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Abstract: Synthesizing controllers directly from frequency-domain measurement data is a
powerful tool in the linear time-invariant framework. Ever-increasing performance requirements
necessitate extending these approaches to account for plant variations. The aim of this paper
is to develop frequency-domain analysis and synthesis conditions for local internal stability
and Hoo-performance of single-input single-output linear parameter-varying systems. The
developed synthesis procedure only requires frequency-domain measurement data of the system
and does not need a parametric model of the plant. The capabilities of the synthesis procedure
are demonstrated on an unstable nonlinear system.
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1. INTRODUCTION

Frequency response function (FRF) measurements have
traditionally been used to manually design controllers
directly from measurement data. A frequency response
function estimate provides an accurate nonparametric
description of the system that is relatively fast and
inexpensive to obtain (Pintelon and Schoukens, 2012).
This has enabled the use of classical techniques such
as loop-shaping, alongside graphical tools including the
Bode diagram or Nyquist plot, to design such con-
trollers (Maciejowski, 1989). These controllers often have
a proportional-integral-derivative (PID) structure in ad-
dition to higher-order filters to compensate parasitic dy-
namics (Steinbuch and Norg, 1998). Loop-shaping can
also be applied to multivariable systems through decou-
pling or sequential loop closing (Oomen and Steinbuch,
2017). However, these methods have in common that the
design procedure can be difficult as they are based on
design rules, insight and experience.

As an alternative, control design based on nonparametric
models has been further developed towards automated
procedures that utilize FRF measurements to synthe-
size linear time-invariant (LTT) controllers. At first, these
methods were developed along the lines of the classical
control theory to synthesize PID controllers (Grassi et al.,
2001). More recently, these methods have been tailored to-
wards more general control structures that focus on H -
performance, with many successful applications within
the LTI domain (Karimi and Galdos, 2010; Khadraoui
et al., 2014). This was further extended to a framework
in which model uncertainties can be incorporated into the
control design, such that a robustly stabilizing controller
is synthesized to accomodate for the variations in the
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plant (Karimi et al., 2007, 2018). However, this typically
comes at the cost of performance.

The paradigm of linear parameter-varying (LPV) systems
has been developed to provide a systematic framework
for the analysis and design of gain-scheduled controllers
for nonlinear systems (Shamma and Athans, 1990). An
LPV system is characterized by a linear input-output
(IO0) map, similar to the LTI framework, where now the
dynamics depend on an exogenous time-varying signal
whose values can be measured on-line. This so-called
scheduling variable p can be used to capture the nonlinear
or operating condition-dependent dynamics of a system.
Typically, a priori information on the scheduling variable
is known, such as the range of variation. The class of LPV
systems is supported by a well-developed model-based
control and identification theory, with approaches that
can be viewed as extensions of LTI control methodologies,
see, e.g., (Hoffmann and Werner, 2015; Mohammadpour
and Scherer, 2012) and the references therein. Also, data-
driven control design techniques in the time-domain exist
(Formentin et al., 2016). With respect to data-driven
controller synthesis based on frequency response func-
tions, only a handful of methodologies exist (Kunze et al.,
2007; Karimi and Emedi, 2013; Bloemers et al., 2019).
These methods have in common that an LPV controller
is synthesized such that, locally for every operating point,
stability and performance can be guaranteed.

Although data-driven controller synthesis based on FRF
data enables systematic design approaches in the LTI
framework, within the LPV framework, these are conser-
vative and limited to stable systems only for. Within the
LTT literature, necessary and sufficient frequency-domain
analysis conditions exist for robust stability (Rantzer and
Megretski, 1994). These conditions have been used in
(Karimi et al., 2018) to synthesize controllers for even
unstable LTI systems, guaranteeing stability and Hoo-
performance. The aim of this paper is to overcome the
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limitations currently present for data-driven LPV con-
troller synthesis in the frequency-domain by (i) developing
necessary and sufficient analysis and synthesis conditions
for (possibly) unstable systems and controllers, and (ii),
allowing a rational LPV controller parameterization.

The main contributions of this paper are (C1) a procedure
to synthesize LPV controllers for possibly unstable single-
input single-output plants that achieve local internal sta-
bility and H..-performance guarantees. This is achieved
by the following sub-contributions.

