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1. Introduction

A decomposition of a (hyper)graph # is a collection of edge-disjoint sub(hyper)graphs 1, ..., Hm of H whose union is
H. If each H; is isomorphic to a fixed hypergraph F, then {#1,..., Hn} is called an F-decomposition of . Obviously, if
‘H admits an F-decomposition, then the number of edges in H is a multiple of the number of edges in . Here we study
decompositions into 3-uniform cycles of lengths 6 and 9, and prove that this obvious necessary condition is also sufficient
for the decomposability of every nearly complete hypergraph K,(,3) — I obtained from the complete 3-uniform hypergraph
K‘(,3) of order v by the deletion of a 1-factor, i.e. omitting v/3 mutually disjoint edges.

Edge decompositions of complete graphs K,, and complete graphs minus a 1-factor, K, — I, of order v have a long
history for over a century. Concerning the existence of decompositions into cycles of a fixed length it was proved by Alspach
and Gavlas [2] and Sajna [23], with a substantially different proof by Buratti [8] for odd cycle lengths, that the standard
necessary arithmetic conditions—i.e., the degree v — 1 or v — 2 must be even, and the number (g) or @ of edges must
be a multiple of the cycle length—are also sufficient. Also the existence of decompositions into Hamiltonian cycles requires
just the proper parity of v; this well-known fact dates back to the 19th century.

1.1. Berge cycles in hypergraphs

The situation becomes more complicated when larger edge size is considered. This is so already for the complete 3-
uniform hypergraphs K‘(,3) of order v. In hypergraphs there are several ways to define cycles, and the stricter one is taken,
the harder the question of decomposability becomes.
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The weakest form of cycle in a hypergraph is Berge k-cycle, defined as an alternating cyclic sequence v1,eq, v2,€2,..., Vg,
ex of k mutually distinct vertices and edges such that v; ee;Ne;_1 for all 1 <i <k and vy € e Nek. The particular case
where k is the number v of vertices means Hamiltonian Berge cycle. Here the necessary condition for K‘(f) means Vv | (‘3’)
and it turns out to be sufficient. Namely, the existence of decompositions of K,(,3) into Hamiltonian Berge cycles was proved
by Bermond [4] for v =2,4,5 (mod 6), and by Verall [25] for v =1 (mod 6). Kiihn and Osthus [18] generalized this
result, proving the sufficiency of v | (‘r’) for Hamiltonian Berge-cycle decompositions of complete r-uniform hypergraphs Kf,r)
(r > 4), with the slight restriction v > 30 if r=4 and v > 20 if r > 5.

Assume next that the number v of vertices is a multiple of the edge size r. If r = 3, then in the hypergraph Kf,?’) -1
the number @ of edges is a multiple of v, and K‘<,3) — I admits a decomposition into Hamiltonian Berge cycles [25].
Similarly, if r >4 and v is not too small, then every r-uniform hypergraph with v vertices and (7) — ((}) mod r) edges is
decomposable into Hamiltonian Berge cycles [18].

Concerning cycles of any fixed length the decomposability problem on K\(,r) (and even on complete multi-hypergraphs)
was solved by Javadi, Khodadadpour and Omidi [12] for all v > 108. For the particular cycle lengths k =4 and k = 6 with
edge size r =3 it is also known that the lower bounds on v can be omitted; see [14] and [19], respectively.

1.2. Tight cycles in uniform hypergraphs

A stricter cycle definition is r-uniform tight k-cycle that means a cyclic sequence v1, va, ..., vy of k vertices, together with
k edges formed by the r-tuples of consecutive vertices v;, Vit1,..., Vitr—1 (i=1,2,...,k, subscript addition taken modulo
k).

From now on, by k-cycle we mean 3-uniform tight k-cycle. The decomposition problem into such cycles seems much harder
than the one above on Berge cycles, already on 1(53) and K‘(,3) — I. Decomposability of K\(,B) into Hamiltonian cycles has the
simple necessary condition 3| (v — 1)(v — 2). But its sufficiency has been studied only within a limited range (v < 16 by
Bailey and Stevens [3], v <32 by Meszka and Rosa [21], v <46 by Huo et al. [11].)

