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Abstract— Unlike for Linear Time-Invariant (LTI) systems,
for nonlinear systems, there exists no general framework
for systematic convex controller design which incorporates
performance shaping. The Linear Parameter-Varying (LPV)
framework sought to bridge this gap by extending convex LTI
synthesis results such that they could be applied to nonlinear
systems. However, recent literature has shown that naive
application of the LPV framework can fail to guarantee the
desired asymptotic stability guarantees for nonlinear systems.
Incremental dissipativity theory has been successfully used
in the literature to overcome these issues for Continuous-
Time (CT) systems. However, so far no solution has been
proposed for output-feedback based incremental control for
the Discrete-Time (DT) case. Using recent results on convex
analysis of incremental dissipativity for DT nonlinear systems,
in this paper, we propose a convex output-feedback controller
synthesis method to ensure closed-loop incremental dissipativity
of DT nonlinear systems via the LPV framework. The proposed
method is applied on a simulation example, demonstrating
improved stability and performance properties compared to
a standard LPV controller design.

I. INTRODUCTION

Control of nonlinear systems has been in focus of intensive
research over the last few decades. However, unlike for the
control of Linear Time-Invariant (LTI) systems, there exists
no systematic framework for general nonlinear systems,
which incorporates performance shaping into the synthesis
procedure. The Linear Parameter-Varying (LPV) framework
[1], [2] aimed at bridging this gap by extending the sys-
tematic LTI controller synthesis tools to LPV systems. By
embedding the nonlinear system in an LPV representation,
the convex synthesis tools of the LPV framework could be
used to efficiently synthesize nonlinear controllers and sys-
tematically incorporate performance shaping [3]. However,
recent research has shown that naively applying the tools of
the LPV framework to nonlinear systems may fail to provide
the desired performance and stability guarantees [4], [5].
Namely, using the LVP framework, only asymptotic stability
of the origin of the nonlinear system can be guaranteed [4].
However, for reference tracking and disturbance rejection,
convergence to a desired steady-state trajectory is required,
which the standard LPV tools cannot always guarantee.

This work has received funding from the European Research Council
(ERC) under the European Union’s Horizon 2020 research and innovation
programme (grant agreement nr. 714663).

1Patrick J.W. Koelewijn, Roland Tóth and Siep Weiland are with
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Hence, the use of equilibrium independent stability and
performance notions are required for systematic control
synthesis and analysis for nonlinear systems. Contraction [6],
incremental stability [7] and convergence [8] are such equi-
librium independent stability notions. Extensions of dissipa-
tivity [9], which allows for the simultaneous characterization
of stability and performance, have also been made, resulting
in incremental dissipativity [10] and differential dissipativity
[11] notions. In this setting, an appropriate metric of storage,
e.g. energy, between trajectories or the variation of storage
along the trajectories is analyzed, opposed to the standard
dissipativity notions where storage, e.g. energy, is only
considered with respect to a single point of neutral storage.
Hence, incremental and differential dissipativity allows for
equilibrium independent analysis of stability and perfor-
mance whereas standard dissipativity does not. The incre-
mental and differential stability and dissipativity results have
also been extended to convex controller synthesis procedures
for Continuous-Time (CT) nonlinear systems, see [5], [12]–
[14]. Due to the equilibrium independent stability properties
these synthesis results truly allow for the systematic analysis
and controller design for nonlinear systems, where the LPV
framework is used as a tool in order to convexify the
corresponding optimization problems.

As mentioned, most of these works have focused on
analysis and control algorithms for CT nonlinear systems.
For Discrete-Time (DT) nonlinear systems, the literature is
less extensive, although DT systems are widely used in
system identification, model predictive control and embedded
control. Even though incremental and differential stability
and dissipativity results have been extended to DT systems,
see [15], [16], and results for state-feedback design [17] and
model predictive control [18] have been derived, comprehen-
sive results for DT optimal-gain output-feedback synthesis
remains an open problem. Hence, in this paper our main
contribution is to develop an incremental dissipativity based
convex output-feedback controller synthesis method for DT
nonlinear systems, making use of the LPV framework, based
on an extension of the CT results in [19].