C2 Development of a local LPV frequency-domain stabil-
ity analysis condition.

C3 Development of an LPV frequency-domain perfor-
mance analysis condition.

The results in Rantzer and Megretski (1994) are recovered
as a special case for stable systems, constituting to C2.
Contribution C3 is achieved by developing new insights
into the performance conditions presented in (Karimi
et al., 2018), that relate to the robust control theory
and consequently to LPV systems by means of the main
loop theorem, see e.g., (Zhou et al., 1996). Furthermore,
the results in (Karimi et al., 2018) are recovered as a
special case when the scheduling disappears. Finally, C1
is achieved by utilizing a global parameterization of the
LPV controller, for which local stability and performance
guarantees are provided by means of C2 and C3.

The paper is organized as follows. In Section 2 the
problem setting is defined and the problem of interest
is formulated. Then, in Section 3 analysis conditions for
stability and performance are derived, constituting to C2
and C3. This is followed by the derivation of a synthesis
procedure and the main contribution C1 in Section 4. In
Section 5, the capabilities of the proposed methodology
are demonstrated by means of a simulation example.
Finally, conclusions are drawn in Section 6.

Throughout this paper, R denotes the set of real numbers
and C is the set of complex numbers. The imaginary axis
is denoted by Cgy and the right half-plane is denoted by
C.. The real part of a complex number z € C is denoted
by R{z}. The imaginary unit is denoted by i = /—1. The
set of real rational proper and stable transfer functions
is denoted as RHo, while the continuous frequency set
associated with the Fourier transform is given by Q :=

{RU {oo}}.

2. PROBLEM FORMULATION
2.1 Preliminaries

Consider the single-input single-output (SISO), continuous-
time (CT) LPV system, with LPV state-space represen-
tation (Téth, 2010):

G, {10 = A0WR L BOON,
Prly(t) = Clp(t)x(t) + D(p(t)ult),
where z : R — X C R™ denotes the state variable,
u : R — U C R is the input signal, y : R - Y C R
is the output signal and p : R — P C R™ the scheduling
variable.

When the scheduling signal p(t) = p is frozen in time,
the scheduling-dependent matrices in (1) become time-
invariant, i.e., with slight abuse of notation
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Fig. 1. Feedback interconnection, including 4-block shap-
ing problems, depending on the scheduling signal.
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represents the LPV system with state-space form (1) for
constant scheduling p. For a given p € P, (2) describes
the local behavior of (1). Hence, (2) is referred to as the
frozen behavior of (1).

Taking the Laplace transform of (2) with zero initial
conditions results in
(p) + D(p)) i (3)

i(s) = (C(p)(s] = A(p))™'B
where G, (s) = C(p)(sI — A(p)) ' B(p ) D(p )and s is

the Laplace variable. The frozen behavior (2) also has a
corresponding Fourier transform

Y (i) = Gy (iw)U (i), (4)
where i is the complex unit, w € R is the frequency
and Gp(iw) represents the frozen Frequency Response

Function (fFRF) of (1) for every constant p(t) = p € P
(Schoukens and Téth, 2019).

2.2 Problem statement

The problem addressed in this paper is to design an
LPV controller directly from fFRF measurement data. We
denote the data Dy, = {Gp(iwk), pr}i_,, obtained at

the set of operating points P = {p,}Nc  P. Consider
the feedback interconnection in Figure 1. The objective
is to design a controller K, such that the following

requirements are satisfied:

R1 The closed-loop system in Figure 1 is internally stable
in the local sense for all p(t) =p € P.

R2 The performance channels (r,d) — (e,u) in Figure 1
are bounded in the local H-norm sense by v > 0 for
allpe P.

In the next section, a rational controller parameterization
is introduced that allows for a specific formulation of
internal stability. This forms the basis to develop analysis
conditions for internal stability and Ho-performance.
The theory is first formulated for p € P for the sake of
generality. This also ensures R1 and R2 for p € P.

