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Pairwise comparisons have become popular in the theory and practice of preference modelling and quan- 

tification. In case of incomplete data, the arrangements of known comparisons are crucial for the quality 

of results. We focus on decision problems where the set of pairwise comparisons can be chosen and it 

is designed completely before the decision making process, without any further prior information. The 

objective of this paper is to provide recommendations for filling patterns of incomplete pairwise com- 

parison matrices based on their graph representation. The proposed graphs are regular and quasi-regular 

ones with minimal diameter (longest shortest path). Regularity means that each item is compared to oth- 

ers for the same number of times, resulting in a kind of symmetry. A graph on an odd number of vertices 

is called quasi-regular, if the degree of every vertex is the same odd number, except for one vertex whose 

degree is larger by one. We draw attention to the diameter, which is missing from the relevant literature, 

in order to remain the closest to direct comparisons. If the diameter of the graph of comparisons is as 

low as possible (among the graphs of the same number of edges), we can decrease the cumulated errors 

that are caused by the intermediate comparisons of a long path between two items. Contributions of this 

paper include a list containing (quasi-)regular graphs with diameter 2 and 3 up until 24 vertices. Exten- 

sive numerical tests show that the recommended graphs indeed lead to better weight vectors compared 

to various other graphs with the same number of edges. It is also revealed by examples that neither 

regularity nor small diameter is sufficient on its own, both properties are needed. Both theorists and 

practitioners can utilize the results, given in several formats in the appendix: plotted graph, adjacency 

matrix, list of edges, ‘Graph6’ code. 

© 2021 The Author(s). Published by Elsevier Ltd. 
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. Introduction 

Pairwise comparisons form the basis of preference measure- 

ent, ranking, psychometrics and decision modelling [1–3] . Mul- 

icriteria Decision Making is indeed an important tool both at an 

ndividual and at an organizational level. We can think about dif- 

erent kind of ranking of alternatives or weighting of criteria, like 

enders, selection among schools or job offers, selection among the 

mplementation of different projects in an enterprise, etc. 

One of the most commonly used techniques in connection with 

ulti-criteria Decision Making is the method of the pairwise com- 
� Area: Decision Analysis and Preference-Driven Analytics. This manuscript was 

rocessed by Area Editor Luis Dias. 
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arison matrices. One can apply this technique both for determin- 

ng the weights of the different criteria and for the rating of the 

lternatives according to a criterion. Usually we denote the num- 

er of criteria or alternatives by n , which means the pairwise com- 

arison matrix is an n × n matrix, often denoted by A . In this case

he i j-th element of the A matrix, a i j shows how many times the 

 -th item is larger/better than the j-th element. 

Formally, matrix A is called a pairwise comparison matrix 

PCM) if it is positive ( a i j > 0 for ∀ i and j) and reciprocal ( 1 /a i j =
 ji for ∀ i and j) [4] , which also indicates that a ii = 1 for ∀ i . 

Dealing with incomplete data gets more and more attention in 

he literature. When some elements of a PCM are missing we call 

t an incomplete PCM. There could be many different reasons why 

hese elements are absent, some data could have been lost or the 

omparisons are simply not possible (for instance in sports [5] ). 
under the CC BY license ( http://creativecommons.org/licenses/by/4.0/ ) 
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The most interesting case for us is when the decision makers 

o not have time, willingness or the possibility to make all the 

 (n − 1) / 2 comparisons. 

In this article we would like to study which comparisons should 

e made, or more precisely what patterns of comparisons are rec- 

mmended in order to get good approximation of the decision 

akers’ preferences calculated from the whole set of comparisons. 

he graph representation of the pairwise comparisons is a natural 

nd convenient tool to examine our question, thus we will use this 

hroughout the paper. 

In many cases the set of comparisons can be adaptive, i.e., the 

ext questions depend on the answers to the previous ones as in, 

.g., [6–8] . However, we assume in the paper that the whole set 

f comparisons is designed completely before the decision mak- 

ng process, and we do not have any further prior information 

bout the items to be compared. Thus the ‘confidence level’ of ev- 

ry single comparison is the same in our problems, the probability 

f their ‘errors’ is identical. For instance the (pre-)compilation of 

uestionnaires in connection with decision making problems can 

e named as an indeed common practical example that satisfies 

hese conditions. 

There are already known special structures proposed for in- 

omplete pairwise comparison matrices in the literature, which in- 

lude: 

(i) spanning tree, in particular if one row/column is filled in 

ompletely (its associated graph is the star graph) 

(ii) two rows/columns are filled in completely (its associated 

raph is the union of two star graphs) [9] 

(iii) a method of 2-cyclic designs, the union of two edge-disjoint 

 -cycles, has been also recommended to select 2 n paired compar- 

sons from n number of objects [10] 

(iv) more or less regular graphs, for example the regularity of 

he comparisons’ graph appears in the designs of [11] and [12] . 

Regularity results in a kind of symmetry that is also desir- 

ble in case of sport competitions [13] , where the number of 

atches played equals for every player or team, at least in the 

rst phase (before the knockout stages). This also appears in other 

port tournaments, where they use the so-called Swiss system, in 

hich besides a lot of other requirements, every player or team 

lays the same number of matches (if possible) [14–16] . Thus 

he resulting representing graph of the comparisons is regular 

17] . 

A special type and extension of regular graphs is considered by 

18] . They proposed the (quasi-)strongly regular designs based on 

quasi-)strongly regular graphs in order to select pairs to be com- 

ared within incomplete information. A graph is called strongly 

egular with parameters (n, k, λ, μ) , if each of the n vertices has

egree k , and (i) for any pair of adjacent vertices u and v , the num-

er of vertices adjacent to both u and v is λ; (ii) for any pair of not

djacent vertices u and v , the number of vertices adjacent to both 

 and v is μ. Since these properties are rather restrictive, a linear 

lgebraic generalization, the so called quasi-strongly regular graphs 

re also taken into consideration. By simulation, they showed that 

oth designs give better results (based on a logarithmic distance 

unction defined on the weight vectors) than other random designs 

f the same cardinality. 

[19] create an incompleteness index based on the number of 

issing pairwise comparisons and their arrangements. Using dif- 

erent kind of Monte Carlo simulations they conclude that incon- 

istency and incompleteness both have crucial effect on sensitivity, 

nd the regularity of the PCM also has a huge effect both on the 

uantitative and the qualitative results. 