The paper is structured as follows. In Section II, a for-
mal problem definition of the controller synthesis problem
is given. In Section III, the proposed controller synthesis
method is described. Section IV demonstrates the improved
stability and performance properties of the proposed con-
troller design compared to standard LPV control design
through a simulation example. Lastly, in Section V, con-
clusions and future recommendations are given.



A. Notation
The set of natural numbers including zero is denoted

by N. The set of real numbers is denoted by R. The
space of square-summable real valued sequences N → R
is denoted by `2, with the norm ‖x‖2 =

√∑∞
k=0 ‖xk‖

2,
where ‖·‖ denotes the Euclidian (vector) norm. A function
f is of class Cn, i.e. f ∈ Cn, if it is n-times continuously
differentiable. A function α : R+ → R+ is of class K, if it is
continuous (class C) and strictly increasing with α(0) = 0.
A function β : R+ × N → R+ is of class KL, if for
any fixed k ≥ 0, β(·, k) ∈ K and for any fixed s ≥ 0,
β(s, ·) is decreasing with limk→∞ β(s, k) = 0. The column
vector

[
x>1 · · · x>n

]>
is denoted as col(x1, . . . , xn). The

notation A � 0 (A � 0) indicates that A is positive
(semi-)definite while A ≺ 0 (A � 0) means that A is
negative (semi-)definite. The set of positive definite matrices
is denoted by S+. The term that makes a matrix expression
symmetric is denoted by (?), e.g. AX+(?) = AX+X>A>.
The discrete time-shift operator given by q is such that for
a sequence x, qxk = xk+1.

II. PROBLEM DEFINITION

Consider a DT nonlinear system of the form
xk+1 = f(xk, wk); (1a)
zk = h(xk, wk); (1b)

where xk ∈ X ⊆ Rnx is the state with initial condition
xk=0 = x0 ∈ X , wk ∈ W ⊆ Rnw is the generalized
disturbance, zk ∈ Z ⊆ Rnz the generalized performance
and k ∈ N is the discrete-time instant. The sets X , W and
Z are open and convex, containing the origin. The solutions
of (1) satisfy (1) in the ordinary sense and are restricted to
k ∈ N. The functions f : X ×W → X and h : X ×W → Z
are assumed to be in C1, i.e. f, h ∈ C1, are assumed to
be Lipschitz continuous and such that for all x0 ∈ X and
w ∈ WN there is a unique solution (x, z) ∈ (X × Z)N. We
define the set of solutions of (1) as

B :=
{

(x,w, z) ∈ (X ×W ×Z)N |

(x,w, z) satisfies (1)
}
. (2)

We define Bx,w := πx,wB, where πx,w denotes the projec-
tion (x,w) = πx,w(x,w, z).

In this paper we propose a convex output-feedback con-
troller synthesis method to ensure incremental stability and
performance of the closed-loop system of the form (1).

Definition 1 (Incremental stability [15]). A nonlinear sys-
tems of the form (1) is said to be incrementally asymptoti-
cally stable if there exists a function β ∈ KL such that

‖xk − x∗k‖ ≤ β(‖x0 − x∗0‖, k), (3)
for all (x, w̄), (x∗, w̄) ∈ Bx,w, w̄ ∈ WN and k ∈ N.

While several incremental performance notions exist, such
as incremental passivity, generalized incrementalH2, etc. see
[10], [16], in this paper we focus on the performance notion
in terms of the incremental `2-gain. However, the theory

that we develop in this paper is generally applicable to DT
incremental (Q,S,R) dissipativity.

Definition 2 (`i2-gain [16]). A nonlinear system of the form
(1) is said to have a finite incremental `2-gain, denoted
as `i2-gain, if for all w,w∗ ∈ `2 and x0, x

∗
0 ∈ X , with

(x,w, z), (x∗, w∗, z∗) ∈ B, there is a finite γ ≥ 0 and a
function ζ(x, x∗) ≥ 0 with ζ(x, x) = 0 such that

‖z − z∗‖2 ≤ γ ‖w − w
∗‖2 + ζ(x0, x

∗
0). (4)

The induced `i2-gain of the system is the infimum of γ such
that (4) still holds.