3. STABILITY AND PERFORMANCE ANALYSIS
CONDITIONS

This section presents local LPV stability and performance
analysis conditions. This constitutes to requirements R1
and R2 and contributions C2 and C3, respectively. Based
on these results, a data-driven synthesis procedure is
developed. Throughout this section, first the results are
presented with a continuous frequency spectrum 2 = {RU
{o0}}, which will be restricted later by a finite frequency
grid Qn = {wi 1Y, corresponding to the data Dy . .
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8.1 Stability

Figure 1 corresponds to the internal stability problem
(Doyle et al., 1992, Chapter 3). For a frozen p € P, let
the I0 map T(Gp, K;) : (r,—d) + (e,u) in Figure 1 be
defined by
Sy SpG
TG ) = |, S35 ®)

with S, = (1 + GpKp) P and T, =1 - S,,. If G, K, €
RHoo, then T(Gp, Kp) is internally stable if all elements
in the IO map T(Gy, K), defined by (5), are stable (Doyle
et al., 1992, Chapter 3). If T(G,,, K},) € RH holds for all
frozen p € P then the closed-loop LPV system is called
locally internally stable. To assess internal stability for
unstable G, or K, introduce

Gp=Ne,Dg!, {Na,,Da,} € RHoo. (6)

The two transfer functions {Ng,,Dg,} are a coprime
factorization over RH . if there exist two other transfer
functions {X,,Y,} € RHo such that they satisfy the
Bézout identity

NGpXP + DGPYp =1. (7)
Correspondingly, K, admits the coprime factorization
K, =Nk, D', {Nk, Dk} € RHx. (8)

Using these definition, (5) can be represented by

-1 DGP-DKp JVGDDI(p (9)
P |Dg, Nk, Ng,Nk, |’
with characteristic equation

Dp :DGPDKP +NGPNKP- (10)
The feedback system in Figure 1 is internally stable if
and only if D '€ RH . This follows from the Bézout
identity, i.e., set Ng, = X, and Dk, = Y}, then the
characteristic equation (10) equals the Bézout identity (7)
and the feedback system is internally stable. Similarly, the
closed-loop LPV system is called locally internally stable
if these conditions hold for all p € P.

For the channel transfer w — z, where w € {r, —d} and
z € {e,u}, let

T(Gp, Ky) = D

T...(Gp, Kp) = N,DJ (11)
with {N,, Dp} € RHoo and T}, 4 (Gp, Kp) € RH o, define
the corresponding SISO element of (9). For example,
Tye(Gp, Ky) = NpDyt with Ny, = Dg, Dk, defines the
sensitivity S, in (5) and (9).

The following theorem presents analysis conditions to
verify internal stability of a closed-loop LPV system
locally, given the plant and controller only.

Theorem 1. Let G, and K, be as defined in (6) and (8),
respectively, and let D, € RHo be as defined in (10).
Then the following conditions are equivalent. For allp € PP
la) Dy' € RHoo.

1b) Dy(s) # 0, Vs € C4 UCy U {o0}.

lc) There exists a multiplier ay,, oy 1 € RH such that

R{Dp (iw)ap(iw)} > 0, Vw € Q.

The proof can be found in Appendix A. Theorem 1
provides an analysis condition to verify local stability for
the closed-loop system if instead of a parametric model
Ng, and Dg, are only given in terms of local frequency-

s A
z w
%— <_’11) — -«
Pp S ‘PIJ | —
Yy U Y u
K, K,
(a) (b)

Fig. 2. Generalized LPV plant (a); and performance of
the SISO closed-loop map w +— z (b).

domain data. The test relates to the Nyquist stability
theorem, however without the need to visualize the data
in terms of a plot and counting encirclements. Instead, if a
transfer function oy, o 1 € RH s can be found such that
statement 1c) holds, then Nyquist stability holds and the
system is internally stable. The next subsection presents
the extension towards a performance analysis condition.

3.2 Performance

This subsection presents an analysis condition to assess
locally the Hoo-performance of an LPV system. This con-
stitutes contribution C3. To derive performance analysis
conditions, we first present the main loop theorem.

Consider the transfer function T, ,,(Gp, Kp) € RHo of
interest in Figure 2a, such that w — 2z : T} ,,(Gp, Kp),

and let A € BA, with

BA = {A e RH.. ’ AGw) <1, vwea}  (12)

a fictitious uncertainty that represents the H .-performance
criterion. Then, Hoo-performance of the system in Figure
2a is equivalent to Figure 2b (Skogestad and Postleth-
waite, 2001, Theorem 8.7). This is captured by the fol-
lowing theorem.

