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Abstract: Sign-Perturbed Sum (SPS) is a powerful finite-sample system identification algo-
rithm which can construct confidence regions for the true data generating system with exact
coverage probabilities, for any finite sample size. SPS was developed in a series of papers and
it has a wide range of applications, from general linear systems, even in a closed-loop setup, to
nonlinear and nonparametric approaches. Although several theoretical properties of SPS were
proven in the literature, the sample complexity of the method was not analysed so far. This
paper aims to fill this gap and provides the first results on the sample complexity of SPS. Here,
we focus on scalar linear regression problems, that is we study the behaviour of SPS confidence
intervals. We provide high probability upper bounds, under three different sets of assumptions,
showing that the sizes of SPS confidence intervals shrink at a geometric rate around the true
parameter, if the observation noises are subgaussian. We also show that similar bounds hold
for the previously proposed outer approximation of the confidence region. Finally, we present

simulation experiments comparing the theoretical and the empirical convergence rates.
Copyright © 2023 The Authors. This is an open access article under the CC BY-NC-ND license

(https://creativecommons.org/licenses/by-nc-nd/4.0/)
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1. INTRODUCTION

Estimating models is a fundamental problem across several
domains, such as system identification, machine learning
and statistics. System identification, a research area that
studies how to build models of dynamical systems from
observed data, has a long and rich history. Classical
methods in the field provide asymptotically guaranteed
estimates and confidence regions (Soderstrom and Stoica,
1989; Ljung, 1999). Recently, a paradigm shift took place
in the field and more significant emphasis was given to
approaches with non-asymptotic guarantees. Most of these
techniques assume that the noises and disturbances follow
given (known) distributions, therefore distribution-free,
non-asymptotic identification of dynamical systems still
remain an active area of research (Care et al., 2018).

Two promising identification algorithms that can con-
struct non-asymptotic confidence regions around the true
parameter, for any finite sample, in a distribution-free set-
ting are the LSCR: Leave-out Sign-dominant Correlation
Regions (Campi and Weyer, 2005) and the SPS: Sign-
Perturbed Sums (Cséji et al., 2015) methods.

SPS constructs exact confidence regions around the least-
squares estimate for any finite sample, under mild assump-
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tions on the noises, namely that they are independent and
their probability distributions are symmetric about zero.

Several important properties of SPS, such as its exact
coverage probability (Csdji et al., 2015) and strong consis-
tency (Weyer et al., 2017), were rigorously proven for linear
regression problems, under the assumptions mentioned
above. The standard SPS method provides an indicator
function, which evaluates whether a given parameter is
included in the confidence region. In (Cséji et al., 2015)
an ellipsoidal outer approximation algorithm was proposed
that builds a compact representation of the confidence
set around the least-squares estimate. The symmetricity
assumption on the noises was relaxed in (Kolumban et al.,
2015). The closed-loop applicability of SPS was studied
in (Csdji and Weyer, 2015), and in (Volpe et al., 2015)
an instrumental variable based generalization was given
that can construct confidence regions for ARX systems
with the same theoretical guarantees as mentioned before.
The behaviour of SPS was also investigated in the face
of undermodelling (Care et al., 2021). Further extensions
and applications of SPS include kernel-based methods
(Csdji and Kis, 2019; Baggio et al., 2022), nonparametric
confidence bands (Cséji and Horvéth, 2022) and even tests
for binary classification (Tamés and Csaji, 2021).

Although the confidence regions generated by SPS are
strongly consistent, the sample complexity of the method
remained an open question. Here, we give distribution-free,
high probability bounds for the length of SPS confidence
intervals for any finite sample size. As a first line of sample

2405-8963 Copyright © 2023 The Authors. This is an open access article under the CC BY-NC-ND license.
Peer review under responsibility of International Federation of Automatic Control.

10.1016/j.ifacol.2023.10.1048



10364

complexity research for SPS, the emphasis of our study
is on the possible tools of theoretical analysis, hence, we
restrict our attention to the scalar-valued case. Although
we only investigate the scalar setting, the obtained results
are directly relevant, for example, for multi-armed bandit
problems (Lattimore and Szepesvéri, 2020), prediction
intervals, confidence bands (Cs&ji and Horvath, 2022) and
signal processing approaches (Csaji and Weyer, 2011).