Using results on incremental dissipativity theory for DT
nonlinear systems from [16], the following test can be
performance to analyze the induced `i2-gain of a nonlinear
system of the form (1).

Theorem 3 (`i2-gain analysis [16]). A nonlinear system of
the form (1) has a finite `i2-gain bounded by γ, if there exists
a P � 0 such that for all x ∈ X and w ∈ W

P Aδ(x ,w)P Bδ(x ,w) 0
? P 0 PC>δ (x ,w)
? ? γI D>δ (x ,w)
? ? ? γI

 � 0, (5)

where Aδ = ∂f
∂x , Bδ = ∂f

∂w , Cδ = ∂h
∂x and Dδ = ∂h

∂w .

The proof can be found in [16]. Note that a bounded
`i2-gain implies incrementally asymptotically stability, see
[16], which we will refer to as the system being `i2-gain
stable1. These results are related to the so-called dissipativity
and stability of the differential form, which represents the
dynamics of the variation along the trajectories of the system.

Definition 4 (Differential form). The differential form of a
nonlinear system (1) is given by

δxk+1 = Aδ(xk, wk)δxk + Bδ(xk, wk)δwk; (6a)
δzk = Cδ(xk, wk)δxk +Dδ(xk, wk)δwk; (6b)

where δxk ∈ Rnx , δwk ∈ Rnw and δzk ∈ Rnz are the state,
generalized disturbance and generalized performance asso-
ciated with the differential form, respectively, and (x,w) ∈
Bx,w. In literature, (6) is also referred to as the variational
or differential dynamics [12], [20].

In view of Definition 4, we are going to call (1)
the primal form of (6). The differential variables can
be linked to the incremental analysis as follows. Con-
sider (x,w, z), (x∗, w∗, z∗) ∈ B, based on which we
can define a smoothly parameterized family of trajecto-
ries (x̄(λ), w̄(λ), z̄(λ)) ∈ B with λ ∈ [0, 1] such that
(x̄(1), w̄(1), z̄(1)) = (x,w, z) and (x̄(0), w̄(0), z̄(0)) =
(x∗, w∗, z∗). Note that the geodesic, i.e. the minimum energy
path under a given metric, corresponds to x̄(λ). The differ-
ential variables for (6) are then defined as δxk= ∂x̄k(λ)

∂λ

∣∣∣
λ=1

,

δwk = ∂w̄k(λ)
∂λ

∣∣∣
λ=1

and δzk = ∂z̄k(λ)
∂λ

∣∣∣
λ=1

, see [10], [16] for
more details.

1Similarly, if a system has a bounded `2-gain and is asymptotically stable
we say it is `2-gain stable.



Remark 5. As a result of Theorem 3, if the differential form
(6) is `2-gain stable with its `2-gain bounded by γ, then
the primal form (1) is `i2-gain stable with a `i2-gain bound
of γ. More generally, standard dissipativity (with quadratic
storage and supply function) of the differential form (also
referred to as differential dissipativity) implies incremental
dissipativity of the primal form. Importantly, by embedding
the differential form in an LPV representation, inequality
(5) can be efficiently solved as a convex test using the LPV
framework, see [16] for more details.