Theorem 2. (Main loop theorem). Let Wy € RHo and
T, »w(Gp, Kp) be defined as in (11). The following state-
ments are equivalent. For all p € P

2a) Su%)2 [Wor (i) T 00 (G, Kp) (1w)] < 7.
we

2b) 1 — 4 W (iw) Ty 0 (Gp, Kp) (iw)A(iw) # 0,
Vw € Q, VA € BA.

Theorem 2 is a special case of Zhou et al. (1996, Theorem
11.7), where the weighting filter Wr is introduced to spec-
ify the frequency-dependent design requirements on the
map w — z. The theorem connects nominal performance
to robust stability through the interconnection of the
performance channels with a fictitious uncertainty block,
see Figure 2b.

The main loop theorem provides useful insight into per-
formance. In the data-driven setting, the absence of a
parametric model of T, ,(Gp, K) makes it difficult to
turn statement 2b) into a convex constraint as it is gen-
erally done in model-based LPV synthesis approaches for
gain-scheduling (Hoffmann and Werner, 2015). Hence, in
that case statement 2b) is needed to be evaluated for
an infinite set of realizations of the fictitious uncertainty
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Fig. 3. Ilustration of stability and H..-performance. The
transfer function oy, represents, for each frequency, a
line passing through the origin. If this line does not
intersect with the disks D, — v~!|[WrN,| for each
frequency, then the disks exclude the origin and (2b)
must hold.

A, for example, as in (van Solingen et al., 2018). The
contribution in this paper is to utilize Theorem 1 together
with Theorem 2 to derive a single theorem to analyze both
stability and performance without the need to sample A.

Theorem 3. Let Wp € RH oo and T, ,(Gp, Kp) be defined
as in (11). Requirements R1 and R2 are satisfied if and
only if there exists a multiplier o, € RHo with a;l €
RHoo such that

R{(Dyp(iw) — 7~ W (iw) Ny (iw)] )y (i) } > 0,
Yw e Q, Vp € P.

The proof is given in Appendix B. Theorem 3 states that
the performance condition 2a) is satisfied if and only if for
each frequency w € {2 and scheduling value p € P the disks
with radius v~ 1|WzN,|, centered at D, do not include
the origin. This holds if there exists a transfer function
Qp, !¢ RH., representing for each frequency a line
passing through the origin, that does not intersect with
the disks. This is illustrated in Figure 3. Theorem 3 also
implies internal stability because R{D,(iw)a(iw)} > 0
implies internal stability by Theorem 1.

(13)

The analysis condition is especially useful as it provides
a local stability and performance result given only a
controller and the data Dy, . Similar to the stability
analysis condition, a parametric model is not required.

3.8 Synthesis

We give an equivalent formulation of Theorem 3 that is
useful for controller synthesis.

Theorem 4. Given G, = NGpDEiv with {Ng,,Dg,} €
RHo~ coprime, as defined in (6), and a weighting filter
Wr € RH s, the following statements are equivalent.

4a) There exists a proper rational controller K, that
achieves internal stability and performance as de-
fined in requirements R1 and R2, respectively.

4b) There exists a controller K, = NKpDI_(i’ with

{Nk,, Dk, } € RHco, as defined in (8), such that
R{Dy (i)} > 7~ [Wr (i) N (i),

Yw € Q, Vp € P. (14)

The proof can be found in Appendix C. Theorem 4 is the
main result in this paper and presents a local H-optimal
controller synthesis condition given only data Dy ,_. This
is further developed in Section 4, where an optimization

problem is formulated and the controller parameterization
is discussed.

4. CONTROLLER SYNTHESIS

In this section we develop a procedure to synthesize LPV
controllers directly from the frequency-domain measure-
ment data Dy, . First, an optimization problem is set
up in Section 4.1 that characterizes the synthesis problem
based on Theorem 4. This is followed by a discussion on
the controller parameterization in Section 4.2.

