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Pairwise comparisons are used in a wide variety of decision situations where the importance of alter- 

natives should be measured on a numerical scale. One popular method to derive the priorities is based 

on the right eigenvector of a multiplicative pairwise comparison matrix. We consider two monotonic- 

ity axioms in this setting. First, increasing an arbitrary entry of a pairwise comparison matrix is not 

allowed to result in a counter-intuitive rank reversal, that is, the favoured alternative in the correspond- 

ing row cannot be ranked lower than any other alternative if this was not the case before the change 

(rank monotonicity). Second, the same modification should not decrease the normalised weight of the 

favoured alternative (weight monotonicity). Both properties are satisfied by the geometric mean method 

but violated by the eigenvector method. The axioms do not uniquely determine the geometric mean. The 

relationship between the two monotonicity properties and the Saaty inconsistency index are investigated 

for the eigenvector method via simulations. Even though their violation turns out not to be a usual prob- 

lem even for heavily inconsistent matrices, all decision-makers should be informed about the possible 

occurrence of such unexpected consequences of increasing a matrix entry. 

© 2020 Elsevier B.V. All rights reserved. 
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“But nobody should deny the following principle ”1 

(Edmund Landau: Über Preisverteilung bei Spielturnieren ) 

. Introduction 

Several decision-making methods involve the comparison of the 

riteria and the alternatives in pairs, making judgements, and com- 

iling the results into multiplicative positive reciprocal pairwise 

omparison matrices. For instance, this is a crucial component of 

he Analytic Hierarchy Process (AHP), introduced by Saaty (1977, 

980) . He has suggested deriving the priorities from such a matrix 

y its principal right eigenvector, which is called the eigenvector 

ethod . Since AHP has numerous applications ( Ho, 2008; Saaty & 

argas, 2012; Vaidya & Kumar, 2006 ), a better understanding of 

his procedure seems to be a prominent research question. 

The starting point of our paper is a remark of Saaty (2003 , 

. 86): “Now we ask the question, what is priority or more 
∗ Corresponding author at: Research Group of Operations Research and Deci- 

ion Systems, Laboratory on Engineering and Management Intelligence, Institute for 

omputer Science and Control (SZTAKI), Budapest, Hungary. 

E-mail address: laszlo.csato@sztaki.hu (L. Csató). 
1 In the original: “Niemand aber dürfte folgendes Prinzip bestreiten ” ( Landau, 1914 , 

. 201). 
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enerally what meaning should we attach to a priority vector of a set 

f alternatives? We can think of two meanings. The first is a numer- 

cal ranking of the alternatives that indicates an order of preference 

mong them. The other is that the ordering should also reflect inten- 

ity or cardinal preference as indicated by the ratios of the numerical 

alues and is thus unique to within a positive multiplicative constant 

a similarity transformation). ” A potential implication is that both 

he rank and the (normalised) weight of any alternative should be 

 monotonic function of its comparisons. In other words, increasing 

n arbitrary entry in the i th row of a pairwise comparison ma- 

rix should not result in a rank reversal such that alternative i was 

anked at least as high as alternative k before the change but it 

s ranked lower after the change. Similarly, such a change is not 

llowed to decrease the overall importance of alternative i . If the 

traightforward conditions of rank monotonicity or weight mono- 

onicity do not hold, then the ordering or the weights of the alter- 

atives may behave against the intentions of the decision-maker 

ho wants to express a stronger preference for an alternative by 

ncreasing its pairwise comparisons. 

The eigenvector method will be proved to suffer from both 

roblems for certain pairwise comparison matrices, while the ge- 

metric mean method always satisfies these requirements. It is 

lso shown that the axioms do not uniquely determine the geo- 

etric mean, hence they can serve as reasonable criteria to clas- 

https://doi.org/10.1016/j.ejor.2020.10.020
http://www.ScienceDirect.com
http://www.elsevier.com/locate/ejor
http://crossmark.crossref.org/dialog/?doi=10.1016/j.ejor.2020.10.020&domain=pdf
mailto:laszlo.csato@sztaki.hu
https://doi.org/10.1016/j.ejor.2020.10.020
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ify the weighting methods suggested for pairwise comparison 

atrices. 