Similar to the systematic LTI and LPV controller synthesis
frameworks [3], widely used in industry, we make use of
the generalized plant concept to shape the performance of
the closed-loop dynamics using LTI weighting filters. In
this paper we assume that the generalized plant (with LTI
weighting filters included) is of the form

xk+1 = f(xk) +Bwwk +Buuk; (7a)
zk = hz(xk) +Dzwwk +Dzuuk; (7b)
yk = Cyxk +Dywwk; (7c)

where xk ∈ X ⊆ Rnx , wk ∈ W ⊆ Rnw and zk ∈ Z ⊆
Rnz are the state, generalized disturbance and generalized
performance signals of the plant, respectively, and where
uk ∈ U ⊆ Rnu is the control input and yk ∈ Y ⊆ Rny

is the measured output. The sets X , W , U , Z and Y are
open and convex, containing the origin. The solutions of (7)
satisfy (7) in the ordinary sense and are restricted to k ∈ N.
The functions f : X → X and hz : X → Z are assumed
to be in C1, i.e. f, hz ∈ C1. Furthermore, Bw ∈ Rnx×nw ,
Bu ∈ Rnx×nu , Dzw ∈ Rnz×nw , Dzu ∈ Rnz×nu and
Dyw ∈ Rny×nw . The solution set of (7) is defined as

B :=
{

(x,w, u, z, y) ∈ (X ×W × U × Z × Y)N |

(x,w, u, z, y) satisfies (7)
}
. (8)

Remark 6. Note that while (7) might seem restrictive, a larger
class of nonlinear generalized plants of the form

xk+1 = f(xk, uk) +Bwwk; (9a)
zk = hz(xk, uk) +Dzwwk; (9b)
yk = hy(xk) +Dywwk; (9c)

where f : X × U → X , hz : X × U → Z and hy : X →
Y with f, hz, hy ∈ C1, can be written in the form (7) by
interconnecting appropriate filters to u and y of (9).

The to-be-designed controller for the generalized plant (7)
is of the form

xc,k+1 = fc(xc,k, uc,k); (10a)
yc,k = hc(xc,k, uc,k); (10b)

where xc is the state, uc is the input and yc is the output
of the controller. The closed-loop interconnection of a gen-
eralized plant P given by (7) and a controller K given by
(10) with uc = y and u = yc is denoted by Fl(P,K), which
is assumed to be well-posed and hence in the form (1). In
this paper we propose a convex controller synthesis method
such that the closed-loop interconnection Fl(P,K) is `i2-
gain stable with minimal `i2-gain.

III. CONTROLLER SYNTHESIS METHOD

A. Overview
In this section, the proposed controller synthesis method

is discussed. In order to obtain a DT controller ensuring
closed-loop `i2-gain stability and performance the following
procedure is proposed, which follows along the same lines
as the CT version in [19]:

1) For the generalized plant (7), its differential form is
computed, which is then embedded in an LPV repre-
sentation.

2) For the LPV embedding of the differential form of the
generalized plant, an LPV controller is synthesized such
that the closed-loop interconnection is `2-gain stable
with minimal `2-gain γ. This controller will be referred
to as the differential (LPV) controller.

3) The differential controller designed in Step 2 is realized
into a primal form. The resulting closed-loop intercon-
nection of the primal form of the generalized plant and
realized primal form of the controller then is `i2-gain
stable with a `i2-gain bounded by γ.

As contribution of this paper, we show how these steps can
be accomplished and we provide proofs of the mentioned
implications.

B. LPV embedding of the generalized plant
As a first step in our proposed controller synthesis pro-

cedure, the differential form of the generalized plant is
computed and embedded in an LPV representation. The
differential form of (7) is given by

δxk+1 = Aδ(xk)δxk +Bwδwk +Buδuk; (11a)
δzk = Cδz(xk)δxk +Dzwδwk +Dzuδuk; (11b)
δyk = Cyδxk +Dywδwk; (11c)

where Aδ = ∂f
∂x , Cδz = ∂hz

∂x and where x ∈ πxB is
the state of the primal form (7). The differential form of
the generalized plant (11) is then embedded in an LPV
representation, resulting in an LPV model (12), in accordance
with the following definition.