Our main contributions in this paper are as follows:

(1) Non-asymptotic analysis of SPS in case of the “con-
stant in noise” setting, assuming subgaussian noises.

(2) High probability upper bounds for the sizes of SPS
confidence intervals for scalar linear regression, both
for deterministic and stochastic regressors.

(3) Simulation experiments to compare the obtained the-
oretical bounds with the empirical performance.

The paper is structured as follows. In Section 2 we give
a short overview of SPS and its fundamental properties.
Section 3 provides our theoretical non-asymptotic results
on the size of the SPS confidence regions with proofs. The
simulation experiments are presented in Section 4. Finally,
Section 5 summarizes and concludes the paper.

2. THE SIGN-PERTURBED SUMS ALGORITHM

In this section we give an overview of SPS for scalar linear
regression. The reader is referred to (Cséji et al., 2015)
and (Weyer et al., 2017) for a detailed description of the
algorithm in the general (d-dimensional) linear regression
case, with theorems and proofs. Note that in our study
we discard (w.l.o.g.) the “shaping matrix” term of the
algorithm, since its purpose is take the inter-dependencies
of the parameteres into account, in case d > 1. In the
scalar case this does not affect the constructed intervals.

2.1 Problem setting and main assumptions
Consider the following scalar linear regression system
Yt = 10" + wy, (1)

where ; € R is the regressor, y; € R is the output, w; € R
is the noise and 6* € R is the (constant) “true” parameter
to be estimated. We are given a sample of size n which
consists of @1,..., ¢, (inputs) and yi,...,y, (outputs).

The assumptions on the noises and the regressors are

Al {w:} is a sequence of independent random variables
and each w; has a symmetric probability distribution
about zero (i.e., wy has the same distribution as —ws).

A2 The regressors, {p:}, are almost surely nonzero ran-
dom variables, and {1} is independent of {w;}.

2.2 The SPS algorithm and its theoretical properties

In linear regression problems given a sample of size n the
least-squares estimate (LSE) can be obtained by solving
the normal equation. The core idea behind SPS is to
introduce m — 1 sign-perturbed sums {S;(6)} and a ref-
erence sum Sp(@) from the normal equation and construct
a confidence region based on the rank of Sy(6).

The SPS algorithm consists of two parts, an initialization
phase and an indicator function. In the initialization
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Table 1. Pseudocode: SPS-Initialization (p)

1. Given a (rational) confidence probability p € (0,1), set
integers m > ¢ > 0 such that p =1 — g/m;
2. Generate n(m — 1) i.i.d random signs {o; ;} with

]P’(O!i’t = 1) = ]P)(Oéiyt = —1) =0.5

for all integers 1 <i<m—1land 1 <t < n.

3. Generate a permutation 7 of the set {0,...,m — 1}
randomly, where each of the m! possible permutations
has the same probability 1/(m!) to be selected.

Table 2. Pseudocode: SPS-Indicator (6)

1. For a given 0, compute the prediction errors

ee(0) =yt — 0
forall 1 <t <mn;
2. Evaluate
n n
So(0) = Z‘Ptet(e)v and S;(0) = Zai,t@tfft(e)a
t=1 t=1
for all indices 1 <i<m — 1;
3. Order scalars {Sf(@)} according to »r, where “»=,” is
“>” with random tie-breaking (Cs4ji et al., 2015);
4. Compute the rank R(6) of SZ(6) in the ordering where

m—1
1+ Z 1(S3(0) == S2(9)) ] ;

=1

5. Return 1 if R(6) < m — g, otherwise return 0.

R(0) =

part the algorithm calculates the main parameters and
generates the random signs needed for the construction
of the confidence region. The indicator function evaluates
whether a given parameter € is included in the confidence
interval. The initialization is shown in Table 1 and the
indicator is presented in Table 2. Using this construction,
the p-level SPS confidence region can be defined as

Cp = {6 € R: SPS-Indicator(f) = 1}. (2)

As it was shown for general linear regression problems in
(Csaji et al., 2015), the confidence region C, contains the
true parameter 8* exactly with probability p, thus

Theorem 1. Assuming A1 and A2, the coverage probability
of the SPS confidence interval is exactly p, that is,

P(6* € Cp) :1—% =p. (3)

Note that in (Cséji et al., 2015) this theorem is proved
for deterministic regressors, but it is straightforward to
generalize the result to the case of random regressors that
are independent of the noises (i.e., by conditioning on the
regressors, as the deterministic result can be applied to
almost all realizations of the regressors). In (Weyer et al.,
2017) it has been rigorously proved that the confidence
regions are also strongly consistent, which requires some
further mild assumptions that we do not detail here.