It will also be investigated how often the eigenvector method 

iolates these properties for a randomly generated matrix as a 

unction of its consistency ratio, the consistency measure sug- 

ested by Saaty (1977) . In particular, the axioms are tested by sub- 

tituting a randomly chosen matrix entry with the next element on 

he well-known Saaty scale. Their violation turns out not to be a 

sual problem even for heavily inconsistent matrices. Nonetheless, 

ll decision-makers should be informed about the possible occur- 

ence of counter-intuitive changes after a matrix entry is increased 

ecause probably nobody expects that a more favourable opinion 

n an alternative can be detrimental to its rank or weight. 

The paper has the following structure. Section 2 outlines 

he topic of pairwise comparison matrices and introduces the 

wo axioms of monotonicity. The eigenvector method and some 

ther procedures are analysed in the view of these properties in 

ection 3 . Finally, Section 4 concludes. 

. The problem 

In this section, the main notions around pairwise comparison 

atrices are briefly recalled, and two natural properties are pre- 

ented. We also offer a short overview of related papers. 

.1. Preliminaries: multiplicative pairwise comparison matrices 

Let N = { 1 , 2 , . . . , n } be a set of alternatives to be evaluated. As-

ume that their pairwise comparisons are known: a i j is a numer- 

cal answer to the question “How many times alternative i is better 

han alternative j? ”, that is, a i j quantifies the relative importance of 

lternative i with respect to alternative j. 

Let R 

n + and R 

n ×n 
+ denote the set of positive (with all elements 

reater than zero) vectors of size n and matrices of size n × n, re-

pectively. 

The comparisons are collected into a matrix whose entries be- 

ow the diagonal are reciprocal to the corresponding entries above 

he diagonal. 

efinition 1. Multiplicative pairwise comparison matrix : Matrix A = 

a i j 

]
∈ R 

n ×n 
+ is a multiplicative pairwise comparison matrix if a ji = 

 /a i j for all 1 ≤ i, j ≤ n . 

In the following, the word “multiplicative” will be omitted for 

he sake of simplicity. 

The set of all pairwise comparison matrices with n alternatives 

s denoted by A 

n ×n . 

Pairwise comparisons are carried out in order to obtain a pri- 

rity vector w such that the proportion of the weights w i and w j 

f the alternatives i and j, respectively, approximates the value of 

heir pairwise comparison, that is, w i /w j ≈ a i j . Thus the weights 

an be normalised arbitrarily. 

efinition 2. Weight vector : Vector w = [ w i ] ∈ R 

n + is a weight vector

f 
∑ n 

i =1 w i = 1 . 

The set of weight vectors of size n is denoted by R 

n . 

efinition 3. Weighting method : Function f : A 

n ×n → R 

n is a 

eighting method . 

The weight of alternative i from the pairwise comparison ma- 

rix A according to the weighting method f is denoted by f i (A ) . 

Weighting methods are often used to rank the alternatives. 

anking � is a weak order on the set of alternatives N. Any ranking 

has two parts, the asymmetric relation �, and the symmetric re- 

ation ∼, defined as follows: i � j if and only if i � j but i 
 j does 

ot hold, and i ∼ j if and only if i � j and i 
 j, respectively. 
231 
There exist many methods to estimate a suitable weight vec- 

or from a pairwise comparison matrix. Probably the most pop- 

lar procedures are the (row) geometric mean (logarithmic least 

quares) method ( Williams & Crawford, 1980; Crawford & Williams, 

985; De Graan, 1980; de Jong, 1984; Rabinowitz, 1976 ), and the 

igenvector method ( Saaty, 1977 ). Although the latter suffers from 

 number of theoretical shortcomings discussed later, and there 

re sound axiomatic arguments in favour of the geometric mean 

 Bozóki & Tsyganok, 2019; Csató, 2018; 2019a; Fichtner, 1984; 

undy, Siraj, & Greco, 2017 ), the AHP methodology mainly uses the 

igenvector method since the pioneering work of Saaty. Therefore, 

his procedure will be in our focus. 

efinition 4. Eigenvector method ( Saaty, 1977 ): The eigenvector 

ethod associates the weight vector w 

EM (A ) ∈ R 

n for a given pair-

ise comparison matrix A ∈ A 

n ×n such that 

w 

EM (A ) = λmax (A ) w 

EM (A ) , (1) 

here λmax (A ) denotes the maximal eigenvalue, also known as the 

rincipal or Perron eigenvalue, of the (positive) matrix A . 