Definition 7 (LPV embedding). Assume we have a nonlinear
system of the form (7) with differential form given by (11).
The LPV state-space model

δxk+1 = A(ρk)δxk +Bwδwk +Buδuk; (12a)
δzk = Cz(ρk)δxk +Dzwδwk +Dzuδuk; (12b)
δyk = Cyδxk +Dywδwk; (12c)

where ρk ∈ P ⊂ Rnρ is the scheduling-variable, is an LPV
embedding of the differential form (11) on the region X ⊇
X , if there exists a function ψ : Rnx → Rnρ , called the
scheduling-map, such that under a given choice of function
class A for A,Cz, e.g. affine, polynomial, etc., A(ψ(x)) =
Aδ(x), Cz(ψ(x)) = Cδz(x) for all x ∈ X and ψ(X ) ⊆ P
where P is a (minimal) convex hull with n vertices.

Next, we use the LPV embedding of the differential form
of the generalized plant (12) in order to be able to use convex
controller synthesis.



C. Differential controller synthesis

In this step, a controller for the differential form of the
generalized plant (11) is synthesized such that the closed-
loop interconnection is `2-gain stable with minimal `2-gain.
To convexify this problem, the LPV framework is used to
perform this step. Hence, we synthesize an LPV controller
for the LPV embedding of the differential form of the
generalized plant (12), obtained in the previous step (Section
III-B). The LPV controller is assumed to be of the form

δxc,k+1 = Aδc(ρk)δxc,k +Bδc(ρk)δuc,k; (13a)
δyc,k = Cδc(ρk)δxc,k +Dδc(ρk)δuc,k; (13b)

where xc,k ∈ Rnxc is the state, uc,k ∈ Rny is the input and
yc,k ∈ Rnu is the output of the controller and Aδc, . . . , Dδc ∈
A. We will refer to (13) as the differential controller. Various
methods exists to obtain an LPV controller (13), i.e. to
synthesize a DT LPV controller minimizing the `2-gain of
the closed-loop system. Next, we will briefly describe one
particular method.

Lemma 8 (Differential LPV controller synthesis). There
exists a controller (13) such that the closed-loop intercon-
nection of (12) and (13) is `2-gain stable and has an `2-gain
bounded by γ if there exists matrices Px, Pz ∈ Snx

+ , matrices
Py, J,N, S ∈ Rnx×nx and matrix functions U(ρ) ∈ Rnx×nx ,
V (ρ) ∈ Rnx×ny , W (ρ) ∈ Rnu×nx , X(ρ) ∈ Rnu×ny s.t.

P A(ρ) B(ρ) 0
? G 0 C(ρ)>

? ? γI D(ρ)>

? ? ? γI

 � 0, (14)

where

P =

[
Px Py

P>y Pz

]
, G =

[
J + J> − Px I + S> − Py

? N +N> − Pz

]
,

A(ρ) =

[
A(ρ)J +BuW (ρ) A+BuX(ρ)Cy

U(ρ) NA(ρ) + V (ρ)Cy,

]
,

B(ρ) =

[
Bw +BuX(ρ)Dyw

NBw + V (ρ)Dyw

]
, (15)

C(ρ) =
[
Cz(ρ)J +DzuW (ρ) Cz(ρ) +DzuX(ρ)Cy

]
,

D(ρ) = Dzw +DzuX(ρ)Dyw.

See [21] for the proof of Lemma 8. Note that γ appears
linearly in (14), hence, it can be minimized when solving the
LMI (14). If a solution to (14) has been found, the matrices
for (13) can be constructed by first finding matrices R,L ∈
Rnx×nx such that S = NJ +RL, and then computing[
Aδc(ρ) Bδc(ρ)
Cδc(ρ) Dδc(ρ)

]
=

[
R NBu

0 I

]−1

Θ(ρ)

[
L 0
CyJ I

]−1

, (16)

where

Θ(ρ) =

[
U(ρ) V (ρ)
W (ρ) X(ρ)

]
−
[
NA(ρ)J 0

0 0

]
. (17)

If (12), U(ρ), V (ρ), W (ρ) and X(ρ) have an affine depen-
dency on the scheduling-variable, then (14) can be solved
as a convex optimization problem using LMIs, see [21],
and (13) can be recovered with affine dependency in terms
of (16), (17). Note the method described above uses a
(quadratic) scheduling-independent storage function.