To give a compact representation of the confidence re-
gion around the LSE, an ellipsoidal outer approximation
method was developed (Csdji et al., 2015). The confidence
interval given by the outer approximation in our case is

Cp CO,={0ER:(0—0,)r, <1}, (4)
where 1, = %2?21 ¢? and r can be calculated from the

(ordering of the) solutions of the following optimization
problems, for all 0 < i < m, (Cséji et al., 2015)
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Fig. 1. SPS confidence intervals, m = 2 (50 % confidence).

maximize Sg(6)
)
subject to  S3(0) — SZ(0) < 0. 5)

An illustrative example of the scalar SPS confidence re-
gions for m = 2 and Vt : ¢ = 1, is presented in Fig.
1. The confidence region consists of the points {# € R :
S2(0) < S%(0)}. In the case of outer approximation, from
(5) we have /7 = max(|0y —0,], |02 —0,|), hence, the outer
approximation is given by {# € R : |0 — 6,,| < \/7}.

In case of a scalar parameter, the SPS confidence regions
are in fact intervals. Thus, they automatically have nice
representations, hence their outer approximations look
superfluous (unlike in higher dimensions). Nevertheless, we
also study the behaviour of the outer approximations, since
we want to understand their sample complexity, as well,
as they are very important for multi-dimensional settings.

3. SAMPLE COMPLEXITY OF SPS

In this section we prove high probability upper bounds
for the lengths of SPS confidence intervals. We analyze
SPS assuming a one-dimensional constant parameter, first
without inputs. Then, we investigate linear regression with
scalar inputs, using two other sets of assumptions.

3.1 Identifying a “constant in noise”
Consider the problem of identifying a constant in noise

Yt = 0* + W, (6)

for t = 1,...,n, where y; is the output, w; is the noise
and 6* is the true parameter (constant). Both the random
variables y;, w; and the optimal parameter 8* are scalars.

For this analysis, we also assume that

A3 Every noise term, wy, has a nonatomic, subgaussian
distribution with variance prozy o2, that is VA € R

E[exp(huwy)] < exp (AQ;Q > . (7)

Note that this assumption is much weaker than assuming
Gaussian noises. For example, every distribution with
bounded support is automatically subgaussian, therefore,
it covers a wide range of possible noises. The nonatomicity
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of the distributions is nonessential, it is only used to avoid
ties and, thus, to simplify the analysis. Moreover, SPS does
not exploit subgaussianity in any way, A3 is used solely for
the sake of studying the sample complexity of SPS.

Care (2022) has shown that the SPS confidence regions
are bounded, if both the perturbed and the unperturbed
regressors span the whole space. In our current setting, this
means that there should be at least one positive and one
negative sign in each sign-perturbation sequence. Thus, in
order to guarantee boundedness, we assume

A4 For all 0 <i<m, we have a;; =1 and o; 0 = —1.
Before we state our theorem, we first prove a lemma that
is an essential part of the proof of the later theorem.
Lemma 2. Assume Al and A3, n > 2, and let

X dadu L YL (g

MESE Gray . TS0

where a; = 1, ag = =1, and {4} 5 are i.i.d. Rademacher
random variables, independent of the noise terms {ws}.

Then, variables X and X_ satisfy for alle > 0 :

P(Xs|>e) <2(L4le 2\ 8)
—+-exp|l—==]].

= =22 T 2P T

Proof. Observe that Y ;' (1 — o) 4 S (1 + ),

therefore it is enough to prove the claim for X, which in

this proof we will denote by X for shorthand of notation.