efinition 5. Geometric mean method ( Williams & Crawford, 1980; 

rawford & Williams, 1985; De Graan, 1980; de Jong, 1984; Rabi- 

owitz, 1976 ): The geometric mean method associates the weight 

ector w 

GM (A ) ∈ R 

n for a given pairwise comparison matrix A ∈ 

 

n ×n , where 

 

GM 

i (A ) = 

∏ n 
j=1 a 

1 /n 
i j ∑ n 

k =1 

∏ n 
j=1 a 

1 /n 

k j 

. (2) 

Another priority deriving method is considered to illustrate 

onotonicity. 

efinition 6. Column sum method ( Choo & Wedley, 2004; Za- 

edi, 1986 ): The column sum method associates the weight vec- 

or w 

CM (A ) ∈ R 

n for a given pairwise comparison matrix A ∈ A 

n ×n ,

here 

 

CM 

i (A ) = 

∑ n 
j=1 a i j ∑ n 

k =1 

∑ n 
j=1 a k j 

. (3) 

All weighting methods induce a ranking, for instance, i �EM 

A 
j if 

nd only if w 

EM 

i 
(A ) ≥ w 

EM 

j 
(A ) . 

There is a special case when all reasonable weighting methods, 

ncluding the above three, give the same result. 

efinition 7. Consistency : Let A = 

[
a i j 

]
∈ R 

n ×n 
+ be a pairwise com- 

arison matrix. It is called consistent if the condition a ik = a i j a jk 
olds for all 1 ≤ i, j, k ≤ n . 

However, consistency is seldom observed in practice, pairwise 

omparison matrices are usually inconsistent . A variety of indices 

as been proposed to measure the level of inconsistency, see 

runelli (2018) for a survey of them. We will consider the old- 

st and by far the most popular Saaty inconsistency index ( Saaty, 

977 ), which is closely related to the eigenvector method. 

efinition 8. Consistency index ( CI): Let A = 

[
a i j 

]
∈ R 

n ×n 
+ be a pair-

ise comparison matrix. Its consistency index is 

I(A ) = 

λmax (A ) − n 

n − 1 

, 

here λmax (A ) is the principal eigenvalue of matrix A as before. 

Saaty (1977) introduced the so-called random index RI n , that 

s, the average CI of a large number of n × n pairwise compar- 

son matrices with entries randomly generated from the scale 

 1 / 9 , 1 / 8 , . . . , 8 , 9 } . The proportion of CI and RI n is called the con-

istency ratio CR, or the Saaty inconsistency index. 

Saaty (1977) considered a pairwise comparison matrix to be ac- 

eptable if the value of CR does not exceed the threshold 0.1. 
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.2. Monotonicity on single comparisons 

The entry a i j measures the dominance of alternative i over al- 

ernative j, thus it is not expected that increasing a i j leads to an 

rdering where alternative i is ranked lower than any alternative k 

f it was ranked at least as high before the change. Such counter- 

ntuitive rank reversal would be probably against the intention of 

he decision-maker. 

The following axiom formalises this requirement. 

xiom 1. Rank monotonicity : Let A ∈ A 

n ×n be any pairwise com- 

arison matrix and 1 ≤ i, j ≤ n be any two different alternatives. 

et A 

′ ∈ A 

n ×n be identical to A but a ′ 
i j 

> a i j (and a ′ 
ji 

< a ji due to

he reciprocity property). The weighting method f : A 

n ×n → R 

n is 

alled rank monotonic if i � f 
A 

k ⇒ i � f 

A ′ k for all 1 ≤ k ≤ n . 

Rank monotonicity is widely considered in social choice the- 

ry, hence it would be difficult to give credit to any author for 

rst suggesting this property. Rubinstein (1980) uses it to charac- 

erise the ranking method commonly known as the points system 

n the set of tournaments, where either player i beats player j, or 

layer j beats player i . Henriet (1985) extends this result by drop- 

ing the asymmetric property of the beating relation, which is fur- 

her generalised by Bouyssou (1992) to the case of valued relations. 

he axiom is called positive responsiveness in van den Brink and 

illes (2009) and positive responsiveness to the beating relation in 

onzález-Díaz, Hendrickx, and Lohmann (2014) . Analogously, Boldi, 

uongo, and Vigna (2017) examine the rank monotonicity of cen- 

rality measures with respect to adding a new arc to a network. 