For fixed cycle length k concerning 1(53). only three cases are solved: the very famous class of Steiner Quadruple Systems
(k =4) by the classical theorem of Hanani [10], and the very recent works by Akin et al. [1] for k =6 and by Bunge et al.
[7] for k = 9. There are many constructions for k=5 and k = 7, but no complete solution is available on them; for partial
results and further references we cite [15] and [20].

In this paper we initiate the study of k-cycle decompositions of I<,(,3) — I. Hence, let us assume 3| v, and consider k =4
first. Note that the edges of a 3-uniform tight 4-cycle are exactly the 3-element subsets of a 4-element set, therefore edge-
disjoint collections of 4-cycles are in one-to-one correspondence with partial Steiner Quadruple Systems. In this way, in the
particular case k = 4, estimates due to Johnson [13] and Schénheim [24] yield that the maximum number of edge-disjoint
4-cycles on v vertices does not exceed

viv—-1|v-2

4 3 2 '
For v =3 (mod 6) this means v(v — 1)(v — 3)/24. Moreover, as discussed by Brouwer in [6], another upper bound due
to Johnson yields v(v? — 3v — 6)/24 if v =0 (mod 6). As a consequence, in either case the number of edges covered by

any collection of edge-disjoint 4-cycles is smaller than v2(v — 3)/6. In our context this fact has the following important
consequence.

Corollary 1. No K ‘(,3) — I can admit a decomposition into tight 4-cycles.

The main goal of the present note is to prove that in the other two cases that are solved for K‘(,3), namely k =6 and
k =9, the k-cycle decompositions of K‘(,3) have their natural analogues for K‘(,3) — I. In this way we solve the spectrum
problem for the decomposability of K,(,g) — I for the cases of 6-cycles and 9-cycles. More explicitly, we prove the following
two results.

Theorem 2. The hypergraph K‘(,3) — I admits a decomposition into 6-cycles if and only if v >6 and v =0, 3,6 (mod 12).
Theorem 3. The hypergraph K‘(,3) — I admits a decomposition into 9-cycles if and only if v > 9 and v is a multiple of 3.

Since K‘(,3) —1I has v2(v—3)/6 edges, and a k-cycle has k edges, the general necessary conditions now mean 6k | v2(v —3).
That is, 3 | v for both k =6 and k =9, moreover the residue class v =9 (mod 12) is excluded if k = 6.

Remark 4. Since K‘(,a) — I has v2(v —3)/6 edges, and every k-cycle has exactly k edges, for the existence of a decomposition
into k-cycles we must have 6k | v2(v — 3), therefore the conditions given in Theorems 2 and 3 are necessary.
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Fig. 1. Illustrations for ngyc, I(éi)b and Kﬁlb.

Sufficiency of the conditions in Theorems 2 and 3 will be proved in Section 2 and Section 3, respectively. Further systems
with additional properties are constructed in Sections 4 and 5. One of those properties specifies “2-split systems” [9] that
have been used frequently in recursive constructions for other cycle lengths. The other considered type is “cyclic systems”
having a rotational symmetry.

1.3. Notation

We write C*(3, k, v) to denote any decomposition of K,(,3) — I into tight 3-uniform k-cycles. Moreover, for some particular
types of 3-uniform hypergraphs we use the following notation (see Fig. 1 for illustrations):
. ng_c — complete 3-partite hypergraph whose vertex set is partitioned into three sets A, B, C with |A| =a, |B| =b,
|C|=c, and a 3-element set T C AUBUC is an edge if and only if TN A|=|TNB|=|TNC|=1.
. K;ib — 3-uniform hypergraph whose vertex set is partitioned into two sets A and B with |A|=a and |B|=b, and a
3-element set T C AU B is an edge if and only if TN A|=2 and |[TNB|=1.
e k¥ —a hypergraph of “crossing triplets”: 3-uniform hypergraph whose vertex set is partitioned into two sets A and

a<b

B with |A| =a and |B| =b, and a 3-element set T C AU B is an edge if and only if it meets both A and B.