Let Z = Y7} 5(14ay)/2, which has a binomial distribution
with parameters (1/2,n — 2). By using the law of total
probability, the following can be written

> 6) =

B Doy (14 o )wy
_1@( ze'Z:k;)IP’(Z:k)
k=0

32 (1+aw,
2
k=0

% Z?:l (1+ ar)
Ztelk+1 wy
k+1
where Iy 1 is a random index set of length k+1. Note, that
the index sets of length k£ 4 1 are uniformly distributed,
since every one of them has the same probability, 1/2772.
For every (finitely many) realization of Ij41, the variance
proxy of (3 ,er,,, wi)/(k + 1) is always o\/1/(k+1),

which follows from the properties of subgaussian variables
(Lattimore and Szepesvdri, 2020, Lemma 5.4). Then, the
above probability (9) can be upper bounded by using the
Hoeffding inequality (Wainwright, 2019, Proposition 2.5)

=2 k+1)e?

2 kZ::OIP’(Z — k) exp <(2+02))
2 2
2 E[exp (—i;)} exp (—;‘2>
() )
2 2 202 202
ot 2
2 2 202

3

> 5> P(Z = k), (9)

IN

IN
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where we applied the moment generating function of the
binomial distribution, to express E[exp(tZ)]. O

Now, we state our nonasymptotic high probability upper
bound for the length of SPS confidence intervals.

Theorem 3. Assuming A1, A3, Aj, and considering sys-
tem (6), the confidence intervals generated by SPS are
shrinking at a geometric rate, i.e., for all € > 0,

P(;upw 0" |>€)§
€Cp

v (Se e (2T oo

Proof. First, we derive the sample complexity of SPS for
the case where there are only two sums Sp(6) and S7(8),
and later generalize this to the case, where there are m
sums. In the case of two sums, Sy(#) and S;(0) are:

So(8) = n(6* — ) +w, (11)
S1(0) = (0" — 0) + wa, (12)

where n is the sample size, w = Y7 w, @ = Y0
and w, = >, ayw;. Then, a p = 0.5 confidence set is

where 61 and 6- are the intersections of the two parabolas
determined by SZ(#) and S%(6). If the confidence region is

finite, then #; and 6, always exist. The pair #; and 65 can
be calculated by solving the quadratic equation

S2(0) — S2(0) = a*6* + 200 + ¢ = 0, (14)
2

Wherea— (n —a) b= (a? —n?)0* + aw, — nw and
= (0")%(n?—a?)+20* (nw—aw, ) +w? —w? . The solutions
are

91:w+wa+a9*+n9*:w+wa+9*:
a+n a-+n
n
1
Zt:nlwt( +at)+9t (15)
Zt:1(1+at)
02:—w+wa+a0*—n0*:w—waJrg*:
a—n n—o
n 1_
Zt:lwt( at)_|_9* (16)

Z?:l(l — o)
Throughout our analysis we give concentration inequali-
ties for the quantities |6; — E[61]| and |02 — E[63]]. The
sequences {w;} and {a:} are independent, and {w;} is
centered, thus E[f;] = E[f2] = 6*. Using the results from
Lemma 2, it holds for for j = 1,2 and any ¢ > 0 that

B0, - 0% >¢) < 2( L4 Loxp (- " (17)
j ~Z£) S B 26Xp 202 .

Then, using the union bound (Boole’s inequality), we have

IP’( sup |0 — 9*\>6> = ]P’(max\@ —6*|>e> <

0eCo.5
J(L, 1 2 \\" !
2 TP T2 ) )0

for all € > 0. Note that (18) only holds for the special case
of m =2 and ¢ =1 (i.e., confidence probability 0.5).

(18)

Now, we consider the general case, i.e., we allow arbitrary
0 < g < m (integer) choices. Our aim will be to provide
an upper bound for the probability of the “bad” event
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that the length of the constructed interval is above a given
e > 0. First, we can construct bad events for each 4, i.e.,
the event that the 0.5 probability interval defined by Sy(6)
and S;(0), cf. (13), has length at least . This event is
Bf = {wEQ:jH:l{f,?;|9¢,j(w)—9*|Z€}, (19)
where 6, 1 and 6; o are the two intersections of parabolas
S2(0) and S?(A); and Q is the sample space of the un-
derlying probability space (2, F,P). We already provided
an upper bound for P(Bf), see (18), which is valid for all
t=1,...,m—1;but Bf,...,B_; are not independent.