Theorem 9 (Differential closed-loop `2-gain). The closed-
loop interconnection of the differential form of the general-
ized plant δP given by (11) and the controller δK given
by (13), denoted by Fl(δP, δK), is `2-gain stable and has
an `2-gain bounded by γ for all x ∈ πxB if the closed-loop
interconnection of the LPV embedding of the differential form
of the generalized plant δPLPV given by (12) and K, denoted
by Fl(δPLPV, δK), is `2-gain stable and with a bounded `2-
gain of γ for all ρ ∈ PN.

Proof. Through the LPV embedding δPLPV (12), we have
that ρ = ψ(x) and ψ(X ) ⊆ P , hence, if x ∈X N then ρ ∈
PN. Consequently, if Fl(δPLPV, δK) is `2-gain stable and
has an `2-gain of γ for all ρ ∈ PN, then Fl(δP, δK) is `2-
gain stable and its `2-gain is bounded by γ for all x ∈X N,
hence, this also holds for all x ∈ πxB as πxB ⊆X N.

Next it is shown how to realize the primal form of the
controller based on synthesized differential controller (13)
such that the closed-loop interconnection of the primal form
of the controller and primal form of the generalized plant (7)
is `i2-gain stable.

D. Primal controller realization

Inspired by the work for CT systems [12], [19] and for DT
state-feedback design [17] we make use of a path integral
based realization to obtain the primal form of the controller
that enforces convergence of the plant response towards
a desired steady-state response (x∗, w∗, u∗, z∗, y∗) ∈ B.
Let us denote the state of Fl(δP, δK) and Fl(P,K) as
δχk = col(δxk, δxc,k) ∈ Rnx+nxc and χk = col(xk, xc,k) ∈
Rnx+nxc , respectively.

Theorem 10 (Primal controller realization). Given a differ-
ential controller (13) synthesized for δP (11) such that the
closed-loop is `2-gain stable under a (differential) storage
function of the form δχ>Pδχ where P � 0, a primal
realization of δK is given by

∆xc,k+1 = Ac,k∆xc,k +Bc,k(uc,k − u∗c,k); (18a)

yc,k = y∗c,k + Cc,k∆xc,k +Dc,k(uc,k − u∗c,k); (18b)
where ∆xc,k ∈ Rnxc , (y∗c , u

∗
c) = (u∗, y∗) ∈ πu,yB is a

feasible steady-state trajectory of the plant (7), and

Ac,k=

∫ 1

0

Aδc (ρ̄k(λ)) dλ, Bc,k=

∫ 1

0

Bδc (ρ̄k(λ)) dλ

Cc,k=

∫ 1

0

Cδc (ρ̄k(λ)) dλ, Dc,k=

∫ 1

0

Dδc (ρ̄k(λ)) dλ,

(19)

with ρ̄k(λ) = ψ (x̄k(λ)) and x̄k(λ) = x∗k + λ(xk − x∗k).

Proof. Define a smoothly parameterized family of trajecto-
ries (x̄c(λ), ūc(λ), ȳc(λ)) such that (x̄c(1), ūc(1), ȳc(1)) =
(xc, uc, yc) and (x̄c(0), ūc(0), ȳc(0)) = (x∗c , u

∗
c , y
∗
c ). The

differential closed-loop storage function is of the form
δχ>Pδχ, corresponding to a constant Riemannian metric,
see [12]. Hence, the geodesic connecting χk and χ∗k is given
by χ̄k(λ) = χ∗k + λ(χk − χ∗k). Consequently, ∂

∂λ x̄k(λ) =
xk − x∗k and ∂

∂λ x̄c,k(λ) = xc,k − x∗c,k = ∆xc,k. Define
w̄k(λ) := w∗k + λ(wk − w∗k). Due to the linearity of (11c)



and the definitions of x̄k(λ) and w̄k(λ) we obtain ȳk(λ) =
ūc,k(λ)=u∗c,k+λ(uc,k−u∗c,k). Based on these we can show:

x̄c,k+1(λ) = x∗c,k+1 +

∫ λ

0

Aδc(ρ̄k(λ))∆xc,k dλ+ (20a)∫ λ

0

Bδc(ρ̄k(λ))(uc,k − u∗c,k) dλ,

ȳc,k(λ) = y∗c,k +

∫ λ

0

Cδc(ρ̄k(λ))∆xc,k dλ+ (20b)∫ λ

0

Dδc(ρ̄k(λ))(uc,k − u∗c,k) dλ.

