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Abstract: Developing automatic driving solutions and driver support systems requires accurate
vehicle specific models to describe and predict the associated motion dynamics of the vehicle.
Despite of the mature understanding of ideal vehicle dynamics, which are inherently nonlinear,
modern cars are equipped with a wide array of digital and mechatronic components that
are difficult to model. Furthermore, due to manufacturing, each car has its personal motion
characteristics which change over time. Hence, it is important to develop data-driven modelling
methods that are capable to capture from data all relevant aspects of vehicle dynamics in a model
that is directly utilisable for control. In this paper, we show how Linear Parameter-Varying
(LPV) modelling and system identification can be applied to reliably capture personalised
model of the steering system of an autonomous car based on measured data. Compared to other
nonlinear identification techniques, the obtained LPV model is directly utilisable for powerful
controller synthesis methods of the LPV framework.
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1. INTRODUCTION

The spreading of autonomous vehicles in transportation
and traffic promises to bring benefits in terms of higher
level of safety, energy efficiency, reduced emission and
congestion, see Anderson et al. (2014). However, most
modern road vehicles are complex nonlinear dynamic sys-
tems with digitally driven mechatronic components and
with behavior that is strongly influenced by environmental
conditions. Therefore, accurate vehicle modeling and com-
plete control of the motion dynamics are challenging prob-
lems. The dominant modeling paradigm is to build first
principle models based on physical equations (Berntorp
et al. (2014); Kiencke and Nielsen (2000)). Physical param-
eters can often be estimated on the fly and utilized in an
adaptive control setting (Singh and Taheri (2015)). This
approach allows comforting insight and thereby confidence
in the model. Depending on the purpose of application and
the assumed environmental conditions, physical models of
different complexity have been developed, see Althoff et al.
(2017) for some examples. However, these mechanistic
models are based on ideal vehicle characteristics and often
fail to express relevant dynamic effects in a specific vehicle
that are beyond the ideal motion dynamics.

An alternative way is to apply data-driven modeling meth-
ods in terms of system identification. In the past decades,
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system identification, especially for linear time-invariant
(LTI) systems, became a mature framework with powerful
methods from experiment design to model estimation,
providing statistical guarantees in terms of consistency and
characterization of uncertainty of the estimated models
(Ljung, 1999). However, identification of nonlinear sys-
tems, such as the vehicle dynamics, is still under develop-
ment. Recent nonlinear identification methods supported
by machine learning are promising, offering flexible model
structures to capture the system behavior (Schoukens
and Ljung, 2019), but the obtained models are often too
complex for control and nonlinear control methods often
lack performance shaping capabilities. The framework of
linear parameter-varying (LPV) systems has appeared as
a paradigm to bring the two worlds together, offering
model structures that can describe nonlinear systems in
terms of a linear dynamic relation which is dependent on a
measurable scheduling variable (Tóth, 2010). Linearity of
these representations allowed the extension of the powerful
control synthesis methods to achieve performance shap-
ing and stabilization of nonlinear systems (Hoffmann and
Werner, 2015; Hjartarson et al., 2015). It has been already
shown that LPV modeling and control is attractive for
motion control of vehicles (Poussot-Vassal et al., 2013).
Also recently, system identification of LPV systems has
matured, offering a wide range of tools to estimate LPV
models directly applicable in control synthesis, see the
overviews in (Tóth (2010); Cox and Tóth (2021)) and the
references therein.
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Egyetem tér 1, H-9026 Győr, Hungary. (email: rodonyi@sztaki.hu)

∗∗ Systems and Control Laboratory, Institute for Computer Science and
Control, Kende u. 13-17, H-1111 Budapest, Hungary.

∗∗∗ Control Systems Group, Eindhoven University of Technology, P.O.
Box 513, 5600 MB Eindhoven, The Netherlands.

Abstract: Developing automatic driving solutions and driver support systems requires accurate
vehicle specific models to describe and predict the associated motion dynamics of the vehicle.
Despite of the mature understanding of ideal vehicle dynamics, which are inherently nonlinear,
modern cars are equipped with a wide array of digital and mechatronic components that
are difficult to model. Furthermore, due to manufacturing, each car has its personal motion
characteristics which change over time. Hence, it is important to develop data-driven modelling
methods that are capable to capture from data all relevant aspects of vehicle dynamics in a model
that is directly utilisable for control. In this paper, we show how Linear Parameter-Varying
(LPV) modelling and system identification can be applied to reliably capture personalised
model of the steering system of an autonomous car based on measured data. Compared to other
nonlinear identification techniques, the obtained LPV model is directly utilisable for powerful
controller synthesis methods of the LPV framework.

Keywords: Vehicle dynamics; system identification; linear parameter-varying systems.

1. INTRODUCTION

The spreading of autonomous vehicles in transportation
and traffic promises to bring benefits in terms of higher
level of safety, energy efficiency, reduced emission and
congestion, see Anderson et al. (2014). However, most
modern road vehicles are complex nonlinear dynamic sys-
tems with digitally driven mechatronic components and
with behavior that is strongly influenced by environmental
conditions. Therefore, accurate vehicle modeling and com-
plete control of the motion dynamics are challenging prob-
lems. The dominant modeling paradigm is to build first
principle models based on physical equations (Berntorp
et al. (2014); Kiencke and Nielsen (2000)). Physical param-
eters can often be estimated on the fly and utilized in an
adaptive control setting (Singh and Taheri (2015)). This
approach allows comforting insight and thereby confidence
in the model. Depending on the purpose of application and
the assumed environmental conditions, physical models of
different complexity have been developed, see Althoff et al.
(2017) for some examples. However, these mechanistic
models are based on ideal vehicle characteristics and often
fail to express relevant dynamic effects in a specific vehicle
that are beyond the ideal motion dynamics.