By using the construction of SPS; see (Csiji et al., 2015),
the “good” event, given integers 0 < ¢ < m, is

U Neé (20)
ICM, i€l
[I|=zm—q
where M ={1,...,m —1} and G§ = Q\ Bf, for i € M.

This means that there exist at least m — ¢ (perturbed)
parabolas, {52};0, such that all of their intersections with
the reference S2 are closer to §* than the given e > 0.

Then, by using De Morgan’s laws, the “bad” event is

=o\¢°= () UB = () U35

ICM, i€l ICM, i€l
[I|>m—q [I|=m—q

(21)

The probability of this “bad” event can be bounded by

E g [
P(B®) < < jmin P U Bf| < m—q) - P(Bf), (22
[I|=m—q Li€l
where we used that P(A N B) < min{P(A), P(B)} and

P(AU B) <P(A) + P(B). This completes the proof. [J
Next, we give a high probability bound on the size of the
outer approximation of the SPS confidence interval.

Corollary 4. Assuming Al, A8 and A4, and considering
(6), the confidence region of the SPS outer approximation
is shrinking at a geometric rate, i.e., for all € > 0,

P(eseu(g)p|9—én| > 6) <

4(m—q) @ + %exp (;;))n_l (23)

Proof. The proof of this corollary is similar to the proof of
Theorem 3, we first consider the case for two sums: Sy(0)
and S1(0), and then generalize it to arbitrary 0 < ¢ < m
choices. For two sums the size of the SPS confidence region

induced outer approximation is 2 max(| 61 — 6,,|, |62 — ,.]),
therefore, we should study 6; — 6,,.
0, — én — Z?:nl wt(l + at) 40— 0" — Z?:l wy
D=1 (14 ay) n
i Z?:l wt(l =+ Oét) Z?:l Wt ' (24)

2 (1 +ar) n

By introducing Z = Y.} ,(1 + a¢)/2 and using the same
ideas and notations as in the proof of Lemma 2, we have
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Z?n1wt1+@t)+2?:1wt S
P 11+0‘t) n

2 Zt:l(l + ) n
n—2 1 1
"“):ZP< > (ts)
k=0 t€lt

1
— Z Wt > 6) ]P)(Z =
n k=0

T
202 {(m (e +2) ko) (;)2]

(

(R

0

- exp

n—2
=2) P(Z=k)exp
k=0

_QZP =k) eXp( 207 (n+ 30k + 1))

62
= e2n(k +1) )
€ 2(k+ 1))

<ZZIP’Z k) exp 352

oL, £2 \\"
24 Zexp | —

=22 2" 7802 )0

where we also expoited that for every (finitely many) re-

alization of I1y the sum }7, ., we (1/(k+1)+1/n) +
(1/n) X 4¢r,,, we has a (common) variance proxy

+
(_ 207 (55 + 2)
(

(25)

(k+1) (kil—i-if—i—(n—k:—l) (DT/Q

Then, using the union bound

Jea(batoo(-2))
=29 TP\ TR ) )

IP’( max
j=1,2

Finally, the above result, which assumed m = 2 and ¢ = 1,
can be generalized to arbitrary choices of 0 < ¢ < m in
the same way as we did in the proof of Theorem 3. [J

3.2 Scalar linear regression with bounded regressors
Consider the following scalar linear regression problem
(26)

where ¢; the regressor, y; is the output, w; is the noise and
0* is the true parameter to be estimated. Both the random
variables ¢y, y;, wy, and the true parameter 0* are scalars.
Our assumption on the noise is still A3, and we make the
following assumption on the regressors:

Y = @1 0" + wy,

A5 The regressor sequence, {¢i}, consists of independent
random variables that are almost surely bounded from
below: for all t, we (a.s.) have 0 < ©pmin < |@t].

Similarly to the previous identification case, we first state
and prove a lemma, then two concentration inequalities
regarding the size of the confidence region generated by
the SPS algorithm and its outer approximation.
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Lemma 5. Assume A1, A2, A3 and A5, n > 2, and let

X - Z?:l @t(l :l: at>wt
1,2 — n P}
D1 i (£ ay)
where a; = 1, ag = —1, and {on }}—5 are i.i.d. Rademacher
random variables, independent of the noise terms {w,}.