Note that the first three examples above lack regularity. Regu- 

arity means that each item is compared to others for the same 

umber of times (if the cardinality of the items to compare is 
2 
dd, one of the degrees can be smaller or greater – in our anal- 

sis, greater – by one), resulting in a kind of symmetry, as we 

entioned earlier. Despite the fact that regularity has been rec- 

gnized as an important property in connection with the rep- 

esenting graph of the comparisons, the above-mentioned ex- 

mples do not examine it as generally as we do, their defini- 

ions on regularity is more restrictive and their instances are less 

ystematic. 

Diameter, the other key concept of the paper besides regularity, 

hows how far items can be from each other in the sense that how 

any comparisons are needed in order to have an indirect com- 

arison between them. The well known telephone game or effect 

20] , also known as The Whisper Game [21] shows small errors 

re cumulated along a sufficiently long series. If a message passes 

hrough a line of people, in a whisper, the original and the final 

ersions differ a lot, despite the neighboring versions are usually 

uite similar. A classical example for the non-transitivity of indif- 

erence [22] is the addition of very small portions of sugar to the 

ame cup of coffee. No one can distinguish between two consec- 

tive steps, however, if this sequence is long enough, the indiffer- 

nce disappears [23] . 

In the set of connected graphs, diameter can be considered as a 

easure of closeness, or a stronger type of connectedness. It is not 

roperly studied in the literature, however, for instance in [24] the 

stimation of the matrix of comparison probabilities is investigated 

or several graph structures and some research questions, e.g., on 

 possible relation of the graph’s diameter and the worst-case ap- 

roximation error, are raised. One of our notable findings is to de- 

ermine the diameter of the representing graph as a crucial prop- 

rty for filling in pattern designs of incomplete PCMs. 

Note that regular graphs can have large diameter, e.g., a cycle 

n n vertices is 2-regular and has diameter d = � n/ 2 � . The star

raph, mentioned among the examples, has minimal diameter 2, 

ut it is far from being regular. Our aim is to find the graphs, 

mong (quasi-)regular ones, with minimal diameter. We are espe- 

ially interested in the smallest nontrivial values of the diameter, 

amely d = 2 and d = 3 . Intuition suggests, and it is confirmed by

he graphs found, that for a fixed n , higher regularity, i.e., more 

dges, makes the diameter smaller. 

The rest of the paper is structured as follows. Basic mathe- 

atical concepts are introduced in Section 2 . Later on we assume 

hat we know the number n of alternatives or criteria, it is also 

 key assumption through our paper that the graph representing 

he MCDM problem is k -(quasi-)regular and we also know (or with 

he help of the other inputs we can determine) the diameter d of 

he graph. In Section 3 (which is complemented by Appendix A 

online)) we provide a systematic collection of suggested incom- 

lete pairwise comparisons’ patterns with the help of the above- 

entioned inputs and all/some graphs for the examined cases. We 

ould like to emphasize that this list is a major contribution of our 

aper. Section 4 presents a motivational example showing that the 

iameter of a regular graph can be large and the result can be very 

ensitive to the errors of the matrix elements. A wide range of nu- 

erical simulations, using the distances of the weights computed 

ith different filling in patterns respect to the weights calculated 

rom the complete PCMs, is also provided in order to validate our 

ecommendations. Finally, Section 5 concludes and provides fur- 

her research questions closely connected to the discussed topic. 

esults of Sections 3 and 4 are given in more details in the appen-

ices. B (online) includes the recommended graphs themselves. For 

ractitioners, this list might serve as a ‘recipe’ in designing ques- 

ionnaires based on pairwise comparisons. Appendix D (online) in- 

ludes the results of the comparisons of weight vectors calculated 

rom the different graphs. Appendices A, B, C and D can be found 

n the online supplementary material . 
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Fig. 1. Graph representation example 
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. Basic concepts of the graph representation 

The graph representation of paired comparisons has already 

een used in the 1940s [25] . Of course after the widespread ap- 

lication of PCMs and incomplete PCMs it has become a common 

ethod in the literature, see for instance [26] , [27] or [28] . 

Usually in these articles the authors use directed graphs for the 

epresentation, because they distinguish the preferred item from 

he less preferred one in every pair. In our approach the only im- 

ortant thing is whether there exists a comparison between the 

wo elements. This means that we use undirected graphs, where 

he vertices denote the criteria or the alternatives. There is an edge 

etween two vertices if and only if the decision makers made their 

omparison for the two respective items (the appropriate element 

f the PCM is known). In order to understand the concepts so far, 

here is a small example below: 

xample 1. Let us assume that there are 4 criteria ( n = 4 ) and our

ecision maker already answered some questions, denoted their 

ocations in the matrix by • and their reciprocal values by ◦, which 

ead to the following incomplete PCM: 

 = 

⎡ 

⎢ ⎣ 

1 • •
◦ 1 •
◦ 1 •

◦ ◦ 1 

⎤ 

⎥ ⎦ 

This incomplete PCM is represented by the graph in Figure 1 . 

As we can see there is no edge between the first and the fourth 

ertices, where the PCM has missing values and there is no edge 

etween the second and third vertices, where the situation is the 

ame. There is an edge between every other pair, where we have 

o missing values in the PCM. 

It is important to emphasize that as the known elements of the 

CM determine the representing graph, it is also true in the other 

ay around. Thus, the graph in Figure 1 shows which comparisons 

re known in the PCM. This is the key property that we use in this

aper, as we present the representing graphs that show the fill- 

ng in patterns, the comparisons that should be made. We assume 

hat the representing graphs are connected and k -(quasi-)regular 

hrough our paper, thus we need some definitions to make these 

oncepts clear. 

efinition 1 (Connected graph) . In an undirected graph, two ver- 

ices u and v are called connected if the graph contains a path from 

 to v . A graph is said to be connected if every pair of vertices in

he graph is connected. 
3 
efinition 2. ( k -regular graph) A graph is called k -regular if ev- 

ry vertex has k neighbours, which means that the degree of every 

ertex is k . 

efinition 3. ( k -quasi-regular graph) A graph is called k -quasi- 

egular if exactly one vertex has degree k + 1 , and all the other

ertices have degree k . 

The k -regularity basically means that the vertices are not distin- 

uished, there is no particular vertex as, for example, in the case 

f the star graph, thus we would like to avoid the cases when the 

limination of relatively few vertices would lead to the disintegra- 

ion of the whole comparison system [29] . Besides regularity, the 

onnectedness of the representing graph is indeed important, be- 

ause to approximate the decision makers’ preferences well, we 

eed to have at least indirect comparisons between the different 

riteria, otherwise we cannot say anything about the relation be- 

ween certain elements [30] . 