2. The spectrum of C*(3, 6, v) systems

In this section we prove Theorem 2. Let v = 12m + 3s, where m > 1 is any integer and s =0, 1, 2. We denote by H, the
3-uniform hypergraph with four vertices a, b, c,d and two edges abc, abd. We shall apply the following well-known result.

Theorem 5 (Bermond, Germa, Sotteau [5]). If n=0, 1, 2 (mod 4), then K,?) has a H,-decomposition.

Moreover, two building blocks will be used. The first one is derived from the cycle double cover of the edge set of
the complete bipartite graph K3 3 with the three cycles x1y1x2y2X3y3, Y1X2Y3X1Y2X3, X2¥3X3Y1X1Yy2, where the two vertex
classes are {x1,x2,x3} and {y1, y2, y3}.

Lemma 6. The hypergraph Ké3) — I obtained from Ké3) by omitting the 1-factor I = {ajayas, a4asag} has a decomposition into the
three 6-cycles

10402050306, (40206010503, 0d20603040105 .

The second small construction is derived by combining the two cyclic P4-decompositions Xiiiy1+iX2+iyY3+i and
V1+4iX1+iY3+iX2+i (=0, 1, 2, subscript addition taken modulo 3) of the same K3 3.

Lemma 7. The complete 3-partite hypergraph Kf;z with its three vertex classes {ay, az, as}, {b1, b2, b3}, {c1, c2} has a decomposition

into the three 6-cycles

aryibiyiciazyibsyico (i=0,1,2)
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Fig. 3. Example #, formed by the triplets x;x;xi,, XiX;X, in the decomposition.

where subscript addition is taken modulo 3.

Alternative constructions for Lemmas 6 and 7, which have a less symmetric structure, can be found in Examples 2 and
5 of [1].

Proof of Theorem 2. The case of v =6 is settled in Lemma 6. Let now v = 12u + 3s, where u > 1 and s =0, 1, 2. We view

I(f,?’) — I as the result of substituting 4u + s triplets A1, ..., A4y+s into the vertices xq, ..., Xay+s of Kﬁﬁrs (see Fig. 2). The
sets A; will play the role of edges in the 1-factor whose omission from the edge set of K\(,3) yields Kf,3) — I. Then each edge

of K ‘(,3) — I meets two or three of the sets A;. Those two types of edges will be covered with 6-cycles separately.

(a) For the edges meeting two sets from A1, ..., Asy+s we consider all pairs i, j with 1 <i < j <4u + s, and apply
Lemma 6 to cover all triplets but A; and A; inside A; U Aj. This step creates three 6-cycles for each pair i, j.

(b) For the edges meeting three of the A; we take an H,-decomposition of KS,)_H as guaranteed by Theorem 5. Suppose
that the triplets x;x;Xy,, XiXjX, form a copy of #; in this decomposition (see Fig. 3). They represent the complete 3-partite

hypergraph K%ﬁ whose vertex classes are A;, Aj, and Ay, U Ay,. We split Ay, U Ay, into three pairs Cy,, Cy,, Ck,, in this

way decomposing KS’;G into three copies of Kf;z (see Fig. 4). Now Lemma 7 can be applied to find 6-cycle decompositions
of the complete 3-partite hypergraphs whose vertex classes are A;, Aj, and Ci, for £ =0, 1, 2. This step creates nine 6-cycles
for each copy of H,.

These collections of 6-cycles decompose K‘(,3) —-1. O
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Fig. 4. A copy of H, represents the complete 3-partite hypergraph KS;G. Continuing the example of Fig. 3, the vertex classes of the I(S;G are Aj, Aj and
Ak, U Ag,. We split Ay, U Ay, into three pairs, decomposing K?;G into three copies of K;?;,r

3. The spectrum of C*(3, 9, v) systems

In this section we prove Theorem 3. Although its form is simpler than Theorem 2, it requires more types of building
blocks than the construction for 6-cycles, moreover a distinction between the three residue classes will also be needed.
Before the main part of the proof we give several constructions of 9-cycle decompositions of hypergraphs on a small
number of vertices.