An alternative way is to apply data-driven modeling meth-
ods in terms of system identification. In the past decades,

1 The research was supported by the Ministry of Innovation and
Technology NRDI Office within the framework of the Autonomous
Systems National Laboratory Program.

system identification, especially for linear time-invariant
(LTI) systems, became a mature framework with powerful
methods from experiment design to model estimation,
providing statistical guarantees in terms of consistency and
characterization of uncertainty of the estimated models
(Ljung, 1999). However, identification of nonlinear sys-
tems, such as the vehicle dynamics, is still under develop-
ment. Recent nonlinear identification methods supported
by machine learning are promising, offering flexible model
structures to capture the system behavior (Schoukens
and Ljung, 2019), but the obtained models are often too
complex for control and nonlinear control methods often
lack performance shaping capabilities. The framework of
linear parameter-varying (LPV) systems has appeared as
a paradigm to bring the two worlds together, offering
model structures that can describe nonlinear systems in
terms of a linear dynamic relation which is dependent on a
measurable scheduling variable (Tóth, 2010). Linearity of
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vehicle specific models to describe and predict the associated motion dynamics of the vehicle.
Despite of the mature understanding of ideal vehicle dynamics, which are inherently nonlinear,
modern cars are equipped with a wide array of digital and mechatronic components that
are difficult to model. Furthermore, due to manufacturing, each car has its personal motion
characteristics which change over time. Hence, it is important to develop data-driven modelling
methods that are capable to capture from data all relevant aspects of vehicle dynamics in a model
that is directly utilisable for control. In this paper, we show how Linear Parameter-Varying
(LPV) modelling and system identification can be applied to reliably capture personalised
model of the steering system of an autonomous car based on measured data. Compared to other
nonlinear identification techniques, the obtained LPV model is directly utilisable for powerful
controller synthesis methods of the LPV framework.

Keywords: Vehicle dynamics; system identification; linear parameter-varying systems.

1. INTRODUCTION

The spreading of autonomous vehicles in transportation
and traffic promises to bring benefits in terms of higher
level of safety, energy efficiency, reduced emission and
congestion, see Anderson et al. (2014). However, most
modern road vehicles are complex nonlinear dynamic sys-
tems with digitally driven mechatronic components and
with behavior that is strongly influenced by environmental
conditions. Therefore, accurate vehicle modeling and com-
plete control of the motion dynamics are challenging prob-
lems. The dominant modeling paradigm is to build first
principle models based on physical equations (Berntorp
et al. (2014); Kiencke and Nielsen (2000)). Physical param-
eters can often be estimated on the fly and utilized in an
adaptive control setting (Singh and Taheri (2015)). This
approach allows comforting insight and thereby confidence
in the model. Depending on the purpose of application and
the assumed environmental conditions, physical models of
different complexity have been developed, see Althoff et al.
(2017) for some examples. However, these mechanistic
models are based on ideal vehicle characteristics and often
fail to express relevant dynamic effects in a specific vehicle
that are beyond the ideal motion dynamics.

An alternative way is to apply data-driven modeling meth-
ods in terms of system identification. In the past decades,

1 The research was supported by the Ministry of Innovation and
Technology NRDI Office within the framework of the Autonomous
Systems National Laboratory Program.

system identification, especially for linear time-invariant
(LTI) systems, became a mature framework with powerful
methods from experiment design to model estimation,
providing statistical guarantees in terms of consistency and
characterization of uncertainty of the estimated models
(Ljung, 1999). However, identification of nonlinear sys-
tems, such as the vehicle dynamics, is still under develop-
ment. Recent nonlinear identification methods supported
by machine learning are promising, offering flexible model
structures to capture the system behavior (Schoukens
and Ljung, 2019), but the obtained models are often too
complex for control and nonlinear control methods often
lack performance shaping capabilities. The framework of
linear parameter-varying (LPV) systems has appeared as
a paradigm to bring the two worlds together, offering
model structures that can describe nonlinear systems in
terms of a linear dynamic relation which is dependent on a
measurable scheduling variable (Tóth, 2010). Linearity of
these representations allowed the extension of the powerful
control synthesis methods to achieve performance shap-
ing and stabilization of nonlinear systems (Hoffmann and
Werner, 2015; Hjartarson et al., 2015). It has been already
shown that LPV modeling and control is attractive for
motion control of vehicles (Poussot-Vassal et al., 2013).
Also recently, system identification of LPV systems has
matured, offering a wide range of tools to estimate LPV
models directly applicable in control synthesis, see the
overviews in (Tóth (2010); Cox and Tóth (2021)) and the
references therein.
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In this paper we are interested in developing a model
for controlling the lateral dynamics of a Nissan Leaf test
vehicle which serves as a platform for autonomous driving
research. As a steering actuator, the built-in electric power
steering (EPS) system is utilized. In normal operation,
the EPS receives a voltage signal proportional to the mea-
sured steering-wheel torque applied by the driver. With
a minimal-cost hardware modification, this connection is
augmented: the autonomous vehicle controller running on
an external computer produces an additional voltage input
to the servo system. This concept worked well with a
base-line controller as demonstrated in Szűcs et al. (2020),
but a more accurate model-based controller is required to
increase performance and reduce the strain to the servo.

Lateral vehicle dynamic models are frequently applied for
performance analysis and synthesis of steering controllers,
(Berntorp et al. (2014)), where the control input is the
steering angle of the front wheels and the measurable
outputs are the yaw-rate and the lateral acceleration.
A typical challenge in modeling and control occurs un-
der extreme driving conditions, when the nonlinear and
road-surface dependent tire adhesion characteristics play
a significant role. The Nissan Leaf test vehicle challenges
model identification even in normal driving conditions: 1.)
accurate structural information or a model of the EPS
system, used as control actuator, are rarely disclosed by
any manufacturer; 2.) there is a nonlinear feedback from
the lateral tire forces to the steering linkages through
the steering angle dependent self-aligning force arm which
is highly influenced by the actual undercarriage settings;
3.) in addition to the above unknown nonlinear effects,
the steering system being a weakly damped subsystem is
sensitive to disturbances that makes the modeling of a non-
linear system particularly hard. This challenging modeling
problem has been successfully solved with learning-based
tools, such as Gaussian processes and neural networks,
Rödönyi et al. (2021), but much lower order, simpler mod-
els are required for control design that can still adequately
express the challenging nonlinear dynamics.