However, it is also notable that we would like to avoid the cases 

hen two items are compared only indirectly through a very long 

ath, because this could aggregate the small, tolerable errors of 

he different comparisons and we could end up with an intoler- 

bly large error in the relation between the two elements. Such 

n example was found in [29] , where the graph generated from 

he table tennis players matches included a long shortest path be- 

ween two vertices (players), and the calculated result appeared to 

e misleading. The diameter of the representing graph is a very 

uitable mathematical tool to measure this problem: 

efinition 4 (The diameter of a graph) . The diameter (denoted by 

) of a graph G is the length of the longest shortest path between 

ny two vertices: 

 = max 
u, v ∈ V (G ) 

� (u, v ) , 

here V (G ) denotes the set of vertices of G and � (., . ) is the graph

istance between two vertices, namely the length of the shortest 

ath between them. 

We also define here the twisted product, a graph construction 

ethod that is used by us extensively to find the proposed graphs: 

efinition 5 (Twisted product of two graphs) . ( [31] ) 

Let G = (V, E) and G 

′ = (V ′ , E ′ ) be two undirected graphs,

here V and V ′ are the vertex sets, while E and E ′ are the edge

ets of the respective graphs. Let 
−→ 

E denote the set of arcs in an ar- 

itrary orientation of G . For each arc (i, j) ∈ 

−→ 

E , let π(i, j) be a one

o one mapping from V ′ to itself. The twisted product of graphs 

 and G 

′ , denoted by G ∗ G 

′ is defined as follows: its vertex set is

he Cartesian product V × V ′ , and there is an edge between ver- 

ices (i, i ′ ) and ( j, j ′ ) if either [ i = j and (i ′ , j ′ ) ∈ E ′ ] or [ (i, j) ∈ 

−→
E 

nd j ′ = π(i, j) (i ′ ) ]. 

Note that the twisted product with π = identity results in the 

artesian product. 

Briefly from now on we will examine graphs representing 

CDM problems defined by the following inputs: (n, k, d) , where n 

s the number of vertices (criteria), k shows the level of regularity 

f the graph and d is the diameter of the graph. 

. (Quasi-)regular graphs with minimal diameter 

In this section, we present one of the most important findings 

f the paper, the examined (quasi-)regular graphs themselves. First 

f all, it is a key step to determine which cases are interesting 

or us considering our inputs. It is important to emphasize that 

e deal with unlabelled graphs, because we are trying to find out 

hat kind of patterns are needed in the comparisons for different 



Zs. Szádoczki, S. Bozóki and H.A. Tekile Omega 107 (2022) 102557 

i

s

i

f  

o

�

c

r  

w  

f

a

2

I  

s

2

t

c

b  

o

t

t

t  

t

l

s

p

t

w

c

s

c

s

a  

r

n  

c

l  

o  

g  

a

M

m

f

a

s  

q

f

c

t

a  

m

p  

p

d

a

Table 1 

The summary of our list of graphs: the different sets of 

graphs based on the regularity level k and the number of 

vertices n can be found in the indicated tables, from which 

Table 2 can be found in the main text, while the other ta- 

bles take place in Appendix A in the supplementary mate- 

rial. Lightgray denotes d = 2 and gray denotes d = 3 . 

k 

n 3 4 5 

n = 5 , . . . , 10 Table 2 

n = 11 , . . . , 15 Table A1a Table A2 

n = 16 , . . . , 20 Table A1b Table A4a 

n = 21 , . . . , 24 Table A3 Table A4b 
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nstances. Thus if we exchange the ‘names’ of two criteria (for in- 

tance ‘1’ and ‘2’ in Example 1 ) the pattern would be the same. 

Then we can consider the regularity parameter k . The k = 1 case 

s possible only when n is even, but they are not connected except 

or n = 2 , so this is not interesting for us. When k = 2 there is only

ne connected graph for every n , namely the cycle, for which d = 

 n/ 2 � as already mentioned in the introduction. 

The larger regularity parameters could be interesting, but of 

ourse we need a reasonable upper bound for the number of crite- 

ia, n , which is also an indirect upper bound for k . In our research

e examined the n = 5 , 6 , . . . , 24 cases, because on the one hand

or larger n parameters, some computations become very difficult, 

nd on the other hand the largest 5-regular graph with diameter 

 contains 24 vertices, so this is a nice theoretical bound, as well. 

t is also true that in the majority of the fields of application it is

ufficient to examine the number of alternatives (vertices) up until 

4. 

The smaller the d parameter is, the more stable or trustwor- 

hy our system of comparisons is. This means that in an optimal 

ase we would like to minimize this parameter, while the num- 

er of the criteria ( n ) is always a fixed exogenous parameter in

ur MCDM problems. As we mentioned above, k is crucial to avoid 

he cases when some criteria (vertices) would be too important in 

he system, however it also shows us how many comparisons have 

o be made, because every vertex has a degree of k , which means

he number of edges is nk/ 2 . Thus if our decision makers would 

ike to spend the shortest time with the creation of the PCM, we 

hould choose a small k parameter. But, of course, as usually hap- 

ens in these situations, there is a trade off between the parame- 

ers, because for many criteria (large n ) the smaller regularity ( k ) 

ill cause a bigger diameter ( d), namely, a more fragile system of 

omparisons. 

In this paper we would like to provide a list of graphs which 

hows the patterns of the comparisons that have to be made in 

ase of different parameters. We used computational and con- 

tructing methods to determine the graph(s) with the smallest di- 

meter ( d parameter) for a given (n, k ) pair. With the help of these

esults it was easy to determine which k is the smallest that is 

eeded to reach a given d for a given n . We found that, with the

hosen upper bound of n (24) the interesting values for the regu- 

arity are k = 3 , 4 , 5 , while the interesting values for the diameter

f the graph are d = 2 , 3 . Of course d = 1 would mean a complete

raph that is not reachable for many (n, k ) pairs, and it represents

 complete PCM, thus it is not interesting for us. For a general 

CDM problem probably instead of k , it would give more infor- 

ation if we considered an indicator that shows how far we are 

rom the ‘extreme’ case, when the decision makers have to make 

ll the comparisons. This would mean n (n − 1) / 2 comparisons in- 

tead of our nk/ 2 in case of regular graphs or (nk + 1) / 2 in case of

uasi-regular graphs, therefore the completion ratio is defined as 

ollows: 

 = 

{ 

nk/ 2 
n (n −1) / 2 

if n or k is even 

(nk +1) / 2 
n (n −1) / 2 

if n and k are odd 

hat we will calculate for every instance. 