Lemma 8. There exists a decomposition of Kg(f) — I into nine 9-cycles.

Proof. We construct a system with cyclic symmetry, composed from the following 9-cycles, subscript addition taken modulo
9:

A14i 0241034084 07+i054id94id6+idq+i (i=0,1,...,8).

These cycles cover all vertex triplets but ajasaz, axasas, and azagag. O

The method of the following construction works in a more general way also, for an infinite sequence of cycle lengths as
shown in [17]; but here we only need its particular case yielding 9-cycles.

Lemma 9. There exists a decomposition of Kéi)>3 into twelve 9-cycles.

Proof. Let A={ay,...,aq} and B = {by, by, b3} be the two vertex classes of I<§3l3. As mentioned in the introduction, cycle
systems on ordinary complete graphs K, exist whenever v is odd and the number of edges is divisible by the given cycle
length. In particular, K9 with 9 vertices and 36 edges can be decomposed into six 6-cycle subgraphs. We take this auxiliary
decomposition over the vertex set A, and construct two 9-cycles in Ké3l3 for each of its graph 6-cycles. Say, aiaazasasag
is one of the cycles in K9. We define the two 9-cycles

a b] azdas b2a4a5b3a6, b2(11 azb3(13a4b] as dg .

The 18 edges of size 3 in these two 9-cycles are precisely those triplets that consist of two consecutive vertices along the
graph 6-cycle and one vertex from B. Hence, taking the same for all the six cycles in the decomposition of Kg, a required

collection of 9-cycles is obtained in Kéﬂy i

A similarly symmetric construction cannot be expected for Ké3_))3, nevertheless a 9-cycle decomposition still exists.

Lemma 10. The five 9-cycles
ajaz b1 asdq b2 ds dg b3
aijas b1 ag a4 b2 azdas b3
apas b1 aide b2 asds b3
asde b] apds b2 ay aq b3
dgds b1 as aq b2 ap dg b3

3) 3 Whose two vertex classes are A = {ay, ay, ..., ag} and B = {b1, b2, b3}.

decompose K é_>
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We also recall the following construction, which is derived from three Hamiltonian cycles of the complete graph Kg.

Lemma 11 (Bunge et al. [7], Example 5). The three 9-cycles

a1014i0142i...0148i (=1,2,4)

with subscript addition modulo 9 decompose Kf';j whose vertex classes are {ay, aq, az}, {az, as, ag}, and {as, ag, ag}.
It will be convenient to put these small structures together in some larger hypergraphs as follows.
Lemma 12. All of the following types of hypergraphs admit decompositions into 9-cycles:

(i) KSJ)&I s forallp,q,r>1,

(i) KS,LM forallp>2andq>1,
(ii) K

3peig forallp,q=>2,

where p, q, r denote integers.

Proof. Concerning (i), the following decomposition chain is easily seen:

3) (3) (3) (3)
K3p’3q’3r —>Tr X K3p’3q73 —> qr x K3p’3’3 — pqr X K373’3

and for K‘%& we have a decomposition into three 9-cycles by Lemma 11. Similarly in (ii) we can do the step K& —

3p—3q
(3

q x K3p_)3. Now we write p in the form p = 2a + 3b, which is possible whenever p > 2.

(3)

(In fact b=0 or b =1 can always be ensured.) Splitting the 3p vertices in the first class of K3p_>

and b sets of size 9 we can proceed with the step

5 into a sets of size 6

3 3) (3) 3) a (3) b (3)
Ky s — (ax k&) U (bx k. 5) U (ab x k3 o) U (<2> x 1<3,6,6> U (<2> x 1<3,9’9)
completing the decomposition by Lemmas 9 and 10, also using (i). Finally, (iii) is implied by K;?ex — (Ké?_)3q> u
(K;;:Lw) that can be done due to (ii). O

We shall need two further small cases for the general proof of Theorem 3. The first one is v =12.