4.1 Controller synthesis

Given the data {Dnp.,pr € P} and a controller param-
eterization K, = N KpD;(i’ the following optimization
problem is formulated to satisfy Requirements R1 and
R2:

rgin ¥

IRt

st YR{D,(iw, 0)} > |Wr(iw)Np (iw, )] (15)
Yw e Q, peP,

where 6 are the controller parameters.

The optimization problem (15) is generally non-convex.
However, a linear parameterization of { Nk, , Dk, } results
in a quasi-convex form of (15) in the controller parameters
0 and the performance indicator «. A bisection algorithm
can be used to solve the quasi-convex program. This
results in an iterative approach, where for every fixed
value of 7 a second-order cone program is solved.

To provide stability and performance guarantees, the
constraints in (15) need to be satisfied on the infinite
set w € (), leading to a semi-infinite program. One
solution is to solve (15) for a finite grid of frequencies
Qn = {wr}i_, C 2. The frequencies in this grid have to
be chosen dense enough such that a Nyquist curve can be
interpreted from the data.

4.2 Controller parameterization

In Section 3 the rational controller factorization is intro-
duced. This section presents the controller parameteriza-
tion and the requirements that are need to be satisfied.

i) The controller must admit the factorization (8). This
enables tuning of both the poles and zeros of the con-
troller, in contrast to previous data-driven frequency-
domain LPV tuning methods (Kunze et al., 2007;
Karimi and Emedi, 2013; Bloemers et al., 2019).

ii) The scheduling-dependency must be chosen such
that {Ng,, Dk, } € RH for all p € P.

iii) A linear parameterization of Nk, and Dp, is pre-
ferred to keep (15) quasi-convex.

iv) The controller structure must be such that the mul-
tiplier ap, can be absorbed. This requirement can
be alleviated, but consequently results in a bi-linear
optimization problem between the controller param-
eters and multiplier ay,.

v) A monic structure of Dy, avoids a trivial solution

o (15). Furthermore, this ensures that D;(}l) is well-
defined for all p € P.
An orthonormal basis function (OBF)-based representa-

tion (Téth, 2010) is a natural choice to parameterize the
controller factors
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Fig. 4. Controller realization through (a) the series
connection of the LFR representations Ng, =
FulN,Ax(p)) and Dg, = Fu(D', Ap(p)) and (b)
K, = Fu (K, Ax), with Ax = diag(Apr, Ap).

N, (s) =Y wi(p)di(s), (16a)
=0

Die,(s) = Y vi(p)pi(s), (16b)
=0

such that the requirements (i)-(v) are satisfied. Here,
{0:};2 and {p;};5 with ¢o = o = 1 and np > ny are
the sequence of basis functions, with coefficient functions
m
wi(p) = Y we(p), (17)
=1
and similarly for v;(p). Here, the coefficient functions
are formed through a chosen functional dependence, e.g.,
affine, polynomial or rational dependence characterized
by the basis functions {1y} ;. See (Téth, 2010, Chapter
9.2) for an overview of OBF based LPV model structures
and their properties.

Remark. The concept in this paper is to shape the
global behavior of the controller by tuning the parameter-
dependent coefficient functions based on their local be-
havior, i.e., for constant p.

4.8 Controller implementation

The OBF parameterizations admit a linear fractional
representation (LFR)-structure. In this structure, the
dependency on the scheduling variable p is extracted by
formulating (16a) and (16b) in terms of LTI systems,
denoted by N and D, such that Nx, = Fu,(N,Ax(p))
and Dk, = Fy (D=1, Ap(p)), respectively, where F,, is the
upper linear fractional transformation Zhou et al. (1996),
see Figure 4a. As a consequence of controller restriction
(v), the inverse input-output map D~ exists for all p € P.
This inverse is obtained through partial inversion of the
IO map, see, e.g., (Zhou et al., 1996, Chapter 10). The
controller is formed through the series connection of the
LFRs N and D!, resulting in the LFR K such that
K, = F,(K,diag(Axr, Ap)), see Figure 4b.

5. RESULTS

Consider a DC motor with mass imbalance corresponding
to the following dynamic behavior

Table 1. Parameters of the unbalanced disk.