Here we will present the graphs with the smallest diameter for 

 given (n, k ) pair, it is important to emphasize that it is recom-

ended to read this section together with Appendix A, as a large 

art of our list ( Tables 2 , A1a, A1b, A2, A3, A4a, and A4b) takes

lace there, because of the length of the tables. The finding for the 

ifferent graphs in our list consisted of several methods, sources 

nd layers: 

1. As a starting reference point, we checked the built in graphs 

in Wolfram Mathematica [32] , which are even complete cata- 
4 
logues in case of small number of vertices, thus we selected 

the ones with minimal diameter among them. 

2. For smaller and middle-sized graphs, when Mathematica’s built 

in examples cover only a sample of the cases, we used nauty 

and Traces [33] and IGraph/M [34] to generate all the possible 

(quasi-)regular graphs and select the needed ones. 

3. Our results contain many well known graphs as well, like the 

Petersen graph [35] , that we collected from different kind of ar- 

ticles indicated in the respective tables as ‘Source’. We also col- 

lected further information, like uniqueness, about those graphs 

that we got with the help of Mathematica and are well known 

cases. We cite these information as ‘See also’ in our tables. 

4. For larger graphs we were not able to generate all the possi- 

ble regular cases, thus we used several construction techniques 

such as the twisted product, integer linear programming or 

merging and extending methods with the help of some already 

known graphs. Many of these cases were challenging and time- 

consuming to find, the same idea rarely worked twice. 

5. It is also important that as k -quasi-regularity was defined by 

us, all of the quasi-regular graphs are our findings (or at least 

we are the first to use them in this kind of context), but we do

not denote this separately in the tables. 

Table 1 presents a table of tables that provides an overview of 

ur list of graphs. 

Table 2 shows the cases when k = 3 and d = 2 is the minimal

alue of the parameter. It is important to note that k = 3 is only

ossible when n is even, but when it is odd, we examine 3-quasi- 

egular graphs, where all vertices have degree 3 except one where 

t has 4, because these are the closest to 3-regularity. 

We can see that with k = 3 the minimal diameter can be 2 un-

il we have 10 vertices. Of course for n ≤ 3 the 3-regularity is not 

ossible, and for n = 4 the diameter is 1, because this is a com-

lete graph, that is why we skip those in the table. It is also no-

able that the completion ratio ( c) even reaches 1 / 3 when we have

0 vertices (it is obviously decreasing in n ). We should emphasize 

he fact that there are only a few graphs for every (n, k ) pair with

he minimal diameter. Some of them are bipartite graphs, which 

ave special spectral properties [ 27 , Lemma 4, Theorem 2, Propo- 

ition 3], and they also indicate that there are two groups which 

re always compared through the other ones. 

If we go on to larger graphs ( n > 10 ), then we will find that the

mallest reachable diameter changes to d = 3 , but it is also true 

hat at first we have so many graphs that satisfy these properties. 

owever, as we examine the n = 18 or the n = 20 cases, we can

ee that there is only one graph that fulfils our assumptions [36] . 

he results in case of larger graphs, with 3-regularity and 3 as the 

inimal diameter can be found in Tables A1a and A1b in Appendix 

. 

As we can see the completion ratio is still decreasing in n and 

n larger graphs it can be taken below 0.2. It is also true that we
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Table 2 

k = 3 -(quasi-)regular graphs on n vertices with minimal diameter d = 2 . 

k = 3 Graph Further information 

n = 5 • c = 8 / 10 = 0 . 8 

• Unique graph 

n = 6 

3-prism graph 

( C 3 × K 2 ) 

• c = 9 / 15 = 0 . 6 

• 2 graphs 

• Source: [36] 

• The other solution is the bipartite graph K 3 , 3 

n = 7 • c = 11 / 21 ≈ 0 . 524 

• 4 graphs 

n = 8 

Wagner graph 

• c = 12 / 28 ≈ 0 . 429 

• 2 graphs 

• See also: [37] 

• The other solution is the X 8 graph [31] 

n = 9 • c = 14 / 36 ≈ 0 . 389 

• 2 graphs 

n = 10 

Petersen graph 

• c = 15 / 45 ≈ 0 . 333 

• Unique graph 

• See also: [38] 
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o not need to answer for more than 30 questions for an MCDM 

roblem even with 20 criteria, which can be indeed useful. 

If we go on to larger graphs, the minimal diameter would 

hange to d = 4 , however, in this paper we only consider the 

raphs with d ≤ 3 , so we discussed the interesting cases for k = 3 .

he former results mean that, if we would like to examine the 

raphs where k = 4 , it is obvious that the minimal diameter would 

e 2 until n = 10 , but it is not so important to make so many com-

arisons because this property can be reached with k = 3 , as well.

hus for k = 4 the interesting cases start above 10 vertices, and the 

uestion is if we can reach a smaller diameter (a more stable sys- 

em of comparisons) with the rise of the answered questions. We 

ound that with k = 4 we can get 2 as the minimal diameter until

 = 15 , but for larger values of n , it will be 3 again, which can be

lso reached by k = 3 , thus we would not recommend these com- 

inations of parameters. The results for (11 ≤ n ≤ 15 , k = 4) are

hown in Table A2. It is also important to note that k = 4 is possi-

le in case of both odd and even values of n , thus now we do not

ave to pay special attention to this. 

As we can see, the completion ratio is increasing in k , so we 

annot get so small c values as in Table A1a, however the system 

f comparisons will be more stable even on many vertices, because 

he smallest diameter is 2 here. It is also interesting that, for larger 

raphs and regularity levels, the number of connected graphs in- 

reases very rapidly. For instance, when we have 15 vertices, there 

re 805 491 connected 4-regular graphs (that means 805 491 pos- 

ible filling patterns of the PCM), and only one has 2 as its diam-

ter. Our results and methodology has a strong relationship with 

he so-called degree/diameter problem that is well known in the 

iterature of mathematics ( [39] , [40] , [41] ), but they are looking

or the largest possible n for a given diameter and a given level 

f maximum degree. Several construction techniques have been 

roposed for graphs in connection with the degree/diameter prob- 

em [ 31 , 42 , 43 ], and one can also find extended tables with the

nown results [44] . For an indeed extensive summary of the prob- 
5 
em, see [45] . The scientific results in this field support our find- 

ngs, too, because for (k = 3 , d = 2) the largest n is 10, while for

k = 3 , d = 3) it is 20. In the case of (k = 4 , d = 2) the largest n is

5, but for (k = 4 , d = 3) it is proven that the largest graph is much

bove our bound, while the optimal number of the vertices in this 

ase is still an open question. 