Inspired by the attractive properties of data-driven LPV
modeling and developing software toolboxes, such as LPV-
core (den Boef et al. (2021)), in this paper we study black-
box LPV identification of the motion dynamics associated
with the EPS-actuated test vehicle in terms of prediction
error methods (PEM) to study how well such models are
capable to recover the nonlinear dynamics and explain
the effect of disturbances. To provide a detailed analysis
of the estimation process and reliable characterization
of the archived performance, we develop a high-fidelity
simulation environment of the steering dynamics. This
data generating simulator model contains all known struc-
tural information and its parameters are tuned to fit the
dominant behavior of the true Nissan Leaf. In our study,
we demonstrate that LPV-PEM methods can successfully
recover the system dynamics under realistic noise and
disturbance conditions.

The paper is structured as follows: in Section 2, we develop
a high-fidelity simulator model of the steering dynamics of
the Nissan Leaf test vehicle. Then, in Section 3, a single-
track approximation and LPV embedding of the high-
fidelity continuous-time model is developed. After describ-
ing the used black-box discrete-time LPV-PEM identifica-
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Fig. 1. Sub-components of the system describing the
steering dynamics. Measurement data for τs, δ, r and
v are available for identification.

tion concept in Section 4, the experiment design and model
estimation of the steering dynamics are analyzed in terms
of both the embedding based physical LPV model and the
black-box PEM. Conclusions on the established results and
perspectives of future research are given in Section 7.

2. FIRST PRINCIPLES-BASED MODELING

In this section, based on known physical relations, we
develop a high-fidelity model of the steering dynamics of
the Nissan Leaf which will be used for our simulator.

2.1 Overview

The system to be modeled can be divided into three main
parts depicted in Fig. 1: the electric power steering unit,
the steering mechanics, and the vehicle chassis dynamics.
The input signals and the state variables together with
the relevant parameters associated with the representation
of the system dynamics are summarized in Tables 1-3.
Steering of the Nissan Leaf electric test vehicle is controlled
by the EPS unit. During autonomous operation, the driver
releases the steering-wheel and an input voltage signal
τs is generated by the on-board computer. This input is
processed by the EPS system to produce a torque on the
steering column. A second, self-aligning torque due to the
tire-road contact also acts on the steering linkages. The
EPS system and the steering mechanics are modeled in
Section 2.3. The state of the steering system is represented
by the steering angle, δ, which is also an input to the
chassis dynamics described in Section 2.2.

2.2 Lateral Chassis Dynamics

The lateral chassis dynamics is well-studied and models
are available from the simplest kinematic and bicycle-type
models to the high dimensional multi-body descriptions

Table 1. Input signals of the simulation model.

Definition Notation Unit

Control input (requested steering torque) τs V
Driving/braking force at the front Fx,f N
Driving/braking force at the rear Fx,r N
Disturbance at the steering system d rad/s
Yaw-rate sensor noise e rad/s

Table 2. State variables of the model.

Definition Notation Unit

Longitudinal speed vx m/s
Lateral speed vy m/s
Yaw rate r rad/s
Pitch angle θ rad

Pitch rate θ̇ rad/s
Roll angle φ rad

Roll rate φ̇ rad/s
Wheel slip angle αi, i = 1, 2, 3, 4 rad
Steering angle δ rad
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Table 3. Parameters of the simulation model.

Definition Notation Value Unit

wheelbase l = lr + lf 2.7 m
track w 0.77 m
vehicle mass m 1860 kg
gravity constant g 9.81 m/s2

front axle-CG dist. lf 1.65 m
rear axle-CG dist. lr 1.05 m
pitch inertia Ixx 737.8 kgm2

roll inertia Iyy 2840 kgm2

yaw inertia Izz 2925 kgm2

height of COG h 0.623 m
lateral slip time const. σ 0.375 m
roll stiffness Kφ 66751 Nm/rad
roll damping Dφ 6260 Nms/rad
pitch stiffness Kθ 408500 Nm/rad
pitch damping Dθ 35269 Nms/rad
cornering stiffness coeff. c1 = c2 8.5 1/rad
cornering stiffness coeff. c3 = c4 11.5 1/rad

boost map coefficient A 0.0063 -
boost map coefficient a 8.677 1/Nm
boost map coefficient b 0 s/m
steering mech. coeff. aδ 0.108 1/s
steering mech. coeff. bb 2.369 rad/Nms
steering mech. coeff. bl 2.546 rad/Nms
self-aligning force-arm n(δ) see (9) m

Berntorp (2013); Kiencke and Nielsen (2000); Bertolazzi
et al. (2007). For testing control oriented LPV model
identification methods, a medium complexity double-track
(DT) nonlinear model is chosen. The chassis model has
two translational and three rotational degrees of freedom.
The suspension system is modeled as a rotational spring-
damper system where roll and pitch motions are respon-
sible for load transfer at the wheels. To develop a model
for normal driving conditions and small tire slips, wheel
dynamics and nonlinear tire adhesion characteristic are
neglected. The equations are derived based on Berntorp
(2013) using also the wheel speed kinematics from Kiencke
and Nielsen (2000). Wheels are indexed as follows: 1-front
left, 2-front right, 3-rear left, 4-rear right. The vertical load
Fz = [Fz,1 Fz,2 Fz,3 Fz,4]

� at the tire-road contact points
varies due to the pitch (θ) and roll (φ) motion of the chassis

Fz =
mg

2l



lr
lr
lf
lf


+

1

2lw




w −l
w l

−w −l
−w l



[
Kθθ +Dθ θ̇

Kφφ+Dφφ̇

]
, (1)

where lf , lr, l and w are geometric parameters. Wheel
loads affect the lateral tire forces Fy,i. Regarding the
tire model, we assume small acceleration/deceleration and
thereby small longitudinal wheel slip. At the range of
small slips, the lateral tire force can be well approximated
as the product of the lateral wheel slip angle αi, and
the cornering stiffness, cα,i = ciFz,i, where the cornering
stiffness coefficients ci involve the effects of adhesion
coefficients. So the lateral forces perpendicular to the
wheel plains can be expressed as {Fy,i = ciFz,iαi}4i=1.
In steady-state cornering, wheel side-slip angles αi can be
defined as the angle between the wheel plain and the speed
vector vw,i of the wheel centre with