Then, variables X1 and X5 satisfy for alle > 0:
1 1 2,2 n—1
Pl 2 ) < 25+ gen (-222)). )

2 2
Proof. Note that as X3 4 X5, it is enough to prove the

claim for X;. Then, by introducing Z = Y (1 + ay)/2
and using the same arguments and notations as in the
proof of Lemma 2, an overbound can be calulated as

_ Doy pe(1+ ap)wy _
P('X1'25>‘P< > P+ ) ZE) -
12?1%u+a0w B B
E:;P( ztlmuat) E’Z"“>P(z‘k’
-5
<2L2:]P’Z k)ex( M‘)

Zt61k+1
202
<9 1 n 1
= B 2 €Xp

> 5) P(Z = k)

Zt61k+1 ‘Pt
5 30 n—1
min , 28
202 )) (28)
where we used that for every realization of the random
index set I11 and inputs {¢:} we can choose a common
(realization independent) variance proxy, omax, for the

variable (Etelk+1 @twt>/(2tel,€+1 ¢7), since

1 1/2 Zte]kJrl 901‘
Nevoetn) 7\ e o
%$in
(Et61k+1 SO?)

where the right hand side is the (conditional) variance
proxy of X, given {Z = k}, Iy11, and {¢:}. O

1/2

Omax — ’

+ 0", (30)

0y = + 0*.

Theorem 6. Assuming A1, A2, A3, A4 and A5, and con-
sidering system (26), the confidence region generated by
SPS is shrinking at a geometric rate, i.e, for all € > 0,
]P’( sup |6 — 6%| > 5) <
0eC,
11 e2p2. \\"
4 (m— — 4 = ——mn ). 29
m-a) (5 + 500 (-2 (29)
Proof. The proof is similar to that of Theorem 3, we also
investigate |61 — E(01)| and |#2 — E(62)], for system (26),
in the case of two sums. The points of intersection can be
calculated by solving the equation S3(#) — S?(6) = 0 as in
the proof of Theorem 3. The two solutions are
g — 2t prwi(l+ar)
1 — n
D1 (1 + ar)
n 1 _
Ztil 90“21]7‘/( at) (31)
Do Pr(l— )
As in the ”"constant in noise” identification case, we can
apply the concentration bound of Lemma 5 for |6; —E(6;)|
and |#3 — E(f2)]. The case of more than two sums can be
constructed the same way as in the proof of Theorem 3. OJ
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Corollary 7. Assuming A1-A5, and considering system
(26), the outer approximations of the SPS confidence
regions are shrinking at a geometric rate: for all € > 0,

IP’( sup |9—én| Zs) <
00,

1 1 52 12nin !
4 (m—q) <2+2exp <_8¢;2>) (32)

Proof. We only provide a proof sketch, since the proof is
very similar to the proof of Corollary 4. The difference is
that the term under investigation is

Z?:l o (1 £ a)wy Z?:l PrWt
Sy PF(1 £ o) PR

By applying the the same ideas as we did in the proof
of Corollary 4, namely, the law of total probability, con-
structing the random index set Iy, deriving the variance
proxy of the sum for every realization of Ijy1, {¢:} and
the Hoeflding inequality, it can be derived that

]P’(eseu(g) 10— 0, 25) <

(33)

(34)

2,2
€ ¥min

2 P(Z -
5 2 (e + )

Using last two steps of (25) completes the proof. O

= k)exp

3.8 Scalar linear regression with unbounded regressors
Consider the scalar linear regression problem (26) and the
following filtration F = {F; }+>0, where

Fi = ofwy, ..., 01, P1s ey P} (35)
Our assumptions on the noises and on the regressors are

Wty X1y - - -

A6 Let {w:} be a sequence of independent, homoscedastic,
conditionally o-subgaussian random wvariables with
variance o2, furthermore, for all t, let wy 1 be in-
dependent of Fy. Formally, VA€ R andt > 1:

2,2
Elexp (Awy) | Feo1] < exp <>\ 5 > ) (36)

Elwi1|Fi] = Elwiga] = 0. (37)

A7 Let {¢:} be a sequence of identically distributed ran-
dom variables that are integrable.