As we mentioned earlier, there is no point in finding 4-regular 

raphs when 16 ≤ n ≤ 20 , thus Table A3 contains the 4-regular 

raphs for 21 ≤ n ≤ 24 for which the diameter is 3. When the ta- 

les contain ‘ ≥ . . . graphs’, that means we have not checked all the 

ossible cases with minimal diameter, but in connection with deci- 

ion making problems, it is enough to see that there is one pattern 

hat satisfies the needed properties. 

Finally, we can increase the regularity level to 5 in order to 

nd out if we are able to get 2 as the smallest diameter for larger

raphs. The answer is yes, actually it is also proven that d = 2 is

eachable for 5-regular graphs until 24 vertices, but of course we 

re interested in the specific graphs that could help us determine 

he adequate comparison patterns. Our results can be found in Ta- 

les A4a and A4b. The k = 5 parameter is only possible when n is

ven again, so when it is odd, we let one vertex to have 6 as its

egree. 

The 5-quasi-regular graph on 21 vertices has been found by us 

s a twisted product K 3 ∗ X 7 , where X 7 is a graph with diameter 

 on 7 vertices, in which all vertices have degree 3, except one, 

here it has 2. The 5-regular graph on 22 vertices has been found 

y [46] with the help of the following integer linear programming 

roblem: 

Let N = { 1 , . . . , 22 } be the nodes, and let P = { i ∈ N, j ∈ N : i < 

j} be the set of node pairs. For (i, j) ∈ P , let binary decision 

variable X i, j indicate whether (i, j) is an edge. For (i, j) ∈ P 
and k ∈ N \ { i, j} , let binary decision variable Y i, j,k indicate 

whether k is a common neighbor of i and j. For (i, j) ∈ P let 
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Table 3 

The summary of the results: the number of k -(quasi-)regular 

graphs on n nodes with diameter d. Lightgray denotes d = 2 

and gray denotes d = 3 , ‘ ≥’ means that there are at least as 

many graphs as indicated, but we could not check all the pos- 

sible cases. 

k 

n 3 4 5 

5 1 

6 2 

7 4 

8 2 

9 2 

10 1 

11 134 37 

12 34 26 

13 353 10 

14 34 1 

15 290 1 

16 14 ≥ 3 

17 51 ≥ 1 

18 1 ≥ 1 

19 4 ≥ 1 

20 1 ≥ 1 

21 ≥ 3 ≥ 1 

22 ≥ 1 ≥ 1 

23 ≥ 1 ? 

24 ≥ 1 ≥ 1 

a
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binary decision variable SLACK i, j be a slack variable. 

min 

∑ 

(i, j) ∈ P 
SLACK i, j (1) 

∑ 

(i, j ) ∈ P: k ∈{ i, j } 
X i, j = 5 for k ∈ N (2) 

X i, j + 

∑ 

k ∈ N\{ i, j} 
Y i, j,k + SLACK i, j ≥ 1 for (i, j) ∈ P (3) 

Y i, j,k ≤ [ i < k ] X i,k + [ k < i ] X k,i for ( i, j ) ∈ P and k ∈ N \ { i, j } 
(4) 

Y i, j,k ≤ [ j < k ] X j,k + [ k < j ] X k, j for ( i, j ) ∈ P and k ∈ N \ { i, j } 
(5) 

Constraint (2) enforces 5-regularity. Constraint (3) enforces 
diameter 2. Constraints (4) and (5) enforce that Y i, j,k = 1 im- 

plies k is a neighbor of i and j, respectively. A desired graph 

exists if and only if the integer linear program has a solution 

with SLACK i, j = 0 for ∀ (i, j) ∈ P . 

The authors of this paper are still looking for a 5-quasi-regular 

raph on 23 vertices with diameter 2, but managed to find a graph, 

hich has 23 vertices, and its diameter is 2, but it has one more 

dge than it should, namely three vertices have degree 6 and all 

he others have 5. 

As we can see in Tables A4a and A4b there are higher com- 

letion ratios again, and for instance when we have 24 vertices, 

he decision makers should make 60 comparisons, which in certain 

ituations can be too many. One can also note that in this table 

e report that there are some graphs with the needed properties, 

ut never indicate the number of them. The reason behind this is 

imple: the very high number of the potential connected 5-regular 

raphs (for instance in the case of n = 24 there are roughly 2 · 10 22 

ossibilities). 

This means that we have examined all the cases that we pre- 

iously called interesting. According to our results, if we use the 

n, k, d) parameters, then for smaller MCDM problems the k = 3 is 

nough to get 2 as the diameter of the representing graph, which 

eads to a small completion ratio and a stable system of the com- 

arisons. In larger problems, when we have more alternatives or 

riteria, we can choose if we use k = 3 , when the completion ratio

s smaller, but our approximation can be unstable, or choose higher 

evel of regularity (and completion ratio) with more reliable re- 

ults. We also showed examples and graphs with the needed prop- 

rties for the different cases, which can help anyone in a MCDM 

roblem to decide which comparisons have to be made. One can 

nd the summary of our results in Table 3 , which shows how 

any graphs we know for given (n, k, d) parameters. It is also true 

hat if there is a graph for (n, k, d) in the table, then, on the one

and, no graph exists with the parameters (n, k, d − 1) , and, on the

ther hand, graphs for (n, k, D ) , where D > d, are not counted, and

he corresponding cells are left empty. We omitted the cases when 

 = 4 and n ≤ 10 , because the minimal diameter is the same as it

as in the case of k = 3 . There is the same reasoning behind the

mptiness of the table when k = 5 and n ≤ 15 . We have not in-

luded the cases when k = 4 and 16 ≤ n ≤ 20 , because d = 3 can

e achieved by 3-regular graphs, but for d = 2 at least 5-regularity 

s needed. We also not included the k = 3 and n ≥ 20 cases, be-

ause we were examining graphs with d = 2 and 3 only. 
6 
All the graphs in Tables 2 , A1a, A1b, A2, A3, A4a, and A4b 

re given in several forms in Appendix B: graph, adjacency matrix 

that directly shows which comparisons should be made, which 

CM elements are required), list of edges and ‘Graph6’ format. The 

ist of edges also present the needed comparisons, for instance the 

raph on 5 vertices in Figure B1 in Appendix B (see it also in 

able 2 ) shows that the decision maker should fill in the follow- 

ng elements of the PCM: a 12 , a 13 , a 14 , a 15 , a 23 , a 24 , a 35 and a 45 .

pon request the other graphs of each family are available from 

he authors in these and other forms, as well. 