Lemma 13. For v = 12 the two 9-cycles
a10203050609011 0407, a10208012030100110709
and their rotations modulo 12 form a decomposition of Kg) — I, with uncovered (omitted) triplets a1asag, a;agdo, azazdiq, d4dgdi>.

As a final auxiliary step, we also need to handle the case of v = 15 separately.

Lemma 14. The hypergraph K 1(? — I admits a 9-cycle decomposition into 50 cycles.

Proof. Let the vertex set be AU B UC, with |A| =|B| =6 and |C| = 3. Inside AU C and also inside BU C we take a copy
of the 9-cycle decomposition of Kg) — I, where C is an uncovered vertex triplet. These 18 cycles cover all triplets inside
A and inside B—with the exception of two disjoint triplets in each—and also the A-C and B-C crossing triplets. The A-B
crossing triplets can be covered by a decomposition of Kéi))a (20 cycles); and the triplets meeting all the three parts A, B, C

3 (12 cycles), applying Lemma 12 for both cases. O

decompose as Kes3

Now we are in a position to prove Theorem 3.
Proof of Theorem 3. The three feasible residue classes 0, 3,6 modulo 9 will be treated separately.

Case 1: v=0(mod 9).
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For v =9u let the vertex set be AjU---U A, with |[A;] =9 for all 1 <i <u. Inside each A; we take a copy of the
9-cycle decomposition of I(S) — I given in Lemma 8. The family of triplets meeting an A; in two vertices and another A;
in one vertex can be covered by the 9-cycle decomposition of Kéf_))g, as in Lemma 12. Finally, the triplets meeting three
distinct parts A;, Aj, A, form a copy of Ké?g,g for any 1 <i < j <k <u, hence this type is also decomposable into 9-cycles
by Lemma 12.

Case 2: v=3(mod9).

If v=9u + 3, beside the sets Aq,..., A, with |A;] =9 we also take an Ag with |Ag| = 3. Now inside each Ag U A;
we insert a copy of the KS) — I decomposition as in Lemma 13, in such a way that Ag is one of the uncovered triplets.
Hence the copies of Kl(g) — I for distinct i are independent of each other. Inside A; U---U A, we cover the triplets meeting
more than one A; in the same way as we did in the case of v = 9u. Hence only those triplets remain to be covered that

meet Ag and two further A;, Aj (1 <i < j<u). For any fixed pair i, j those triplets form a copy of Kggj, thus they are
decomposable into 9-cycles by Lemma 12.

Case 3: v =6 (mod 9).
If v =9u + 6, beside the sets Aq,..., Ay, with |A;] =9 we take an Ag with |Ag| = 6. In this case A1 will be treated
differently from the other parts Aj, i > 2. Then we take:

. 1(535) — I inside Ag U A1, see Lemma 14;

° 1(5(,3) — I inside each A; for 2 <i <u, see Lemma 8;

. Kéi))g between Agp and each A; for 2 <i <u, see Lemma 12 (iii);
(3)

° K6,9,9

° Kéi))g with vertex classes A;, Aj for all 1 <i < j <u, see Lemma 12 (iii);

° Kgg’g with vertex classes Aj, Aj, Ay for all 1 <i < j <k <u, see Lemma 12 (i).

with vertex classes Ag, Aj, Aj for all 1 <i < j <u, see Lemma 12 (i);

(3) I

The decompositions of these parts can be done according to the lemmas above, and they together decompose Ky, 5 —

into 9-cycles. O
4. 2-split systems

The notion of 2-split systems was introduced and applied in [9], with the intention to build cycle systems of double
size from available constructions. In our present context a 2-split system of order v consists of a decomposition of two
vertex-disjoint copies of K‘(f/)z — I, together with a decomposition of Kf,3/)2(_)v/2 for the set of edges that meet both of the two
disjoint parts.

In this section we prove that this can be done for all feasible residue classes; i.e., 2-split C*(3,6,v) and C*(3,9, V)
systems exist for all v that admit C*(3,6,v/2) and C*(3,9, v/2) systems, respectively. In fact, the existence of 2-split
C*(3,9, v) systems already follows from our previous lemmas.