In order to give a high probability bound on the size of the
confidence region constructed by SPS in this unbounded
regressor case, we first show in Lemma 8 and Lemma 9
that M,, = Z?zl prwi(1+ ay) is a subgaussian martingale
with respect to the filtration F.

Lemma 8. Assuming A4, A6 and A7, the sum M, =
Yor i prwi(1 + a) is a martingale w.r.t. filtration F.

Proof. We need to check two properties:

> w1+ ay)
t=1

<Y Elg|Elwy| E[(1+ ay)] < o0,

n

<E|Y e (1+ ay)l

t=1

E|M,| =E

(38)
since {¢:} are integrable, {w;} are subgaussian and {a;}
are Rademacher random variables.
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E [Mn+1|-7:t] =
= Mn7

which completes the proof. [

E [Mp|Fi] + E [ont1wni1 (1 4 ang1) | F)
(39)

The martingale {X,} is called subgaussian (Bercu and

Touati, 2008), if 35 > 0, such that for Vn > 1, A € R:
2)\2

LA, ). o)

where (X),, is the quadratic variation of the martingale
X,,. The quadratic variation of M,, can be written as

E [exp(AAX,) | Fno1] < exp (

(M)n = ZE [(My — My—1)?| Fia] =

t=1
n
=3 pitll o) =
t=1

(41)

n

ZE[%wt( + ar)?|Fi-a
=1

2022%2(1 + ).
t=1

Lemma 9. Assuming A4, A6 and A7 the martingale { My, }
1s subgaussian with = 1.

Proof.
E [exp(AAM,,)| Fr—1] = E [exp(Apnwn (1 + ay)) | Fr—1]

A20202(1 + o)
gexp( Pn (2 + o) >exp (\2p202(1 + o))

— e (Ja00,).

therefore g =1. 0

(42)

In the following we state and prove our theorem by using
the fact that the bounds of the confidence region can be
written as self-normalized martingales (w.r.t. F). To give a
concentration inequality for the self-normalized martingale
we use the result from (Bercu and Touati, 2008).

Theorem 10. Assuming A1, A2, A4, A6 and A7, and con-
sidering system (26), the SPS confidence sets are shrinking
according to the following inequality, for all € > 0,

]P’(esucp|0—9*\25) <
Cp

son=o) (24 2o (<22)])7

Proof. As in the proof of Theorem 6 we first investigate
the distance between the intersection given by the parabo-
las and true parameter in the case of two sums
Sy prwi(1+ o) _ 20°M,,
S0 ta) | (),
with respect to the filtration F. For a subgaussian mar-

tingale X,, the following concentration inequality holds
(Bercu and Touati, 2008, formula (4.6))

Xn
P_—2n
<a—|—b<X n

; ZE)S
(2o (-1 (s Ze0. ) )]V a0

Using this result, we have the following

(43)

0, — 6" =

(45)
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]P’(Hl—]E[Gl]za):IP’(

- (e ze) <

Yoy prw(1+ o) S E)
S pi(l4+ay) —

11 202\ 1\ *
s <2+2]E [e"p ( 2 )])

where we used the Holder inequality (line 4 to 5), the fact
that {¢.} are identically distributed (line 6 to 7) and the
law of total expectation (last step). In the derivations ¢ is
any random variable having the same distribution as {¢;}
and «g is a Rademacher variable.

For the double-sided case, P (|91 — E[Gl} | > s), a 2 multi-
plyer comes in, as before. The case of more than two sums
can be handled the same way as in Theorem 3. [J

(47)

Observe that if Var(p;) > 0, (Vt), then we have

11 e2p2
<2+2E[exp<— > )]) < 1.

To give an example of the high probability bound for a
specific distribution, in Corollary 11 we investigate the
case when the regressors are normally distributed.