. Numerical example and simulations 

The regularity of the representing graphs has been extensively 

tudied in connection with incomplete pairwise comparisons’ de- 

igns, while the diameter has only been investigated partially in 

he literature, as it was mentioned in the introduction. We would 

ike to present what kind of problems can occur even with regu- 

ar graphs, if we do not take into account the diameter, through a 

otivational example. 

A wide range of simulations has also been performed in order 

o validate our recommendations, the applied methodology and 

he gained results are discussed in many details below. We would 

ike to emphasize that, in this section we rely on the framework of 

he pairwise comparison matrices, though, our recommendations 

an be adopted in many other fields, as well. 

.1. Simulation methodology 

It is important to see if the filling in pattern designs recom- 

ended by us are truly useful, thus we applied extensive simula- 

ions to have a better understanding of the problem. As for the cal- 

ulation techniques of the weights derived from the PCMs, we used 

he well-known Logarithmic Least Squares Method (LLSM) and the 

igenvector Method based on the CR-minimal completion (CREV) 

30] . We applied two metrics to determine the differences from 

he weights calculated from the complete PCMs, that is the Eu- 

lidean distance ( d euc ) and the maximum absolute distance ( d max , 

lso known as Chebyshev distance), given by the following formu- 
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Fig. 2. The scaling on different ranges 
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Fig. 3. The connections between CR and our element-wise perturbations. Each 

point shows the average CR of 10 0 0 randomly generated perturbed pairwise com- 

parison matrices. 

in designs. 
as: 

 euc (u, v ) = 

√ 

n ∑ 

i =1 

(u i − v i ) 2 

 max (u, v ) = max 
i ∈ 1 , ... ,n 

| u i − v i | , 

here u denotes the weight vector calculated from a certain filling 

n design, while v is the weight vector calculated from the com- 

lete PCM. u and v are normalized by 
∑ n 

i =1 u i = 1 and 

∑ n 
i =1 v i = 1 ,

espectively, while v i and u i denote the i th element of the appro- 

riate vectors. 

The process of the simulation for a given (n, k ) pair consisted 

f the following steps: 

1. We generated random n × n complete and consistent pair- 

wise comparison matrices. The elements of these matrices 

were given as a i j = w i /w j , where w i ∈ [1 , 9] is a uniformly dis-

tributed random real number for ∀ i . 

2. Then we perturbed the elements of our consistent matrices 

three different ways, to get inconsistent PCMs with three distin- 

guishable inconsistency levels. We call these levels weak, mod- 

est and strong given with the following formulas: 

b ij = max 

(
1 

2 

, a ij + �
)

� ∈ [ −1 , 1 ] (weak) 

b ij = max 

(
1 

2 

, a ij + �
)

� ∈ [ −2 , 2 ] (modest) 

b ij = max 

(
1 

3 

, a ij + �
)

� ∈ [ −3 , 3 ] (strong) 

Where b i j is the element of the perturbed matrix, a i j is the el- 

ement of the consistent matrix, a i j ≥ 1 , and � is uniformly dis- 

tributed in the given ranges. The motivation behind this struc- 

ture is the following, we can get perturbed data even from 

an ordinal point of view, when b i j < 1 . However, in order to

get meaningful results, we should use a different scale for the 

range of (0,1) compared to the range of (1,9] in connection with 

PCMs, as Figure 2 suggests. That is why the maximum function 

and the lower bounds ( 1 / 2 , 1 / 2 and 1 / 3 , respectively) appear in

the definition. These element-wise perturbation methods corre- 

late with the well known Consistency Ratio (CR), as it is shown 

in Figure 3 . We tested several combinations of parameters, and 

found that these, more or less balanced perturbations around 1, 

result in the most relevant levels of inconsistency. 
7 
3. We deleted the respective elements of the matrices in order 

to get the filling in pattern that we were examining, and ap- 

plied the LLSM and the CREV techniques to get the weights. 

We always computed the certain designs’ distances from the 

weights that we calculated from the complete inconsistent ma- 

trices. We used 10 0 0 PCMs for every level of inconsistency and 

applied the following filling in patterns to compare them with 

each other: 

(i) Our recommendations: k -(quasi-)regular graphs of minimal 

diameter, detailed in Section 3 and Appendix A, 

(ii) Random connected graphs with the same number of edges 

as our recommendation (10 0 0 graphs per inconsistency level 

per simulation), 

(iii) Connected k -(quasi-)regular graphs, but not of minimal di- 

ameter (10 0 0 graphs per simulation), 

(iv) Randomly generated, connected, of minimal diameter, but 

not regular graphs with the same number of edges (10 0 0 

graphs per simulation), 

(v) Minimal diameter, modified/extended star graphs with the 

same number of edges (10 0 0 graphs per inconsistency level per 

simulation). 

4. Finally, we saved the mean and standard deviation of the dis- 

tances for the different weight calculation methods and filling 
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Fig. 4. The graph representation of two 3-regular designs 
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We restricted the connected k -(quasi-)regular graphs to the 

amiltonian ones during the generation. With this we excluded 

he k -(quasi-)regular graphs with the largest diameters as well. 

his was also interesting, because all of our recommendations in 

ection 3 and Appendix A are Hamiltonian except the Petersen 

raph and the Tietze graph, but these two are well-known excep- 

ions [47,48] . 

In case of (iv), we basically generated random connected graphs 

nd selected the ones with minimal diameter (the same diameter 

s our recommendation), until we had 10 0 0 such graphs, at least 

n the cases where we have found so many instances in a reason- 

bly long time. 

As for (v), when the diameter of our recommendation was 2, 

hen we generated a random star graph, and complemented it with 

he needed number of random edges. While in case of diameter 3, 

e did the same, but at the end, we deleted one edge from the 

tar and replaced it with another one, so that the diameter of the 

raph became 3. 