α̇i =
1

σ

(
−αi − tan−1

(
vwy,i

vwx,i

))
vwx,i, i ∈ {1, . . . , 4}, (2)

where σ is a time-constant. The components vw,x,i and
vw,y,i of the wheel centre speed defined in the wheel
coordinate frames can be calculated from the rigid body

motion of the vehicle via the yaw-rate and the speed vector
[vx vy]

� of the mass centre

vwx =



cos(δ)(vx − rw) + sin(δ)(vy + rlf )
cos(δ)(vx + rw) + sin(δ)(vy + rlf )

vx − rw
vx + rw


 , (3a)

vwy =



− sin(δ)(vx − rw) + cos(δ)(vy + rlf )
− sin(δ)(vx + rw) + cos(δ)(vy + rlf )

vy − rlr
vy − rlr


 . (3b)

The global external forces and yaw moment acting on the
vehicle body can be calculated by summing up the lateral
and longitudinal tire force components as follows

FX = Fx,f cos(δ)− Fy,f sin(δ) + Fx,r (4a)

FY = Fx,f sin(δ) + Fy,f cos(δ) + Fy,r (4b)

MZ = lf (Fx,f sin(δ)+Fy,f cos(δ))− lrFy,r + w (Fx,4 (4c)

− Fx,3+(Fx,2 − Fx,1) cos(δ) + (Fy,1−Fy,2) sin(δ))

with shorthand notations: Fx,f = Fx,1+Fx,2, Fx,r = Fx,3+
Fx,4, Fy,f = Fy,1 + Fy,2, Fy,r = Fy,3 + Fy,4.

The translational and rotational dynamic equations of the
chassis are derived based on the Newton-Euler approach

v̇x = vyr +
1
m
FX

+h
(
cos(φ)(sin(θ)(r2 + φ̇2 + θ̇2)− 2φ̇r − cos(θ)θ̈)

+ sin(φ)(2 cos(θ)θ̇φ̇+ sin(θ)φ̈− ṙ)
)
, (5a)

v̇y = −vxr +
1
m
FY + h

(
cos(φ)(− sin(θ)ṙ − 2 cos(θ)θ̇r + φ̈)

+ sin(φ)(sin(θ)φ̇r − φ̇2 − r2)
)
, (5b)

ṙ =
MZ − h(FX sin(φ) + FY sin(θ) cos(φ))

Ixx sin2(θ) + cos2(θ)(Iyy sin2(φ) + Izz cos2(φ))
, (5c)

Ωy θ̈ = rCθ,r − (Kθθ +Dθ θ̇)

+h(mg sin(θ)− FX cos(θ)) cos(φ), (5d)

Ωxφ̈ = −2(Kφφ+Dφφ̇) + h (FY cos(φ) cos(θ) +mg sin(φ))

+(Iyy − Izz)r sin(φ) cos(φ)
(
r cos(θ) + φ̇ sin(θ)

)

+rθ̇(cos2(φ)Iyy + sin2(φ)Izz), (5e)

where

Ωx = Ixx cos2(θ) + sin2(θ)(Iyy sin2(φ) + Izz cos
2(φ)) (5f)

Ωy = Iyy cos2(φ) + Izz sin
2(φ) (5g)

Cθ,r = r sin(θ) cos(θ)
(
Ixx − Iyy + cos2(φ)(Iyy − Izz)

)

−φ̇
(
cos2(θ)Ixx + sin2(θ)(sin2(φ)Iyy + cos2(φ)Izz)

)

−θ̇ sin(θ) sin(φ) cos(φ)(Iyy − Izz). (5h)

Equations (1)-(5h) describe the ”chassis dynamics” block
in Figure 1.

2.3 Steering Actuation Based on EPS

The steering system is manipulated through the requested
steering torque τs. This torque is affected by a speed
dependent boost map

τb(τs, v) = sign(τs)min(1, A
(
ea|τs|(1−bv) − 1

)
. (6)

where A, a, b are parameters. The resulting τb is passed
through a lead-lag compensator and realzied by the electric
assist motor that generates torque Tmot on the steering
column. An other torque that acts on the steering system
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Table 3. Parameters of the simulation model.
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identification methods, a medium complexity double-track
(DT) nonlinear model is chosen. The chassis model has
two translational and three rotational degrees of freedom.
The suspension system is modeled as a rotational spring-
damper system where roll and pitch motions are respon-
sible for load transfer at the wheels. To develop a model
for normal driving conditions and small tire slips, wheel
dynamics and nonlinear tire adhesion characteristic are
neglected. The equations are derived based on Berntorp
(2013) using also the wheel speed kinematics from Kiencke
and Nielsen (2000). Wheels are indexed as follows: 1-front
left, 2-front right, 3-rear left, 4-rear right. The vertical load
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where lf , lr, l and w are geometric parameters. Wheel
loads affect the lateral tire forces Fy,i. Regarding the
tire model, we assume small acceleration/deceleration and
thereby small longitudinal wheel slip. At the range of
small slips, the lateral tire force can be well approximated
as the product of the lateral wheel slip angle αi, and
the cornering stiffness, cα,i = ciFz,i, where the cornering
stiffness coefficients ci involve the effects of adhesion
coefficients. So the lateral forces perpendicular to the
wheel plains can be expressed as {Fy,i = ciFz,iαi}4i=1.
In steady-state cornering, wheel side-slip angles αi can be
defined as the angle between the wheel plain and the speed
vector vw,i of the wheel centre with

α̇i =
1
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−αi − tan−1
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))
vwx,i, i ∈ {1, . . . , 4}, (2)

where σ is a time-constant. The components vw,x,i and
vw,y,i of the wheel centre speed defined in the wheel
coordinate frames can be calculated from the rigid body

motion of the vehicle via the yaw-rate and the speed vector
[vx vy]

� of the mass centre
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vwy =
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− sin(δ)(vx + rw) + cos(δ)(vy + rlf )
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 . (3b)

The global external forces and yaw moment acting on the
vehicle body can be calculated by summing up the lateral
and longitudinal tire force components as follows

FX = Fx,f cos(δ)− Fy,f sin(δ) + Fx,r (4a)

FY = Fx,f sin(δ) + Fy,f cos(δ) + Fy,r (4b)

MZ = lf (Fx,f sin(δ)+Fy,f cos(δ))− lrFy,r + w (Fx,4 (4c)

− Fx,3+(Fx,2 − Fx,1) cos(δ) + (Fy,1−Fy,2) sin(δ))

with shorthand notations: Fx,f = Fx,1+Fx,2, Fx,r = Fx,3+
Fx,4, Fy,f = Fy,1 + Fy,2, Fy,r = Fy,3 + Fy,4.