Theorem 15. There exists a 2-split 9-cycle decomposition of Kf,3) —lifand only if v > 18 and v =0 (mod 6).

(3)

Proof. A C*(3,9, v/2) system with v/2 = 3p exists for every p > 3 by Theorem 3, and a I<3p<—>3p

of Lemma 12. On the other hand, the condition 3 | % is clearly necessary. O

system exists by part (iii)

The construction of 2-split 6-cycle systems requires more work. Along the way we shall also need a fundamental result
on Kirkman triple systems. Recall from the literature that a Kirkman triple system of order v is a collection of 3-element sets
(blocks) such that each pair of elements belongs to exactly one block, and the set of blocks can be partitioned into (v —1)/2
so-called parallel classes, each of those classes consisting of v/3 mutually disjoint blocks.

Theorem 16 (Ray-Chaudhuri, Wilson [22]). For every v = 3 (mod 6) there exists a Kirkman triple system of order v.

We shall also use the following small construction.
Lemma 17 (Akin et al. [7], Example 3). There is a decomposition of K (%6 into 6-cycles.

Proof. The construction in [7] takes Zi, as vertex set, and defines 30 cycles derived from two cycles (0, 5,10, 8,11, 2)
and (0,1,9,4,3,7) turning them into 12 positions via the mappings j+> j+ i (mod 12) for i € Z,, and from a third

7
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cycle (0,1,2,6,7,8) turned into 6 positions via j+> j+i (mod 12) for i =0,1,...,5. Here the two vertex classes are
A=1{0,2,4,6,8,10} and B=1{1,3,5,7,9,11}. O

The spectrum of 2-split C*(3, 6, v) systems can now be determined.
Theorem 18. There exists a 2-split 6-cycle decomposition of K,(,3) —lifandonly ifv>12and v =0, 6,12 (mod 24).

Proof. According to Theorem 2, the arithmetic condition v/2 =0, 3,6 (mod 12) is necessary. To prove sufficiency, consider
first the cases where v is of the form v = 12p. We know from Theorem 2 that a C*(3, 6, 6p) system exists for every p > 1.
Let now AjU---UA, and B; U---U By be the vertex sets of two such systems, where the A; and B; are mutually disjoint
6-element sets. For all 1 <i,j <p we take decompositions of Ké26 as given in Lemma 17, for the crossing triplets in
A;j UBj. It remains to cover the triplets that meet two subsets on one side of C*(3, 6, 6p) and one subset on the other side.

For any three of those 6-element sets we can apply the decomposition chain

Kigs—> 2x K§g s —> 4x K$) g —> 12 x K$)

and find a decomposition according to Lemma 7.

For the third residue class v = 24p + 6, the construction starts with two copies of a C*(3, 6, 12p + 3) system, say over
the disjoint sets A’ and A”, guaranteed by Theorem 2. Apply Theorem 16 to find Kirkman triple systems over A" and A”,
to be used as auxiliary tools. We denote by F7, ...,FépH and F{/,...,ng+1 the corresponding parallel classes. Then for
i=1,...,6p+1,forall T"e F{ and T" € F{ we take a decomposition of Ké3) — I whose missing edges are T’ and T” (three
6-cycles for each pair T/, T”) as given in Lemma 6. The collection of those cycles covers all crossing triplets exactly once.
Indeed, a triplet T meeting both A’ and A” has two vertices on one side; those two vertices are contained in a unique
block of the Kirkman triple system on that side; and the block uniquely determines the index i of F; U F;" in which the
block occurs; hence T is contained in a single well-defined set T" UT” and appears in just one of its 6-cycles. Consequently
a C*(3,6,24p + 6) system is obtained. O

5. Concluding remarks

In this note we determined the spectrum of 6-cycle decompositions and 9-cycle decompositions of nearly complete
3-uniform hypergraphs K1(,3) — I. This problem is now completely solved. On the other hand it would be of interest to
find decompositions satisfying some further structural requirements. Besides the 2-split systems discussed in Section 4 we
would like to mention cyclic systems as well. In a cyclic system, with the vertex set Z,, the mapping i+ i+ 1 (mod v)
is an automorphism of the decomposition. The missing triplets are (i,i + v/3,i + 2v/3), because i+ i+ 1 has to be an
automorphism of the complement of K \(,3) — I, too. Concerning cyclic systems we formulate the following open problems.