A stronger version has been used in the axiomatic characteriza- 

ion of the ranking induced by the geometric mean ( Csató, 2018 ):

 � j implies i � j whenever a i j increases. According to Bouyssou 

nd Perny (1992 , p. 188), rank monotonicity seems an unobjec- 

ionable property in the context of partial ranking methods but its 

tronger version is much more demanding. 

In some applications, the weights of the alternatives are more 

mportant than their ranking because, for example, certain re- 

ources will be allocated on the basis of the weights. Then it makes 

ense to exclude the possibility that the weight of any alternative 

ecreases after one of its pairwise comparisons increases. 

xiom 2. Weight monotonicity : Let A ∈ A 

n ×n be any pairwise com- 

arison matrix and 1 ≤ i, j ≤ n be any two different alternatives. 

et A 

′ ∈ A 

n ×n be identical to A but a ′ 
i j 

> a i j (and a ′ 
ji 

< a ji due to

he reciprocity property). The weighting method f : A 

n ×n → R 

n is 

alled weight monotonic if 

 

′ 
i j > a i j ⇒ 

f i 
(
A 

′ )
∑ n 

k =1 f k ( A 

′ ) 
≥ f i ( A ) ∑ n 

k =1 f k ( A ) 
⇐⇒ f i 

(
A 

′ ) ≥ f i ( A ) , (4) 

Landau (1914 , p. 201) shows that weight monotonicity is vio- 

ated by the principal right eigenvector for nonnegative matrices 

f order n = 3 . The interesting and often neglected early obser- 

ation is commented in David and Edwards (2001 , p. 164) with 

he following words: “This leads Landau to dismiss the Kendall-Wei 

pproach 40 years prior to its birth! ” However, the set of pairwise 

omparison matrices is a strict subset of nonnegative matrices, and 

he example of Landau is not a pairwise comparison matrix. 

Naturally, this type of monotonicity is a standard requirement 

n many fields of research such as cooperative game theory ( Young, 

985 ), scientometrics ( Bouyssou & Marchant, 2014; Kóczy & Stro- 

el, 2009; Perry & Reny, 2016 ), the theoretical analysis of sports 

ules ( Csató, 2019b; 2020a; 2020b; Kendall & Lenten, 2017; Vaziri, 

abadghao, Yih, & Morin, 2018 ), or voting theory ( Balinski & 

oung, 2001; Tasnádi, 2008 ). 

In the context of inconsistency indices, Brunelli and Fedrizzi 

2015) have suggested an axiom with the same flavour called 
232 
onotonicity on single comparisons , which formalizes a property 

roved by Aupetit and Genest (1993) for the Saaty inconsistency 

ndex. The authors also provide a short overview of its origin in 

ulti-criteria decision-making. 

.3. Related works 

The current paper is not the first work focusing on a mathemat- 

cal shortcoming of the eigenvector method. Johnson, Beine, and 

ang (1979) argue that the use of the left eigenvector is equally 

ustified as long as the order is reversed, furthermore, the rank- 

ngs from the two eigenvectors may disagree even when the ma- 

rix is nearly consistent. According to Genest, Lapointe, and Drury 

1993) , the ordering obtained from the principal right eigenvec- 

or depends on the choice of the parameter for numerically coded 

rdinal preferences. Bana e Costa and Vansnick (2008) find that 

he right eigenvector can violate a condition of order preserva- 

ion, which is fundamental in decision aiding according to the au- 

hors. Kułakowski (2015) examines the relationship between this 

roperty and the inconsistency index proposed by Saaty. Pérez and 

okotoff (2016) present an example where the alternative with 

he highest priority for all decision-makers is not the best on the 

asis of their aggregated preferences. Csató (2017) traces back the 

rigin of this problem to the right-left asymmetry ( Johnson et al., 

979 ), and provides a minimal counterexample with four alterna- 

ives. 