It is important to note that we considered only the graph pre- 

ented in Section 3 and Appendix A for a given (n, k ) pair in (i),

nd not all the k -(quasi-)regular graphs with minimal diameter. 

his is due to the fact that in many cases we were able to find one

raph with the needed properties, but could not find all of them 

r even could not determine the exact number of such graphs. 

Before the results of the simulations, we show a motivational 

xample, in which we compare two different filling in pattern de- 

igns similarly as in the case of the simulations. This numerical 

nstance shows that it is also important to take into account the 

inimal diameter property, and not just regularity. 

.2. Motivational example 

Let us demonstrate the simulation process, as well as the im- 

ortance of the diameter, when we have 10 alternatives, and we 

xamine only two different filling in structures. 

We generate 10 0 0 n × n consistent PCMs with elements a i j = 

 i /w j , where w i , w j ∈ [1 , 9] are uniformly distributed random real

umbers. Then we perturb all of the elements of these PCMs three 

ifferent ways as described in Equations weak, modest and strong . 

We would like to compare the differences of the calculated 

eights from the ones that we get from these complete perturbed 

CMs, when we consider the two filling in patterns represented by 

he graphs in Figure 4 . The filling structures related to these graphs 

an be seen in Table 4 , which means that we delete all the other

lements, when we compute the weights according to the given 

attern. 
8 
As for the two representing graphs, the Petersen graph has min- 

mal diameter among 3-regular graphs on 10 vertices, its diame- 

er is 2, while the Alternative 3-regular graph’s diameter is 5. As 

ne can see there are common elements of the two filling in pat- 

erns, as for instance the bridge-edge between vertices 1 and 6 

 a 16 , bridge set [49] ), which connects the two symmetric compo- 

ents of the Alternative graph. It is also worth to mention that the 

pecial structure of this graph (also highlighted by the two sepa- 

ate parts of the related PCM in Table 4 ) ensures that the weights

f 1 and 6 are always determined exactly by b 16 . 

Table 5 summarizes the mean (denoted by M) and the standard 

eviation ( σ ) of distances ( d euc and d max ) of the weights calcu- 

ated from the two filling patterns respect to the complete case for 

he three inconsistency (perturbation) levels (Weak, Modest and 

trong). 

One can see that there are significant contrasts between the 

utcomes of the examined filling in patterns. In case of both the 

uclidean and maximum absolute (Chebyshev) metrics, the dis- 

ances of the weights computed from the Alternative graph respect 

o the ones we got from the complete PCM are approximately 1.5 

imes larger, than the same for the Petersen graph, however both 

he relative and absolute differences are smaller in case of the ab- 

olute maximum distance. The same results are true when we con- 

ider the standard deviation of the distances. This means that the 

etersen graph tends to provide small errors and a consistent per- 

ormance (small standard deviation) depending on the perturba- 

ions, compared to the filling pattern represented by the Alterna- 

ive graph. 

We think that this example can give a deeper understanding 

f the simulation method. Besides that, the main message of this 

ub-section is that, one should consider the diameter of the graph 

s an important parameter in these designs, because even among 

egular graphs, there can be large differences. 

.3. Simulation results 

The results of the simulations seem to mainly depend on the 

alue of k , and barely on n , as well as the patterns of the outcomes

eem to be the same for every case. 

The tables for all parameters (n, k, d) calculated are available 

n Appendix D, while we have chosen to visualize only the fol- 

owing representative examples: (n = 16 , k = 3 , d = 3 ), (n = 11 , k =
 , d = 2) and (n = 24 , k = 5 , d = 2) . The first one is the largest 3-

egular case, where we could apply (iv), and it is the only one that 

an be found in the main text due to the length of the figures. 

he second one is the smallest 4-regular, and the last one is the 

argest 5-regular case that we examined. The results of the simu- 
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Table 4 

The known elements of the given PCM in case of the two different filling in patterns represented by the graphs in Figure 4 . The design related to the 

Alternative graph can be seen to the left, while the filling structure of the Petersen graph is shown in the PCM to the right. 

1 2 3 4 5 6 7 8 9 10 1 2 3 4 5 6 7 8 9 10 

1 1 b 12 b 14 b 16 1 1 b 13 b 14 b 16 

2 1 
b 12 

1 b 23 b 25 2 1 b 24 b 25 b 27 

3 1 
b 23 

1 b 34 b 35 3 1 
b 13 

1 b 35 b 38 

4 1 
b 14 

1 
b 34 

1 b 45 4 1 
b 14 

1 
b 24 

1 b 49 

5 1 
b 25 

1 
b 35 

1 
b 45 

1 5 1 
b 25 

1 
b 35 

1 b 510 

6 1 
b 16 

1 b 67 b 69 6 1 
b 16 

1 b 67 b 610 

7 1 
b 67 

1 b 78 b 710 7 1 
b 27 

1 
b 67 

1 b 78 

8 1 
b 78 

1 b 89 b 810 8 1 
b 38 

1 
b 78 

1 b 89 

9 1 
b 69 

1 
b 89 

1 b 910 9 1 
b 49 

1 
b 89 

1 b 910 

10 1 
b 710 

1 
b 810 

1 
b 910 

1 10 1 
b 510 

1 
b 610 

1 
b 910 

1 

Table 5 

The average distances and their standard deviation for the different designs. The following notations are used: M-mean, σ -standard deviation, ’Weak’, 

’Modest’ and ’Strong’ refer to the level of perturbation. 

Weak LLSM d euc M CREV d euc M LLSM d max M CREV d max M LLSM d euc σ CREV d euc σ LLSM d max σ CREV d max σ

Petersen 0.0424 0.0422 0.0275 0.0274 0.0285 0.0283 0.0193 0.0191 

Alternative 0.0605 0.0604 0.0370 0.0369 0.0468 0.0467 0.0286 0.0285 

Modest 

Petersen 0.0673 0.0669 0.0450 0.0445 0.0378 0.0376 0.0278 0.0274 

Alternative 0.0956 0.0956 0.0604 0.0602 0.0610 0.0611 0.0400 0.0399 

Strong 

Petersen 0.0967 0.0952 0.0665 0.0652 0.0527 0.0519 0.0402 0.0390 

Alternative 0.1318 0.1314 0.0881 0.0877 0.0825 0.0826 0.0590 0.0592 
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ations for them are shown in Figures 5 , C1 and C2, respectively, 

nd it is also recommended to read this section together with Ap- 

endix C, as the latter two cases are presented there. The figures 

how the mean of the different metrics (M) and the standard de- 

iation ( σ ) as well. We refer to the different levels of the pertur- 

ation as ‘Weak’, ‘Modest’ and ‘Strong’, as before. 