Conjecture 1.

(i) Forevery v =0,3,6 (mod 12), v > 6, there exists a cyclic 6-cycle decomposition of K‘(,z'> -1

(ii) Forevery v =0,6, 12 (mod 24), v > 12, there exists a cyclic 2-split 6-cycle decomposition of K‘(,3) — L
(iii) Forevery v.=0 (mod 3), v > 9, there exists a cyclic 9-cycle decomposition of K ,(,3) -1

(iv) Forevery v =0 (mod 6), v > 18, there exists a cyclic 2-split 9-cycle decomposition of K\(,3) -1

Examples of cyclic 9-cycle decompositions have already been given in Lemmas 8, 11, and 13 above. In further support of
Conjecture 1, in the two subsections below we list the base cycles generating cyclic systems C*(3,6, v) and C*(3,9, v) for
all feasible values of v < 30. Those systems have been found via a combination of intuitively pre-defined base cycles and
partial computer search. In order to facilitate checking that those are decompositions indeed, detailed tables are presented
in the arXiv version [16] of this paper.

Remark 19. Under the mapping i — i+ 1 the number of orbits of triplets other than (i,i+ v/3,i+2v/3) is %v(v — 3). This
is not divisible by 6 if v =12p + 6, and not divisible by 9 if v =9p + 6. In those residue classes, one “exceptional” base
cycle has an automorphism i+ i 4+ v/2 for 6-cycles and i +— i+ v/3 for 9-cycles.

5.1. Base cycles of cyclic 6-cycle decompositions

The cyclic system C*(3,6,6) has 1 base cycle:
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(0,1,2,5,4,3) (exceptional).!

The cyclic system C*(3, 6,12) has 3 base cycles:
(012,458), (01583,6) (0193,57).

The cyclic system C*(3, 6, 15) has 5 base cycles:
(0,1,2,4,5,8), (01,538,6), (0173,6,10), (01,9714,711),
(0,3,12,6,2,8).

The cyclic system C*(3, 6, 18) has 8 base cycles:
(0,1,2,9,10,11)  (exceptional),
(0,1,3,4,7,9), (0,1,5,3,8,10), (0,1,6,5,2,12), (0,1,73,9,13),
(0,2,713,3,8), (0,3,7174,11), (0,3,12,8,15,6).

The cyclic system C*(3, 6,24) has 14 base cycles:
(0,1,2,4,5,8), (0,1,5,3,8,6), (0,1,7,3,6,9), (0,1,10,3,5,11),
(0,1,12,3,6,13), (0,1,14,3,6,15), (0,1,16,3,6,17), (0,1,18,3,6,20),
(0,2,10,5,1,19), (0,2,12,716,20), (0,2,14,7,3,16), (0,4,12,17,3,7),
(04,1723,716), (0,5,13,19,7,14).

The cyclic system C*(3, 6,27) has 18 base cycles:
(0,1,3,5,24,26), (0,3,4,8,23,24), (0,4,6,1,21,23), (0,5,6,12,21,22),
(0,6,9,1,18,21), (0,7,3,8,24,20), (0,8,1,10,26,19), (0,10,2,11,25,17),
(0,11,1,8,26,16), (0,12,2,16,25,15), (0,13,1,4,26,14), (0,1,9,4,13,16),
(0213,518,22), (0,216,23,518), (03,16,621,17), (0,4,1219,721),
(0,6,17,23,12,19), (0,6,18,4,23,7).