The translational and rotational dynamic equations of the
chassis are derived based on the Newton-Euler approach

v̇x = vyr +
1
m
FX

+h
(
cos(φ)(sin(θ)(r2 + φ̇2 + θ̇2)− 2φ̇r − cos(θ)θ̈)

+ sin(φ)(2 cos(θ)θ̇φ̇+ sin(θ)φ̈− ṙ)
)
, (5a)

v̇y = −vxr +
1
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(
cos(φ)(− sin(θ)ṙ − 2 cos(θ)θ̇r + φ̈)

+ sin(φ)(sin(θ)φ̇r − φ̇2 − r2)
)
, (5b)

ṙ =
MZ − h(FX sin(φ) + FY sin(θ) cos(φ))

Ixx sin2(θ) + cos2(θ)(Iyy sin2(φ) + Izz cos2(φ))
, (5c)

Ωy θ̈ = rCθ,r − (Kθθ +Dθ θ̇)

+h(mg sin(θ)− FX cos(θ)) cos(φ), (5d)

Ωxφ̈ = −2(Kφφ+Dφφ̇) + h (FY cos(φ) cos(θ) +mg sin(φ))

+(Iyy − Izz)r sin(φ) cos(φ)
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r cos(θ) + φ̇ sin(θ)

)
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where

Ωx = Ixx cos2(θ) + sin2(θ)(Iyy sin2(φ) + Izz cos
2(φ)) (5f)
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2(φ) (5g)
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(
Ixx − Iyy + cos2(φ)(Iyy − Izz)
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Equations (1)-(5h) describe the ”chassis dynamics” block
in Figure 1.

2.3 Steering Actuation Based on EPS

The steering system is manipulated through the requested
steering torque τs. This torque is affected by a speed
dependent boost map

τb(τs, v) = sign(τs)min(1, A
(
ea|τs|(1−bv) − 1

)
. (6)

where A, a, b are parameters. The resulting τb is passed
through a lead-lag compensator and realzied by the electric
assist motor that generates torque Tmot on the steering
column. An other torque that acts on the steering system

is τl, called self-aligning torque. It is proportional to the
lateral tire forces Fy,f through a steering angle dependent
force arm coefficient denoted by n(δ):

τl = n(δ)Fy,f . (7)

These torques drive the steering angle through an LTI
relation which, under normal driving conditions, can be
approximated by a low order filter:

δ̇ = −aδδ + bbτb + blτl + d, (8)

where d represents additional disturbance effects acting
on the steering column, aδ, bb and bl are coefficients that
are identified from dedicated experiments. The coefficient
n(δ) depends on the wheel settings and therefore varies
in general with the steering angle. It is normalized and
defined in the simulator model as

n(δ) =





1− clow(δlow − δ)2 if δ < δlow
1− chigh(δhigh − δ)2 if δ > δhigh
1 otherwise

(9)

where clow = chigh = 5.2 and −δlow = δhigh = 5 π
180 rad.

The quadratic function emulates the experienced effect on
the test vehicle that for larger steering angles the assist
torque required to maintain a steady cornering decreased
and the system became sensitive to disturbing effects. The
resulting Eq. (6)-(9) describe both the ”electric power
steering” and ”steering mechanics” blocks in Figure 1.

Discrete implementation of the overall model is achieved
via 4th-order Runge-Kutta (RK) (using frozen input values
in the increments) with step size Ts = 0.1s. Measure-
ment of the yaw-rate r is assumed to be effected by
an independent discrete-time white noise process e with
e(k) ∼ N(0, 0.0252) which represents approximately±10%
amplitude variation of the measurement. Furthermore,
the disturbance d in (8) is modeled as a band limited
discrete-time noise process with dk ∼ N[0, 2.5Hz](0, 0.1

2).
The resulting overall signal-to-noise ratio (SNR) is 12 dB
which corresponds to harsh noise conditions.

3. LPV MODEL CONVERSION

Next, we develop a simple LPV model of the system
based on approximation and embedding of the nonlinear
behavior. This model will be the source of selecting the
scheduling variables and used for comparison with the
identified LPV models later on.

3.1 Derivation of LPV Single-Track Model

By linearization around the origin of the state-space of the
chassis dynamics and neglecting the roll and pitch motion,
the right and left sides of the chassis body can be lumped
together leading to the single-track (ST) chassis model.
The single-track chassis model describes the dominant
characteristics of the translational and yaw dynamics of
the vehicle at normal driving conditions Berntorp et al.
(2014). By introducing the state transformation

β = tan−1
(

vy
vx

)

v =
√
v2x + v2y


 ⇒ vx ≈ v

vy ≈ βv
(10)

and neglecting the effect of Fx,i on the lateral dynamics,
the lateral tire forces at the front and rear axis reduce to

Fy,f (αf ) = cfαf , Fy,r(αr) = crαr (11)

where cf = c1mglr/l, cr = c3mglf/l, denote the front and
rear cornering stiffness. Longitudinal and lateral compo-
nents of the speed of the front and real wheel centers are

vwx =

[
vwx,f

vwx,r

]
=

[
v
v

]
, (12)

vwy =

[
vwy,f

vwy,r

]
=

[
−δv + vβ + rlf

vβ − rlr

]
. (13)

The wheel side-slip angles evolve according to

α̇f =− v
σαf − v

σβ − lf
σ r + v

σ δ, (14)

α̇r =− v
σαr − v

σβ + lr
σ r. (15)