The eigenvector solution is not necessarily Pareto efficient, in 

ther words, there may exist a weight vector which is at least 

s good in approximating all elements of the pairwise comparison 

atrix, and strictly better in at least one position ( Blanquero, Car- 

izosa, & Conde, 2006 ). Ábele-Nagy and Bozóki (2016) prove that 

t is not possible if the pairwise comparison matrix differs from a 

onsistent one only in one entry (and its reciprocal), while Ábele- 

agy, Bozóki, and Rebák (2018) extend this result to double per- 

urbed matrices, which can be made consistent by altering two el- 

ments and their reciprocals. On the other hand, the eigenvector 

ethod may lead to an inefficient weight vector for matrices with 

n arbitrarily small inconsistency ( Bozóki, 2014 ). Bozóki and Fülöp 

2018) propose linear programs to test whether a given weight vec- 

or is efficient or not, and Duleba and Moslem (2019) give the first 

xamination of this property on real data. 

. Results 

The row geometric mean (logarithmic least squares) method 

rivially satisfies monotonicity: a greater value of a i j increases the 

eight of alternative i, decreases the weight of alternative j, while 

reserves the weights of all other alternatives before normalisa- 

ion. The case of the eigenvector method turns out to be more 

omplicated. 

.1. The geometric mean method is monotonic 

According to the following result, some weighting methods 

eet Axioms 1 and 2 . 

roposition 1. The geometric mean and column sum methods satisfy 

oth rank monotonicity and weight monotonicity. 

roof. Consider the pairwise comparison matrices A and A 

′ , which 

re identical except for a ′ 
i j 

> a i j and a ′ 
ji 

< a ji . 

Geometric mean method : i �GM 

A 
k means that 

∏ n 
� =1 a i� ≥

∏ n 
� =1 a k� . 

ince 
∏ n 

� =1 a 
′ 
i� 

> 

∏ n 
� =1 a i� and 

∏ n 
� =1 a 

′ 
k� 

≤ ∏ n 
� =1 a k� if k � = i, 

 n 
� =1 a 

′ 
i� 

> 

∏ n 
� =1 a 

′ 
k� 

, which implies i �GM 

A ′ k, that is, rank mono- 

onicity. As only the weight of alternative i increases, weight 

onotonicity holds, too. 
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Fig. 1. Weights derived by the eigenvector method in Example 1 . 
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Column sum method : i �CM 

A 
k means that 

∑ n 
� =1 a i� ≥

∑ n 
� =1 a k� . 

ince 
∑ n 

� =1 a 
′ 
i� 

> 

∑ n 
� =1 a i� and 

∑ n 
� =1 a 

′ 
k� 

≤ ∑ n 
� =1 a k� if k � = i, 

 n 
� =1 a 

′ 
i� 

> 

∑ n 
� =1 a 

′ 
k� 

, which implies i �CM 

A ′ k, that is, rank mono- 

onicity. As only the weight of alternative i increases, weight 

onotonicity holds, too. �

Csató (2018 , Proposition 2) has already shown the rank mono- 

onicity of geometric mean. 

.2. The eigenvector method violates monotonicity 

However, not all weighting methods are compatible with 

xioms 1 and 2 . 

roposition 2. The eigenvector method does not satisfy rank mono- 

onicity. 

roof. It is sufficient to provide a counterexample. 

xample 1. Consider the following parametric pairwise compari- 

on matrix: 

 

α = 

⎡ 

⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎣ 

1 α 8 1 / 9 1 / 4 1 / 9 

1 /α 1 1 / 5 1 / 9 1 1 / 4 

1 / 8 5 1 1 / 8 1 / 2 1 / 7 

9 9 8 1 7 8 

4 1 2 1 / 7 1 1 / 9 

9 4 7 1 / 8 9 1 

⎤ 

⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎦ 

. 

The weights of the first and the fifth alternatives are plotted in 

ig. 1 as a function of parameter α. 

Note that the fifth alternative becomes more important than 

he first when a 12 is increased from 0.3 to 0.5, showing the vio- 

ation of rank monotonicity by the eigenvector method. �

What does cause the violation of rank monotonicity in 

xample 1 ? The growth of α increases w 1 , which is also favourable 

or w 5 since w 1 /w 5 ≈ a 15 = 1 / 4 . On the other hand, there is a nor-

alisation effect”, which decreases w 5 as the sum of all weights is 

xed. 

roposition 3. The eigenvector method does not satisfy weight 

onotonicity. 

t

233 
roof. Consider Example 1 . According to Fig. 1 , the normalised 

eight of the first alternative has a minimum around α ≈ 0 . 5 , thus 

he eigenvector method does not satisfy weight monotonicity. �

It remains difficult to explain the lack of weight monotonicity 

ue to the multiple connections between the weights of alterna- 

ives as revealed by the formula w 

EM 

i 
= λmax 

∑ n 
� =1 a i� w 

EM 

� . Unfortu- 

ately, this is a common phenomenon for the unfavourable prop- 

rties of the eigenvector method ( Blanquero et al., 2006; Bana e 

osta & Vansnick, 2008; Johnson et al., 1979 ). 