Parameter ‘ ‘ Value ‘ Unit
Motor torque constant K | 0.0536 Nm/A
Motor resistance R | 9.50 Q
Motor impedance L 0.84-10"2 | H
Disk inertia J | 22-107* | Nm?
Viscous friction b 6.6-107° Nms/rad
Additional mass M | 0.07 kg
Mass - center disk distance l 0.042 m
3 S, . G, S,
=,
[
E -50 50
%-100
= -100
10° 10°
K, S, T,
= 50 0
=,
o -20
E 0
= -40
2 50
= -60
100 10°

Frequency [rad/s] Frequency [rad/s]

Fig. 5. Magnitude plots of the frozen closed-loop sensi-
tivity functions in blue. Their respective weighting
filters are shown in orange.

. 0 1 0 0
0(t) Mgl b K| [0(t) 0
i) =7 P® A N 9IRS FY KK
I(t) 0 _= _E I(t) T
L L
(18a)
y(t) = 6(t), (18b)

where 6 € [—m, 7] = Y denotes the rotation angle of the
disk and v € U is the input voltage. Furthermore, we
define by p(t) = sinc(6(¢)) € P the scheduling variable.
The parameters of the unbalanced disk are given in Table
1. The unbalanced disk, intrinsically an unstable system,
can be thought of as an inverted pendulum rotating
around its origin. A set of FRF data of the coprime factors
{Ng,,Dg,} (derived analytically) is obtained at Nioc = 9
equidistantly distributed frozen operating points p € P C
P and N,, = 400 logarithmically spaced frequency points
w € Qn C [1072,2007] rad/s. The data is obtained in a
discrete-time setting under a zero-order-hold assumption
at a sampling-rate Ty = 0.005 sec.

The control objective is to design a discrete-time con-
troller that achieves good reference tracking and distur-
bance rejection. The chosen control architecture is that
of Figure 1, i.e., a four-block problem. The performance
specifications are captured in terms of the weighting filters
W, which are shown in Figure 5. The controller factors
{Nk,, Dk, } are parameterized by 5th order pulse basis
functions, i.e., {@;(s)} > = {@i(s) 157" = {z7%}. The
controller coefficients are chosen to have affine dependence
on p, resulting in {y(p)}75? = {1,p}.
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Table 2. Controller parameters of { NV K, D Kp}

A 0 1 2 3 4 5
w1 | 14374 -113.36 -24.37  -40.16  -72.00  106.74
w2 | 74.97 -6.25 -72.88 -44.02  -6.82  55.59
ye=1 1 -0.51 -0.017 -0.24  -0.19 -0.049
vE=2 0 039 -0.25 -0.13  -0.25 0.24

-100 - L L L -
1072 107! 10° 10! 10?
Frequency [rad/s]

Fig. 6. Magnitude plot of the controller K in blue and
{Nk,, Dk, }, each being parameterized with 5th or-
der pulse bases, in orange and yellow, respectively.
The plots are shown at frozen operating points p € P.

Position [rad]

0 0.2 0.4 0.6 0.8
Time [s]

Fig. 7. Step responses of the closed-loop system using the
data-driven LPV control design. The step responses
are shown at frozen operating points p € P.

The controller design results in an LPV controller that
achieves a performance of v = 1.15. The controller
parameters are given in Table 2 and the magnitude plots
of the controller and its factorization are given in Figure
6. The local step responses in Figure 7 shows satisfactory
performance, indicating that the LPV controller is able
to adapt itself to the operating condition changes of
the system based on the available information of the
scheduling signal.

Figure 8 shows the reference tracking performance of the
closed-loop nonlinear system with the designed LPV con-
troller. Remark that, in contrast to before, the scheduling
variable is varying over time. It can be observed that
stability as well as good performance in terms of reference
tracking is achieved for time-varying scheduling trajecto-
ries. However, due to the considered local stability and
performance setting in this paper, stability can only be
guaranteed for sufficiently slow variations of the schedul-
ing parameter.