The global lateral force and yaw moment become

FY = Fy,f + Fy,r = cfαf + crαr, (16)

MZ = lfFy,f − lrFy,r = lfcfαf − lrcrαr. (17)

By using v̇y = β̇v + βv̇ = −vr +
cf
mαf + cr

mαr, the above
formulas results in the lateral chassis dynamics

β̇ =−β v̇
v − r +

cf
mvαf + cr

mvαr, (18)

ṙ=
MZ

Izz
=

lf cf
Izz

αf − lrcr
Izz

αr. (19)

Finally, the above chassis model is augmented by the steer-
ing system model described in Section 2.3. In summary,
the overall system is simplified in the following state-space
form, which will be referred as the LPV-ST model,

ẋst =A(p)xst +Bbτb(τs, v), (20)

with xst = [ β r αf αr δ ]
�
, scheduling p =

[
v v̇

v δ
]�

and

A(p)=




− v̇
v −1

cf
mv

cr
mv 0

0 0
lf cf
Izz

− lrcr
Izz

0

− v
σ − lf

σ − v
σ 0 v

σ

− v
σ

lr
σ 0 − v

σ 0
0 0 n(δ)cfbl 0 −aδ



, Bb=




0
0
0
0
bb


. (21)

The input of the model is τs, while the vehicle speed v
and acceleration a = v̇ are external scheduling signals
and the steering angle δ is both a scheduling and a state
variable. Physical parameters of the model are collected in
θst � [cf cr lr Izz σ A a b aδ bb bl n1 . . . n11]

�, where ni =
n(δi), i ∈ {1, . . . , 11}, are parameters of a piecewise-linear
approximation of n(δ) over an evenly spaced fixed grid {δi}
of steering angles. The scheduling set P ⊂ Rnp=3 in which
p is assumed to take values during operation is considered
to be P = [2, 8]ms × [−0.3, 0.3]s−1× [−0.53, 0.53]rad. The
yaw-rate output of the model is denoted by r̂(θst).

3.2 Modeling Approach

The LPV-ST model is discretized via 4th-order RK with
Ts = 0.1s and its parameters θst are optimized by nonlin-
ear least-squares (NLS) (Coleman and Li, 1996). For this
purpose, system model derived in Section 2 was simulated
according to the experimental conditions and excitation
signals detailed in Section 5. Let {rk}Nk=0 be the resulting
sampled output sequence of the true system at sampling
times kTs and {pk}Nk=0 the corresponding scheduling. As
an objective function, the �2 loss of the model simulation
error is considered, giving the optimization problem

min
θst

N∑
k=1

(rk − r̂k(θst))
2 subject to θ ≤ θst ≤ θ̄, (22)

where r̂k(θst) is the simulated LPV-ST model response
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under scheduling pk and parameter values θst, while θ and
θ̄ are predefined bounds. Note that the 4th-order RK is
used as it has low local truncation error and can be applied
to both nonlinear and LPV models.

4. BLACK-BOX LPV IDENTIFICATION

Compared to approximation and embedding-based LPV
modeling of the nonlinear system dynamics, in this section
we discuss data-based black-box modeling of the system.

4.1 Model Structures

To identify the data-generating system, we will consider
discrete-time LPV input-output (IO) models (see Tóth
et al. (2012)) of the form

Fθ(q
−1, pk)y̆k = Bθ(q

−1, pk)q
−τduk, (23a)

Dθ(q
−1, pk)vk = Cθ(q−1, pk)εk|θ, (23b)

Aθ(q
−1, pk)yk = y̆k + vk, (23c)

where k ∈ Z is the discrete time, y : Z → R is the measured
output signal, i.e., the measured yaw rate r, u : Z → R
denotes the input signal, i.e., the torque τs, p : Z → P
is the scheduling variable, εk|θ is a noise process (residual

error), assumed to be white, and q−1 is the backward time-
shift operator, i.e., q−1uk = uk−1. The terms Aθ, . . . ,Fθ

are polynomials in the time-operator q−1 in the form:

M(ξ, pk) = m0(pk) +

nm∑
i=1

mi(pk)q
−i, (24)

with coefficient functions

mi(pk) =

npoly∑
j=1

np∑
l=1

mi,j,l · pjk,i, (25)

corresponding static polynomial dependence on pk =

[pk,1 pk,2 pk,3]
�

and the parameters mi,j,l ∈ R constitute
the parameter vector θ associated with the model struc-
ture (23). Furthermore, all polynomials are assumed to
be monic, i.e., with m0(pk) ≡ 1 except Bθ. The model

structure (23) with A � I is also known as the LPV Box-

Jenkins (BJ) model. By considering C � D � F � I in
(23), the LPV version of the so-called auto regressive with
exogenous input (ARX) model structure is obtained. Sim-
ilarly, the auto regressive moving average with exogenous
input (ARMAX) model is found by considering D � F �
I, and the output-error (OE) model by A � C � D � I.
The model structure (23) makes possible to capture both
the deterministic dynamics of the steering system in terms
of (23a) and the combined effect of the process noise d and
measurement noise e in terms of (23b).

4.2 Model Estimation

This section provides a short overview of prediction-error
minimization (PEM) based estimation of LPV-IO models
(23). For a more detailed description, see e.g. Tóth et al.
(2012). In PEM, model estimates are obtained by minimiz-
ing their associated one-step-ahead prediction-error with
respect to a loss function where the (unknown) model
parameters θ are the optimization variables. A parameter

estimate θ̂N is obtained by minimizing the least-squares
criterion, i.e. the �2-loss of the prediction error

θ̂N = argmin
θ∈Rnθ

V (DN , θ), (26)

with

V (DN , θ) =
1

N

N∑
k=1

‖εk|θ‖22 =
1

N
‖εθ‖2�2 ,

where DN = {uk, pk, yk}Nt=1 is the observed data sequence
of the system and the one-step-ahead prediction-error is
εk|θ = yk − ŷk|θ,k−1. The exact approach to calculate the
predictor ŷk|θ,k−1 based on (23) is discussed in Tóth et al.
(2012). In order to calculate model estimates via (26), we
use the LPVcore toolbox, see den Boef et al. (2021)
that is available at www.lpvcore.net. The toolbox con-
tains four time-domain methods for identifying IO model
structures (23): 1) linear regression, 2) pseudo-linear re-
gression, 3) gradient-based search, and 4) instrumental
variable method. These methods are based on (Laurain
et al. (2010); Tóth et al. (2012)). Linear regression is ap-
plicable for the ARX model set and can be used with reg-
ularization to solve a Tikhonov regression problem, where
various weighting matrices can be automatically tuned us-
ing generalized cross-validation. Pseudo-linear regression
and gradient-based search are available for ARMAX, OE,
and BJ models. Initialization of the latter algorithms is
provided either by ARX estimation using linear regression
or IV-based estimates.