The cyclic system C*(3, 6,30) has 23 base cycles:
(0,1,2,15,16,17) (exceptional),
(0,2,3,15,27,28),  (0,3,4,15,26,27), (0,4,6,15,24,26), (0,5,1,15,29,25),
(0,6,715,23,24),  (0,72,152823), (01,6,3,10,15),  (0,1,8,10,2,20),
(0,2,10,5,14,17), (0,2,13,5,19,14), (0,3,9,16,1,10), (0,4,10,29,13,23),
(0,4,12,25,721),  (0,10,21,6,24,13), (0,5,12,9,14,15), (0,18,10,12,19,20),
(0,3,12,715,17), (0,25,9,1,12,14), (0,9,24,1,7,10), (0,10,24,13,19,23),
(0,14,26,9,17,21), (0,19,7,22,3,13).

5.2. Base cycles of cyclic 9-cycle decompositions
The cyclic system C*(3,9,9) has 1 base cycle:
(0,1,2,76,4,8,5,3). (Cf. Lemma 8.)

The cyclic system C*(3,9, 12) has 2 base cycles:
(012,458,10,3,6), (0,1,711,2,9,10,6,8).

The cyclic system C*(3,9, 15) has 4 base cycles:
(01,2,5,6,710,11,12)  (exceptional),
(0,1,3,4,8,2,5,7,9), (0,1,6,3,10,2,12,4,7), (0,1,10,14,6,12,2,5,11).

The cyclic system C*(3,9, 18) has 5 base cycles:
(0,1,2,4,5,8,3,6,7), (0,1,5,3,9,4,2,10,8), (0,1,9,4,8,10,3,6,13),
(0,1,10,3,714,172,11),  (0,3,13,17,5,10,14,4,9).

The cyclic system C*(3,9, 21) has 7 base cycles:

(0,1,2,4,5,8,3.,6,7), (0153942108),  (0,1,9,4,8,10,3,612),
(0,1,10,3,7,11,2,6,13), (01113,8,13,2,4,14), (0,3,6,184,13,1,514),
(0,3,13,7,12,20,6,17,11).

The cyclic system C*(3,9, 24) has 10 base cycles:
(0,1,2,8,9,10,16,17,18)  (exceptional),
(0,1,3,4,7,2,5,6,10), (0,1,6,5,13,2,3,11,12), (0,1,14,3,5,7,11,2,15),
(0,1,17,3,5,10,2,6,19), (0,2,8,5,1,7,9,16,12), (0,2,10,7,1,12,5,14,19),
(0,3,9,15,1,4,14,20,10),  (0,3,12,15,4,22,13,5,17), (0,4,9,16,1,11,18,5,13).

! Interestingly enough, here the mapping i ~— i 4+ v/2 reverses the vertex order along the base cycle, but nevertheless it is an automorphism. The point
is that the “reflection through the 1-4 line,” i + 2 —i (mod 6), is a further automorphism of this cycle.
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The cyclic system C*(3,9,27) has 12 base cycles:
(0,1,3,6,10,1721,24,26),  (0,2,6,1,720,26,21,25),  (0,3,4,10,1,26,17,23,24),
(0,4,9,1,8,19,26,18,23), (0,5,713,2,25,14,20,22), (0,6,10,18,1,26,9,17,21),
(0,79,19,5,22,8,18,20),  (0,8,9,18,4,23,9,18,19), (0,10,3,15,1,26,12,24,17),
(0,11,1,22,8,19,5,26,16), (0,12,9,1,16,11,26,18,15), (0,13,4,19,20,7,8,23,14).

The cyclic system C*(3,9,30) has 15 base cycles:
(0,1,3,6,7,23,24,27,29), (0,2,6,1,7,23,29,24,28), (0,3,7,12,1,29,18,23,27),
(0,4,10,1,8,22,29,20,26), (0,5,7,13,6,24,17,23,25), (0,6,13,1,4,26,29,17,24),
(0,7,8,16,1,29,14,22,23),  (0,8,10,19,2,28,11,20,22), (0,9,10,20,2,28,10,20,21),
(0,11,3,16,28,2,14,27,19), (0,12,1,5,20,10,25,29,18), (0,13,1,11,8,22,19,29,17),
(0,14,2,17,3,27,13,28,16),  (0,3,13,22,8,18,21,5,16), (0,6,15,25,8,18,4,13,19).
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