00000 0 0 0 0 0 a+az+as of ald ol 0 0 0 0 0
00000 0 0 0 0 0 0 day+az 0 0 ol ol 0 0 0
0000 0 O 0 0 0 0 0 0  2a14+2 0 207 0 0 0 0
00000 0 0 0 0 0 0 0 0 ar+3a 0 3 0 0 0
00000 0 0 0 0 0 0 0 0 0 BSait+ay, 0 of 0 0
00000 0 0 0 0 0 0 0 0 0 0 day+2 0 22 0
0000 0 O 0 0 0 0 0 0 0 0 0 0  8a 0 0
0000 0 O 0 0 0 0 0 0 0 0 0 0 0 7a1+ay af?
0000 0 0 0 0 0 0 0 0 0 0 0 0 0 0 10a]
1000322z 0 423 3xizy 623 woxs daday 20923 23 Bajw dadx? 827 7alzy 1029 N
08 () _ 0100 0 23200 0 28 0 a3 0 2zfwy 3mzd 2} 22j2s 0 2] 0
EE 00100 0 0 0 0 0 zay 2 0 0 0 0 0 0 0
0001000 0O O O O O 0O 0 0O 0 0 0 0
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