5. EXPERIMENTAL CAMPAIGN

The discrete implementation of the overall system dy-
namics with inputs τs, v, a and noise processes d and e
as discussed in Section 2 are used as a data generating
system. Two data sets N = 5000 samples are collected,
one for estimation Did

N = {(τ ids,k, vk, ak, δidk , ridk )}Nk=0 with

noise (SNR = 12.4dB) and one for model validation Dva
N

with different realization of the inputs and with no noise (d
and e set to zero). The driving/braking forces are chosen
such that a given speed profile is followed; therefore, speed
vk and acceleration ak are common in both data sets.
Given the speed profile, inputs τ ids,k and τvas,k are computed
such that for the corresponding boost torques we have
two independently generated, normally distributed, zero-
mean random sequences with standard deviation 0.3, i.e.,
τ idb,k, τvab,k ∼ N (0, 0.32). The chosen speed profile, input
torque, the boost map function and the resulting boost
torque are illustrated in Figure 2. The effect of noise
present in Did can be observed in Figure 3.

6. IDENTIFICATION RESULTS

LPV-ST model has been developed to provide a simple
LPV embedding and approximation of the original dy-
namics of the system and also to provide construction of
the scheduling variable on which the identification via the
black box approaches is based on. In case the true physical
parameters are substituted in the LPV-ST model, the re-
sulting model performs poorly on the noise-free validation
data set Dva

N , where its simulated response achieves a best-
fit-rate of BFR = 57.3% with

BFR = 100 ·max

(
1− ‖y − ŷ‖2

‖y − ȳ‖2
, 0

)
[%] (27)

where ȳ is the mean of the reference output y and ŷ is
the model response. This clearly shows that the involved
approximations (e.g., neglecting roll and pitch dynamics)
result in a serious approximation error. By using NLS, the
parameters of the LPV-ST model are estimated using Did

N
and the results are given in Table 4, while the simulation
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under scheduling pk and parameter values θst, while θ and
θ̄ are predefined bounds. Note that the 4th-order RK is
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−τduk, (23a)
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−1, pk)vk = Cθ(q−1, pk)εk|θ, (23b)

Aθ(q
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where k ∈ Z is the discrete time, y : Z → R is the measured
output signal, i.e., the measured yaw rate r, u : Z → R
denotes the input signal, i.e., the torque τs, p : Z → P
is the scheduling variable, εk|θ is a noise process (residual

error), assumed to be white, and q−1 is the backward time-
shift operator, i.e., q−1uk = uk−1. The terms Aθ, . . . ,Fθ

are polynomials in the time-operator q−1 in the form:

M(ξ, pk) = m0(pk) +
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mi(pk)q
−i, (24)

with coefficient functions

mi(pk) =

npoly∑
j=1

np∑
l=1

mi,j,l · pjk,i, (25)

corresponding static polynomial dependence on pk =

[pk,1 pk,2 pk,3]
�

and the parameters mi,j,l ∈ R constitute
the parameter vector θ associated with the model struc-
ture (23). Furthermore, all polynomials are assumed to
be monic, i.e., with m0(pk) ≡ 1 except Bθ. The model

structure (23) with A � I is also known as the LPV Box-

Jenkins (BJ) model. By considering C � D � F � I in
(23), the LPV version of the so-called auto regressive with
exogenous input (ARX) model structure is obtained. Sim-
ilarly, the auto regressive moving average with exogenous
input (ARMAX) model is found by considering D � F �
I, and the output-error (OE) model by A � C � D � I.
The model structure (23) makes possible to capture both
the deterministic dynamics of the steering system in terms
of (23a) and the combined effect of the process noise d and
measurement noise e in terms of (23b).

4.2 Model Estimation

This section provides a short overview of prediction-error
minimization (PEM) based estimation of LPV-IO models
(23). For a more detailed description, see e.g. Tóth et al.
(2012). In PEM, model estimates are obtained by minimiz-
ing their associated one-step-ahead prediction-error with
respect to a loss function where the (unknown) model
parameters θ are the optimization variables. A parameter

estimate θ̂N is obtained by minimizing the least-squares
criterion, i.e. the �2-loss of the prediction error

θ̂N = argmin
θ∈Rnθ

V (DN , θ), (26)

with

V (DN , θ) =
1

N

N∑
k=1

‖εk|θ‖22 =
1

N
‖εθ‖2�2 ,

where DN = {uk, pk, yk}Nt=1 is the observed data sequence
of the system and the one-step-ahead prediction-error is
εk|θ = yk − ŷk|θ,k−1. The exact approach to calculate the
predictor ŷk|θ,k−1 based on (23) is discussed in Tóth et al.
(2012). In order to calculate model estimates via (26), we
use the LPVcore toolbox, see den Boef et al. (2021)
that is available at www.lpvcore.net. The toolbox con-
tains four time-domain methods for identifying IO model
structures (23): 1) linear regression, 2) pseudo-linear re-
gression, 3) gradient-based search, and 4) instrumental
variable method. These methods are based on (Laurain
et al. (2010); Tóth et al. (2012)). Linear regression is ap-
plicable for the ARX model set and can be used with reg-
ularization to solve a Tikhonov regression problem, where
various weighting matrices can be automatically tuned us-
ing generalized cross-validation. Pseudo-linear regression
and gradient-based search are available for ARMAX, OE,
and BJ models. Initialization of the latter algorithms is
provided either by ARX estimation using linear regression
or IV-based estimates.