As it has already been mentioned, the principal right eigen- 

ector violates Axiom 2 on the domain of nonnegative ma- 

rices of order n = 3 ( Landau, 1914 , p. 201). A section titled

Non-monotonicity of some weight extraction methods” on the 

ikipedia page of the Analytic Hierarchy Process says that the 

igenvector method is non-monotonic for reciprocal n × n matri- 

es where n > 3 . This contribution has been added on 10 Decem- 

er 2013 by the Dutch international draughts (dammen) player 

ees Pippel . We have managed to consult him, and he confirmed 

hat it refers to the example of Landau, which does not imply 

roposition 3 due to the different domain. 

.3. A framework for analysing the two axioms of monotonicity 

In order to investigate the probability of a non-monotonic 

igenvector, we apply a computational technique and consider a 

arge number of pairwise comparison matrices that are checked for 

oth properties. 

The entries of the random pairwise comparison matrices are 

enerated according to the standard proposed by Saaty, which has 

lso been used, for example, in Bozóki and Rapcsák (2008) . Thus 

ll entries a i j above the diagonal ( i < j) are randomly chosen from 

he discrete set 
 

1 

9 

; 1 

8 

; 1 

7 

; 1 

6 

; 1 

5 

; 1 

4 

; 1 

3 

; 1 

2 

; 1 ; 2 ; 3 ; 4 ; 5 ; 6 ; 7 ; 8 ; 9 

} 

(5) 

ith equal probability 1 / 17 , and by setting a ji = 1 /a i j , as well as

 ii = 1 . 

emark 1. The monotonicity of the principal right eigenvector is 

ested by substituting a matrix entry with the next element from 

he scale (5) , that is, if 2 ≤ a ≤ 9 , a ∈ N , then a i j = 1 /a is substi-

uted with 1 / (a − 1) , and if 1 ≤ b ≤ 9 , b ∈ N , then a i j = b is sub-

tituted with b + 1 . This seems to be a realistic scenario since 

he decision-maker probably does not expect a counter-intuitive 

https://en.wikipedia.org/w/index.php?title=Analytic_hierarchy_process
https://toernooibase.kndb.nl/opvraag/liddetailp.php?SpId=2073%26Id=f%26taal=1
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Table 1 

Values of the random index used in the computations. 

Matrix size 4 5 6 7 8 9 10 

Random index RI n 0.884 1.109 1.249 1.341 1.404 1.451 1.486 

Fig. 2. Randomly generated pairwise comparison matrices for which the eigenvector method does not satisfy monotonicity. 

c

m

s

 

 

hange in the ranking or weights when thinking over to give a 

ore favourable opinion on an alternative. 

Consequently, one iteration of the computational process con- 

ists of the following steps: 

1. A random pairwise comparison matrix A of order n is generated 

on the Saaty scale (5) . 

2. Its consistency ratio CR (A ) and eigenvector w 

EM (A ) is calcu- 

lated, the number of matrices in the m th interval of consistency 

ratios, for which 0 . 01(m − 1) ≤ CR (A ) < 0 . 01 m, is increased by

one. 
234 
3. All entries above the diagonal are considered separately, hence 

n (n − 1) / 2 perturbed pairwise comparison matrices A 

i j are in- 

troduced such that A 

i j = A except for its element in the i th row

and jth column, i < j. This value is increased to a 
i j 
i j 

following 

Remark 1 , while reciprocity is preserved, thus a 
i j 
ji 

= 1 /a 
i j 
i j 

. 

4. The eigenvectors w 

(
A 

i j 
)

are computed. 

5. Monotonicity check : 
• Rank monotonicity: w 

EM 

i ( A ) /w 

EM 

k ( A ) and 

w 

EM 

i 

(
A 

i j 
)
/w 

EM 

k 

(
A 

i j 
)

are compared for all i < j and 1 ≤ k ≤ n . 