(48)

Corollary 11. Under the assumptions of Theorem 10, and
assuming that the regressors are sampled from a centered
normal distribution, ¢ ~ N (0, U?p), the following concen-
tration inequality holds for the SPS confidence regions:

IP( sup |0 — 6”| ZE) <

oec,
N 1 - 26203, .
2 02

Proof. For variable X ~ N(y,0%) it holds that Vt <

n—1
4

Nl

4(m—q)

(49)

DN | =

Efexp(tX2)] L. et (50)
X = X .
P \/1— 2tcr§( P 1-— 2to§(
Since —2—2 < % it holds that
e2p2 1
elow (-Z2)| == B W
1+ £

o2
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4. SIMULATION EXPERIMENTS

In this section we compare our theoretical bounds on the
size of the confidence region with the size of the region
given by simulated trajectories. We consider the system,
Yt = pe0" +wy, (52)
where 0* = 5 and w; ~ Unif(—1,1). Throughout our
experiments we considered 0.5-level confidence regions,
that is m = 2 and ¢ = 1, a sample size of n = 400 and
k = 1000 independently simulated trajectories. We present
simulation results for the constant identification problem,
where ¢; = 1, V¢t and for the scalar linear regression with
unbounded regressor case, where ¢; ~ N (0,1).

4.1 Constant identification

The stochastic bound given in (10) can be reformulated as

1
(5 n—1
.0 < _ 2 — _
gri);wz 0 < 202 log (2 (4) 1)7

with probability at least 1 —§. Note that the above bound

and the bound on the outer approximation below is only

valid if n > }Eg?g + 1. In our experiments we set 6 = 0.1

and from the noise setting it follows that o2 = 1/3 is
the optimal variance proxy. We have compared the bound
given above with max(|6; s — 6*|,|02,s — 6*|), where 61 4
and 63, are calculated from the sample {(y¢, @1, we)}s.
Note that at least 2 data is needed for the confidence region
to be finite assuming «; and «s is different, therefore we set
ay = 1 and as = —1. The difference between the empirical
size with confidence level 1 — ¢ and the theoretical size
are shown in Fig. 2. Empirical quantiles were used for
each itertation, i.e., the smallest number for which at least
the specified portion of simulation realizations are below
that number. We also compared the theoretical bound and
empirical size (quantiles) of the outer approximation of the
SPS region. For the outer approximation it holds that

1
“ o\ 71
PR < . 2 — —
2111:1&117% |6; — 0,] < 3202 log <2 (4) 1),

with probability at least 1 — . The empirical size of the
outer approximation can be calculated from the sample
{(yt, 1) }7—5. Fig. 2. shows the difference between the
upper bound and the empirical size with confidence level
1 — 4 for the outer approximation.

4.2 Scalar linear regression

The stochastic bound obtained in the centered normal
regressor case (49) can be reformulated as

(=) )

2
QJW

)

max |0, — 0] <
i=1,2

with probability at least 1 —§. Note that the above bound
is only valid if n > 41]1112(16/245) +1. We performed experiments

with § = 0.1, from the experimental setting it follows that
o =1/3, oi = 1. Our results are illustrated in Fig. 3.

These experiments demonstrate that the obtained bounds
capture well the decrease rate of the confidence intervals,
only the outer approximation bound is a bit conservative.
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| —— Empirical size-dist. from true param.
'| Theoretical bound-dist. from true param.
‘\ —==- Empirical size-Outer Approximation

\ —== Theoretical bound-Outer Approximation

100 4

Confidence interval size (log scale)

10—1 4

0 50 100 150 200 250 300 350 400
n
Fig. 2. Comparison of the empirical size and the theoretical

upper bound on the size in the constant identification
case for m = 2,6 = 0.1,n = 400, £ = 1000.

5. CONCLUSIONS

In this paper we have studied the sample complexity of the
Sign-Perturbed Sums (SPS) finite-sample, distribution-
free system identification method in the case of scalar
linear regression problems. We have proved concentration
bounds which show that the sizes of the SPS confidence
intervals shrink at a geometric rate (around the true pa-
rameter). Similar results were proven for the outer approx-
imation of the region. These results are directly relevant,
e.g., for multi-armed bandits and various signal process-
ing problems. Furthermore, the results and the applied
techniques can serve as stepping stones to study the sam-
ple complexity of SPS in more complex multidimensional
cases. Future research directions include extending the
results to more general identification problems.
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