5. EXPERIMENTAL CAMPAIGN

The discrete implementation of the overall system dy-
namics with inputs τs, v, a and noise processes d and e
as discussed in Section 2 are used as a data generating
system. Two data sets N = 5000 samples are collected,
one for estimation Did

N = {(τ ids,k, vk, ak, δidk , ridk )}Nk=0 with

noise (SNR = 12.4dB) and one for model validation Dva
N

with different realization of the inputs and with no noise (d
and e set to zero). The driving/braking forces are chosen
such that a given speed profile is followed; therefore, speed
vk and acceleration ak are common in both data sets.
Given the speed profile, inputs τ ids,k and τvas,k are computed
such that for the corresponding boost torques we have
two independently generated, normally distributed, zero-
mean random sequences with standard deviation 0.3, i.e.,
τ idb,k, τvab,k ∼ N (0, 0.32). The chosen speed profile, input
torque, the boost map function and the resulting boost
torque are illustrated in Figure 2. The effect of noise
present in Did can be observed in Figure 3.

6. IDENTIFICATION RESULTS

LPV-ST model has been developed to provide a simple
LPV embedding and approximation of the original dy-
namics of the system and also to provide construction of
the scheduling variable on which the identification via the
black box approaches is based on. In case the true physical
parameters are substituted in the LPV-ST model, the re-
sulting model performs poorly on the noise-free validation
data set Dva

N , where its simulated response achieves a best-
fit-rate of BFR = 57.3% with

BFR = 100 ·max

(
1− ‖y − ŷ‖2
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, 0

)
[%] (27)

where ȳ is the mean of the reference output y and ŷ is
the model response. This clearly shows that the involved
approximations (e.g., neglecting roll and pitch dynamics)
result in a serious approximation error. By using NLS, the
parameters of the LPV-ST model are estimated using Did

N
and the results are given in Table 4, while the simulation

Fig. 2. Input data τ ids and speed v for the identification
data set (left); input nonlinearity (boost map) and
the corresponding boost torque τ idb .

Fig. 3. Contribution (given by blue) of the process noise
d and measurement noise e in the measured yaw-rate
output rid (given by red) in Did

N .

Fig. 4. Model order selection. LPV-OE (left) and LPV-
BJ (right) models are identified respectively on the
nose-free data set Dva

N and the noisy data set Did
N .

error on the validation set is plotted in Figure 5. We can
see that with adjusted parameters, the simplified model
dynamics are capable to achieve improved representation
of the system which is a well-known phenomenon in model
reduction.

Using LPVcore, identification of the steering system
based on Did

N with various model structures in terms of
(23) has been carried out. Based on canonical correlation
analysis, the delay nd has been identified to be 1 sample.

Fig. 5. LPV models identified from noisy data set Did
N are

compared on the nose-free data set Dva
N .

Selection of the order 2 of process and noise part has been
analyzed both on noise-free (LPV-OE estimation) and
noisy data (LPV-BJ estimation). The results are depicted
on Figure 4. Based on the noise free results we can see
that polynomial dependency of order 3 and 4 can provide
effective representation of the process dynamics while
polynomial order above 5 has no significant improvement
on the representation error. Estimation results in the noisy
case reveal that the available length of the data-sequence is
not enough for the reliable estimation of LPV-BJ models
with high order polynomial dependencies. Based on the
results, process and noise model order of 4 with polynomial
dependency of order 4 is chosen. The detailed estimation
results with various model structures can be seen in Table
4 for this specific case. For the same models, simulation
plots on the validation data set Dva

N are shown in Figure
5. It is evident that the ARX model results in a biased
estimate in terms of low BFR validation results compared
to the high estimation score due to the harsh combination
of process and measurement noise present in the system.
The OE model is capable to provide an unbiased estimate
of the process model while the ARMAX structure is
capable to well approximate the noise process and mitigate
the bias that was observed in the ARX case, getting close
to the validation results of the OE case. The BJ structure
is capable to further refine the noise model and even get a
better estimate of the process model than OE shown by its
improved simulation results. However, the improvement is
small, which clearly shows a dominant ARMA nature of
the combined noise process. Compared to the ST case, it
is apparent that the presented black-box structures are
needed to obtain compact LPV models in discrete-time
as the approximation and embedding path leads to much
worse model fit. Despite the 12 dB SNR, the methods get
close to the noise free performance as it can be seen at the
bottom of Table 4.

2 Note that order selection is required due to the approximative
nature of the LPV model structures with polynomial dependency and
the noise induced bias-variance trade-off. Furthermore it is difficult
to determine optimal order choice for LPV modeling of the involved
noise processes.
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Table 4. BFR results of the models with pro-
cess and noise model order 4, and 4th-order
polynomial dependency. Prediction error is
computed on set Did

N , while simulation error
is computed on set Dva

N

Identified on noisy Did
N

ARX OE ARMAX BJ ST

Prediction 83.0% 78.0% 83.02% 82.5% 72.6%
Simulation 71.6% 92.4% 90.81% 92.6% 83.2%

Identified on noisefree Dva
N

ARX OE ARMAX BJ ST

Simulation 93.4% 95.9% - - 84.9%

7. CONCLUSIONS

In this paper, we have studied identification of the steer-
ing system of a Nissan Leaf based autonomous car using
a high-fidelity model as the data-generating system. By
comparing parameter-estimation of a single-track approxi-
mation based LPV physical model with the result of black-
box identification of input-output models we have shown
that LPV system identification can deliver efficient model
of the process dynamics even under harsh noise conditions.
Based on the results of our study, we aim to carry out
an experimental camping on the real vehicle and apply
the discussed methods together with subspace methods
to obtain efficient LPV model of the dynamics for control
design. We also aim to involve experiments of higher speed,
changing adhesion characteristics and combined braking
and steering maneuvers to increase the representation ca-
pability and validity range of the obtained model.
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Tóth, R. (2010). Modeling and Identification of Linear
Parameter-Varying Systems. Lecture Notes in Control
and Information Sciences, Vol. 403. Springer.
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