The m th interval of consistency ratios with the flag of rank 

monotonicity violation, in which CR (A ) falls, is increased by 



L. Csató and D.G. Petróczy European Journal of Operational Research 292 (2021) 230–237 

Table 2 

The frequency of violating monotonicity properties by the eigenvector method. 

a All values of CR 

Matrix size Sample size Ratio of matrices Number of matrices violating 

Rank Weight both monotonicity properties 

5 10 7 0.47% 0.003% 0 

6 10 7 0.66% 0.070% 2 

7 10 7 0.80% 0.077% 11 

8 10 7 0.91% 0.046% 7 

9 5 × 10 6 1.00% 0.020% 2 

10 5 × 10 6 1.05% 0.007% 0 

b. CR < 0 . 5 

Matrix size Sample size Number of matrices violating monotonicity 

Rank Weight Both 

5 16,916,343 1146 0 0 

6 7,353,667 2665 313 1 

7 2,712,997 2295 1701 2 

8 827,413 1059 1307 6 

9 207,424 303 435 2 

10 41,826 80 110 0 
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h

one if w 

EM 

i 
(A ) > w 

EM 

k 
(A ) but w 

EM 

i 

(
A 

i j 
)

< w 

EM 

k 

(
A 

i j 
)
, that is,

Axiom 1 is not satisfied after increasing a i j on the scale (5) . 

• Weight monotonicity: w 

EM 

i ( A ) and w 

EM 

i 

(
A 

i j 
)

are compared 

for all i < j. 

The m th interval of consistency ratios with the flag of 

weight monotonicity violation, in which CR (A ) falls, is in- 

creased by one if w 

EM 

i 
(A ) > w 

EM 

i 

(
A 

i j 
)
, that is, Axiom 2 is

not satisfied after increasing a i j on the scale (5) . 

6. The pairwise comparison matrix A , its consistency ratio CR (A ) 

and i, j, k are saved as an example violating rank monotonic- 

ity, weight monotonicity, or both of them, if CR (A ) is smaller 

than the consistency ratio of all previously generated pairwise 

comparison matrices, where the eigenvector does not satisfy 

rank monotonicity, weight monotonicity, or both of them, re- 

spectively. 

Steps 1–6 are repeated until the number of randomly generated 

airwise comparison matrices reaches a predetermined limit. 

The random indices RI n for the calculation of the consistency 

atio CR are reported in Table 1 for 4 ≤ n ≤ 10 . They are imported

rom Bozóki and Rapcsák (2008 , Table 3) and have been validated 

y our simulations, too. According to Saaty and Ozdemir (2003) , 

t is reasonable to compare until nine items, hence we have not 

xamined matrices with more than ten alternatives. 

.4. The connection of monotonicity and inconsistency 

emark 2. The eigenvector method satisfies both axioms of mono- 

onicity if the number of alternatives is three because it is 

quivalent to the geometric mean method for n = 3 ( Crawford & 

illiams, 1985 ), and Proposition 1 can be applied. 

For n = 4 , there are only six elements above the diagonal, hence

he total number of different matrices using the scale (5) is 17 6 = 

4 , 137 , 569 . We have checked all of them through the process de- 

cribed in steps 1–6, and have not found any violation of mono- 

onicity by the eigenvector method. On the other hand, there are 

ome cases where this problem emerges if the number of alter- 

atives is at least five. Therefore, 10 million randomly generated 

atrices have been examined for 5 ≤ n ≤ 8 , as well as 5 million

or 9 ≤ n ≤ 10 . 

Fig. 2 plots the proportion of pairwise comparison matrices 

or which the eigenvector method does not satisfy Axiom 1 or 

xiom 2 as the function of the consistency ratio CR . Note that 
235 
R cannot be arbitrarily large: Aupetit and Genest (1993) derive 

 sharp upper bound on λmax when the responses are coded on a 

ounded scale applied here. 

The probability of violating rank monotonicity almost linearly 

ncreases when the pairwise comparison matrix becomes more in- 

onsistent. There is no violation of Axiom 1 for nearly consistent 

atrices ( CI < 0 . 2 ), and the problem emerges only with a proba-

ility of around 2% even for heavily inconsistent matrices. 