6. CONCLUSION

This paper presents an LPV controller synthesis ap-
proach which enables the design of operating condition-
dependent controllers directly from frequency-domain
measurement data. This approach enables the design of
rational LPV controllers, in contrast to existing data-

T
=)
£
v 0
b
g
<
—r "
0 5 10 15
1~
05
0 L L L
0 5 10 15
Time [s]

Fig. 8. Simulation of the closed-loop nonlinear system
with the designed LPV controller. The top plot shows
the reference trajectory and angle of the disk in
dashed orange and blue, respectively. The bottom
plot shows the variation of the scheduling variable.

driven methods in the literature. The capabilities of this
approach are presented through a case study on an unsta-
ble nonlinear system. We emphasize that only estimates
of frozen frequency response functions of the plant are
required, no parametric plant model is needed.
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Appendix A. PROOF OF THEOREM 1

For a proof of equivalence between 1la) and 1b), see
(Doyle et al., 1992, Chapter 3). Regarding the equivalence
between la) and 1c) for all p € P, note the following
reasoning:

(=) Assume la) and let Q = Dj'. This implies that
the Bézout identity (7) is satisfied for X, = Ng, @ and
Y, = Dg,Q because, {X,,,Y,} are coprime iff Q, Q™" €
RHoo. Hence, 1c) is satisfied by setting a, = @ because
%{NG;}XP + DGpYP} =1 for all w € Q.

(<) Assume 1c) and let V = Dya,. Note that V, V=1 €
RHoo because 1c) implies that Dy, is bi-proper and has
no right half-plane (RHP) zeros. Then D}, = Vi, ! satis-
fies the Bézout identity (7), therefore D' € RHoo. Thus

1c) implies 1a) and consequently 1b). This completes the
proof.

Appendix B. PROOF OF THEOREM 3
Requirement R2 can be equivalently stated using Theo-
rem 2, Condition 2b), i.e.,

1=y Wi (iw) e (G, Ky ) (iw) A(iw) # 0,

Vw e Q, Vp € P, VA € BA.

As D, € RH oo, Dpliw) # 0, Vw € Q and by multiplying
(B.1) with it, the resulting non-singularity condition is:

Dy (iw) — 5~ Wi (iw) Ny (iw) A(iw) # 0,

Vw e Q, Vp € P, VA € BA.

Based on a homotopy argument, (B.2) corresponds to
Condition 1b) in Theorem 1, which through 1c) is equiv-
alent with

R{(Dy (iw) — v~ W (iw) Np (iw) A (iw) ) ap (iw) } > 0,
Vw e Q, Vp e P, A e BA.
(B.3)
When A = 0 € BA, (B.3) reduces to R{ D, (iw)ay (iw)} >
0, which is the same as Condition 1¢) in Theorem 1, hence
(B.3) implies requirement R1.

Let 1 > € > 0 and consider (B.3) on
B.A = {A € RH ) Afiw)| <1-¢ vwenl, (B4)

(B.1)

(B.2)

which is the scaled closed uncertainty ball contained in
BA. Since any A € B.A represents a rotation and
contraction in the complex plane, it is necessary and
sufficient to check (B.3) on the boundary only, i.e., for

A € 0B A, with |A(iw)] = 1 — ¢, Yw € Q. Note that,
n (B.3), Wr(iw)Np(iw) only represents complex scaling
of this ball which is centered at Dj(iw). Hence, (B.3)
restricted on B, A is equivalent with
R{(Dp (iw) — 7~ (1 = &) [Wr (iw) Ny (iw) oy (iw) } > 0,
Yw € Q, Vp € P.
(B.5)
This means that if (B.5) holds, then violation of (B.3)
can only happen in BA \ B,A. As (B.5) is continuous
in €, by taking the limit ¢ — 0, BA \ B.A — () and we
obtain that (13) is equivalent with (B.3). This completes
the proof.

Appendix C. PROOF OF THEOREM 4

(=) Assume K, = NKP E;(i satisfies 4a). Then, by
Theorem 3, there exists an ay,, oy, ' € RH oo such that (13)
holds. Choosing Nk, = Nk, oy, Dk, = D, ap results in
K,=N KpD‘i =N K, b;(i and consequently 4b) holds.

(<) Assume 4b) holds. Because D, € RH o and Dy, (iw)
is positive for all w € Q, D (iw) cannot encircle the origin

when w traverses the Nyquist contour. Thus D e RH o
and K, internally stabilizes G},. Furthermore,
YVweQ,VpelP ’

implies
| Dy (iw)| > 71 [Wr (iw) Ny (iw)|
YVweQ,VpeP

and consequently 4a) holds. This completes the proof.

(C.2)