Taking λ = 1 for (20) results in (18). Furthermore, as
δxc,k = ∂

∂λ x̄c,k(λ)
∣∣
λ=1

, δyc,k = ∂
∂λ ȳc,k(λ)

∣∣
λ=1

and
δuc,k = ∂

∂λ ūc,k(λ)
∣∣
λ=1

, taking the derivative of (20) w.r.t.
λ and taking λ = 1 results in (13). See the proof of [19,
Theorem 22] for the full derivation to obtain (20).

We will refer to (18) as the incremental LPV controller.
Note that the incremental LPV controller consists of a
feedback part, to converge towards the steady-state trajectory,
and a feedforward part, corresponding to the steady-state
trajectory.

Theorem 11 (Closed-loop `i2-gain). The closed-loop in-
terconnection of a generalized plant P given by (7) and
controller given by (18) is `i2-gain stable and its `i2-gain
is bounded by γ, i.e. satisfies (4), if the closed-loop inter-
connection of the LPV model (12) and the LPV controller
(13) is `2-gain stable and has a bounded `2-gain of γ for
all ρ ∈ PN under a (differential) quadratic parameter-
independent storage function.

Proof. Theorem 9 shows that the closed-loop interconnection
of differential form of the generalized plant (11) and LPV
controller (13) is `2-gain stable and its `2-gain is bounded
by γ for all x ∈ πxB if the closed-loop interconnection of
LPV model (12) and LPV controller (13) is `2-gain stable
with a bounded `2-gain of γ for all ρ ∈ P . Theorem 10
shows that for the controller (10) its differential form is
given by (13). This implies by Theorem 3 that the closed-
loop interconnection of the primal form of the plant (7) and
realized primal form of the controller is `i2-gain stable and
its `i2-gain is bounded γ. Furthermore, as the closed-loop is
incrementally asymptotically stable, meaning all trajectories
converge towards each other, and as the steady-state trajec-
tory (x∗, w∗, u∗, z∗, y∗) ∈ B is by design of the controller
(10) a feasible trajectory, all trajectories (x,w, u, z, y) ∈
B will converge towards (x∗, w∗, u∗, z∗, y∗) ∈ B, i.e.
(x,w, u, z, y) → (x∗, w∗, u∗, z∗, y∗) as k → ∞, for wk →
w∗k as k →∞.

Note that proposed incremental LPV controller explic-
itly depends on (u∗, y∗) ∈ πu,yB corresponding to
(x∗, w∗, u∗, z∗, y∗) ∈ B, hence, explicit knowledge of w∗

is required. As w∗ in the generalized plant framework can
contain besides known disturbances, e.g. references, also
unknown disturbances, a disturbance observer is required
in order to estimate the unknown entries of w∗. Further
details on this topic are out of the scope of the current

paper and we refer the reader to [22] for more details
on disturbance observers and [19] for application to an
incremental controller design in the CT case.

IV. EXAMPLE

In this section we demonstrate the proposed incremental
LPV controller synthesis method on a simulation example.
For comparison, a standard LPV controller, ensuring `2-gain
stability, will also be designed.