Surprisingly, this is not the case for weight monotonicity, 

xiom 2 is violated primarily by matrices having a consistency ra- 

io of about 0.5. Weight monotonicity is satisfied more frequently 

han rank monotonicity for matrices of order 5 and 6, however, this 

esult does not hold for moderately inconsistent matrices when 

 ≥ 7 . 

As Example 1 shows, there are also some matrices for which 

he eigenvector method violates both rank and weight monotonic- 

ty simultaneously. Since these cases are rare, they are not plot- 

ed in Fig. 2 but summarised in Table 2 . The latter also reinforces

he message of Fig. 2 : the violation of rank monotonicity becomes 

ore serious as the number of alternatives increases, while weight 

onotonicity is the most problematic for n = 7 if one focuses on 

ll randomly generated matrices. 

By limiting the monotonicity check to CR < 0 . 5 , the number 

f randomly generated matrices can be increased to 100 million. 

owever, only a fraction of them will be moderately inconsistent, 

ee the column sample size in Table 2 b. Then weight monotonic- 

ty becomes a more serious issue than rank monotonicity if n ≥ 8 . 

urthermore, even the probability of violating weight monotonic- 

ty grows along with the size of the matrix for these moderately 

nconsistent matrices. 

The two axioms are clearly independent as revealed by Fig. 2 . 

or large values of the consistency ratio CR, there is no violation 

f weight monotonicity ( Axiom 2 ) but there are several violations 

f rank monotonicity ( Axiom 1 ). On the other hand, it can be seen

hat weight monotonicity is violated more frequently compared to 

ank monotonicity for moderate levels of CR if n = 9 . That is re-

nforced by Table 2 b, where there are more instances of violat- 

ng rank monotonicity than weight monotonicity if 5 ≤ n ≤ 7 , how- 

ver, this relation is reversed if 8 ≤ n ≤ 10 . The relationship be- 

ween the two properties is unsurprising in the view of their def- 

nitions. Firstly, it might happen that the (normalised) weight of 

lternative i increases but the (normalised) weight of alternative 

j grows faster after the entry a i j is increased. Secondly, it might 

appen that the (normalised) weight of alternative i decreases 
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f a i j is increased, without causing a rank reversal among the 

lternatives. 

. Conclusions 

In the current paper, we have argued that two axioms of mono- 

onicity on the numerical comparisons—called rank and weight 

onotonicity, respectively—are key requirements for any priority 

ector derived from a pairwise comparison matrix. The eigenvec- 

or method is proved to violate both properties. However, contrary 

o the right-left asymmetry ( Johnson et al., 1979 ) and Pareto inef- 

ciency ( Bozóki, 2014 ), as well as, to the condition of order preser-

ation ( Bana e Costa & Vansnick, 2008 ), the emergence of a prob-

ematic situation seems to be avoidable for low levels of inconsis- 

ency. 

Potential users should be informed about the rare occurrence of 

ounter-intuitive changes in the weights after a matrix entry is in- 

reased. Nonetheless, it remains difficult to verify that there is no 

iolation of rank or weight monotonicity in a specific application. 

erhaps one can develop an online tool to check these properties, 

imilarly to pcmc.online , which is able to test the Pareto efficiency 

f the weights derived by the eigenvector method. The interaction 

ith the decision-maker is indispensable: if the violation of mono- 

onicity is judged problematic, the eigenvector method should be 

xchanged for the row geometric mean. It seems also probable that 

he violation of rank or weight monotonicity indicates some dis- 

repancies in the data as shown by the lack of the problem at low 

evels of inconsistency. For instance, the fourth alternative domi- 

ates in Example 1 . 

To summarise, our findings have important implications for 

ractitioners. First, they emphasise the need for inconsistency re- 

uction methods ( Abel, Mikhailov, & Keane, 2018; Bozóki, Fülöp, 

 Poesz, 2015; Ergu, Kou, Peng, & Shi, 2011 ). Second, the possibly 

trange behaviour of the right eigenvector makes the use of this 

ethod questionable for inherently inconsistent matrices such as 

he ones emerging in sports applications ( Bozóki, Csató, & Temesi, 

016; Chao, Kou, Li, & Peng, 2018 ), where rewarding players or 

eams for poor performance is unfair ( Kendall & Lenten, 2017; 

aziri et al., 2018 ). Third, the violation of monotonicity by the 

igenvector method serves as a powerful argument for preferring 

he use of the geometric mean (logarithmic least squares) method 

n applications of AHP. 
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