It is clear from the outcomes of the simulations that the 

tronger perturbation causes larger distances, and the higher reg- 

larity level leads to smaller differences. As one can see, our 

ecommendations have the smallest means and standard devia- 

ions among the different designs in case of both metrics and 

oth weight calculation methods for every (n, k ) pair, which sug- 

ests that the results are not solely dependent on the used tech- 

iques and parameters. The smallest mean shows that the k - 

quasi-)regular graphs with minimal diameter provide the closest 

eights to the complete PCM on an average level. On the other 

and, the smallest standard deviation also implies that our recom- 

endations are commonly not connected to huge errors, and that 

hese filling in pattern designs perform at a very consistent level 

egarding the deviations from the results of the complete PCMs. It 

s also true that the randomly generated minimal diameter graphs 

denoted by (iv)) tend to have smaller means and standard de- 

iations compared to the simple random graphs. Again, this sug- 

ests that, the diameter of the representing graph is relevant. The 

 -(quasi-)regular graphs (denoted by (iii)) always have the second 

mallest means and standard deviations in their distances, thus the 

lready known fact, that regularity is a key property, confirmed 

ere as well. It is also important to note that we have excluded the 

 -(quasi-)regular cases with the largest diameters, because of the 

amiltonian construction as we mentioned earlier, thus we expect 

andom (quasi-)regular graphs to have a bit even ‘worse’ results 

ompared to our recommendations. The case of the modified star 

raphs (denoted by (v)) is interesting. In case of k = 3 , they always

ave smaller means and standard deviations compared to the sim- 

le random graphs, but for k = 4 they always have larger means, 
9 
nd in some cases even their standard deviations are higher. For 

 = 5 the modified star graphs tend to have the largest means and 

tandard deviations among the examined designs. This also sug- 

ests that considering only the diameter is not sufficient in these 

roblems. Finally, we would like to emphasize that these patterns 

nd findings, are the very same for all studied (n, k ) pairs, es- 

ecially regarding the dominance of the k -(quasi-)regular graphs, 

hus our recommendations seem to perform indeed well in the 

ramework of pairwise comparison matrices. 

. Conclusions and further research 

.1. Summary 

The main contribution of the paper is a systematic collection 

f recommended filling patterns of incomplete pairwise compar- 

sons’ using the graph representation of the PCMs. The proposed 

quasi)-regular graphs with minimal diameter have not only pure 

raph theoretical relevance, but their importance in multi-criteria 

ecision making is also demonstrated via the comparisons to other 

ncomplete filling in patterns of the same cardinality. 

Graphs are included in several formats in Appendix B, which 

an show practitioners the comparisons that should be made, i.e. 

he PCM elements to be filled in. We presented our results using 

he number n of criteria or alternatives, regularity level k and di- 

meter d of the representing graph as parameters. We identified 

he diameter, that was missing from the relevant literature of de- 

ision theory and preference modelling, as an important parameter 

n these problems. It has been shown that relatively small diame- 

ers d = 2 , 3 can be achieved with relatively small completion ra- 

ios, and examples has been provided for every case up until 24 

ertices. 

We also validated our recommendations with the help of nu- 

erical simulations. 10 0 0 perturbed PCMs were used in case of 3 

ifferent inconsistency (perturbation) level to compare several fill- 
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Fig. 5. The results of the simulation for (n = 16, k = 3, d = 3). The following notations are used: M-mean, σ -standard deviation, d euc -Euclidean distance, d max -maximum 

absolute distance, Weak, Modest and Strong refer to the level of perturbation. See Table D13 in Appendix D for numerical details. 

10 
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ng in patterns with the proposed ones for every examined param- 

ter combinations (all in all 34). The recommended filling struc- 

ures provided the closest weight vectors to the complete case on 

verage, with the smallest standard deviation, according to 2 dis- 

ances (Euclidean and Chebyshev), in case of both the incomplete 

LSM and Eigenvector weight calculation techniques (for detailed 

esults of all parameter combinations, see Appendix D). Examples 

lso show that neither regularity nor small diameter is sufficient 

n its own, both of these properties are needed. 

.2. Limitations and further research 

Simulations show that the proposed (quasi)-regular graphs with 

inimal diameter are better, in the sense of the metrics we con- 

idered, than e.g., the random ones, or the ones having only one 

f the two properties, regularity and minimal diameter, instead of 

oth. However, it certainly does not mean that other, yet undiscov- 

red or unidentified structures could not be even better. 

The investigation of the robustness of the results, namely what 

s ‘between’ the different regularity levels (when the degrees of 

ifferent vertices are not the same), could be the topic of a further 

esearch, as well as the cases with larger minimal diameters. Simi- 

arly, what is between diameters d + 1 and d, in particular 2 and 1

i.e. the complete graph)? According to Tables 2 , A2, A4a and A4b, 

iameter 2 is achieved at relatively low completion ratios, espe- 

ially for larger n parameters, so the game of having better weight 

ectors by adding more comparisons is continuing rather than end- 

ng at d = 2 , as the values in Tables D2–D7, D18–D22 and D27–D35

how. 

It is also an interesting problem to concentrate directly on the 

ompletion ratio as a parameter instead of the regularity of the 

epresenting graph. If the (n, c) pair is given (and (n − 1) c, the av-

rage degree is not necessarily integer), then which comparisons 

hould be made? 

Our approach definitely has a strong connection with other 

etrics based on the lengths of shortest paths (e.g. their average) 

s well as centrality measures [50] . When there are several graphs 

ith the needed properties, we can reduce their number based on 

ome chosen centrality measures. We would like to deal with these 

uestions in our future works. 

Group decision making [51] is a potential application area of 

ur results, as we may assume that the individual preferences can 

e colorful enough, so we cannot suppose any prior information. 

n other words: we treat the items to be compared in a symmetric 

ay, therefore our recommended graphs can be applied. 

Although our results were presented within the framework 

f pairwise comparison matrices, they are applicable in a wider 

ange. A lot of other models based on pairwise comparisons can 

tilize our findings. For example ranking of sport players or teams 

ased on their matches leads to the problem of tournament de- 

ign: which pairs should play against each other (without the use 

f prior knowledge or estimation of their strength)? 
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