Consider the following DT nonlinear plant
x1,k+1 = 0.1x1,k − x2,k; (21a)
x2,k+1 = 0.9 sin(x1,k) + x2,k + uk; (21b)

yk = x1,k. (21c)
For this plant we want to design a controller which achieves
reference tracking. The generalized plant structure that is
taken in order to achieve this objective is depicted in Fig.
1, where G is the plant (21), K is the to-be-synthesized
controller, r is the reference, We(q) = 0.2(q−0.5)

q+α , M(q) =
q+α
q−1 , and Wu = 0.2, where α = 1

π .
For the synthesis of the controller using the procedure

described in Section III, we require the differential form of
the generalized plant to be embedded in an LPV represen-
tation. As the plant (21) is the only nonlinear system in
the generalized plant (the weighting filters are linear), we
only require computation of the differential form and the
accompanying LPV embedding of (21) (as the dynamics of
differential form of an LTI system are equivalent to its primal
form). The following LPV embedding on the region X of
the differential form of (21) is taken:

δx1,k+1 = 0.1δx1,k − δx2,k; (22a)
δx2,k+1 = 0.9ρkδx1,k + δx2,k + δuk; (22b)

δyk = δx1,k; (22c)
where ρk = cos(x1,k) ∈ [−1, 1] such that ψ(x) = cos(x1,k)
with xk ∈X = R2. Synthesizing a controller for this system
using the synthesis procedure described in Section III, where
the synthesis of the differential controller in Step 2 of the
synthesis method, see Section III-C, is performed using the
method described Lemma 8. This synthesis procedure results
in a closed-loop `i2-gain bound of 1.1.

For comparison, a standard LPV controller is also syn-
thesized in order to achieve a bounded closed-loop `2-gain.
Whereby the same generalized plant structure as depicted
in Fig. 1 is taken. To perform standard LPV synthesis,
the primal form of the plant (21) is embedded in an LPV
representation on the region Xs, given by

x1,k+1 = 0.1x1,k − x2,k; (23a)
x2,k+1 = 0.9ρs,kx1,k + x2,k + uk; (23b)

yk = x1,k. (23c)
where ρs,k = sinc(x1,k) ∈ [−0.22, 1] such that ψs(x, u) =
sinc(x1,k) with xk ∈Xs = R2. For synthesis of the standard
LPV controller also the method described in Lemma 8 is
used (however, applied to (23)), which results in a closed-
loop `2-gain bound of 0.80.
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Fig. 1. Generalized plant.

Fig. 2. Output response of the closed-loop of the plant with standard LPV
controller ( ) and the incremental LPV controller ( ) for the reference
trajectory ( ).

The closed-loop systems with incremental LPV controller
and standard LPV controller are both simulated for a refer-
ence rk = 1 and rk = 2. For the incremental LPV controller,
this corresponds to the steady-state trajectory x∗1,k = rk, with
u∗k = yc,k = 0.9 sin(x∗1,k). The trajectories of the closed-
loop systems for both of these controllers can be found in the
top two graphs in Fig. 2. From the figure, it can be seen that
for both references the incremental LPV controller achieves
similar tracking behavior and it asymptotically converges
towards the reference. However, the output of the plant ends
up in a limit cycle around the reference when using the
standard LPV controller for the reference rk = 2. The
closed-loop system with standard LPV controller displays
similar issues as have been observed in the CT case [4].
Furthermore, the incremental LPV controller also allows
to track and guarantee convergence towards more complex
reference trajectories. In the bottom graph in Fig. 2, the
reference rk = sin(π8 k) + 2.5 is used. For this reference
the corresponding feedforward trajectory u∗k (which is not
given due to its complexity) is also added to the output of
the standard LPV controller to have a fair comparison with
the incremental LPV controller, which by design uses this
feedforward action. However, it can again be seen that also
for this reference, the standard LPV controller is not able to
guarantee convergence, even when feedforward is used.

V. CONCLUSION

In this paper, we have proposed a convex output-feedback
controller synthesis method to ensure incremental dissipa-
tivity and bounded incremental `2-gain for DT nonlinear
systems. This is achieved by using the recent results on
convex incremental dissipativity analysis of DT nonlinear
systems using the LPV framework and extending the CT
incremental LPV controller synthesis results. The proposed
synthesis method enables systematic convex controller de-
sign for DT nonlinear systems, unlike standard LPV synthe-
sis applied to nonlinear systems, which can have asymptotic
stability issues. For future research, we aim at developing
model predictive control method on the basis of incremental
dissipativity theory.
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