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1 Introdution

In a mahine sheduling problem with non-renewable resoures, besides the mahine(s),

there are non-renewable resoures, like raw materials, energy, or money, onsumed by the

jobs. The non-renewable resoures have some initial stok, and they are replenished over

time in given quantities. The objetive funtion an be any of the widely-used optimization

riteria in mahine sheduling problems, see e.g., Carlier (1984) or Györgyi and Kis (2017).

Now, we onsider a single mahine variant with a single non-renewable resoure. For-

mally, there is a single mahine, a set of n jobs J , and a non-renewable resoure. Eah job

j has a proessing time pj > 0, a weight wj > 0, and resoure requirement aj ≥ 0. The

non-renewable resoure has an initial stok b̃1 ≥ 0 at time u1 = 0, and it is replenished

at q − 1 distint supply dates 0 < u2 < · · · < uq in quantities b̃ℓ ≥ 0 for ℓ = 2, . . . , q.

However, the total demand does not exeed the total supply, i.e.,

∑
j∈J aj ≤

∑q

ℓ=1
b̃ℓ. The

umulative supply up to supply date uℓ is bℓ =
∑ℓ

k=1
b̃k. A shedule spei�es the starting

time Sj of eah job j ∈ J ; it is feasible if (i) no pair jobs overlap in time, i.e., Sj1+pj1 ≤ Sj2

or Sj2 + pj2 ≤ Sj1 for eah pair of distint jobs j1 and j2, and (ii) for eah time point t,
the total supply until time t is not less than the total onsumption of those jobs starting

not later than t, i.e., if uℓ ≤ t is the last supply date before t, then
∑

j∈J:Sj≤t aj ≤ bℓ.
An example problem along with a feasible shedule is depited in Figure 1. There are 5

jobs represented by 5 retangles. For eah job j, the width of the orresponding retangle

indiates its proessing time, while the resoure requirement aj is provided in the retangle.

Further on, there is an initial supply of b̃1 = 3 at time u1 = 0, and two more supplies at u2

and u3 with supplied quantities b̃2 = 4 and b̃3 = 6, respetively. In the depited shedule,

job j1 annot start earlier, sine it requires 2 units from the resoure, but there is only

b̃1 + b̃2 − a2 − a5 − a3 = 1 unit on stok before the supply arrives at u3.

Fig. 1. A feasible shedule (n = 5, q = 3)



We aim at �nding a feasible shedule S minimizing the total weighted ompletion time∑
j∈J wjCj , where Cj := Sj +pj denotes the ompletion time of job j. Using the standard

α|β|γ notation, we denote our problem by 1|nr = 1|
∑

wjCj , where 'nr = 1' indiates that
we have only one type of non-renewable resoure.

1.1 Previous results

The �rst results of the area are from the 1980s. Carlier (1984) presented several omplex-

ity results for variants where the makespan, the maximum lateness, or the total ompletion

time have to be minimized in single and parallel mahine environments. Slowinski (1984)

examined a preemptive version of the problem for parallel mahines. Toker et. al. (1991)

and Xie (1997) applied redutions to the two-mahine �ow shop problem for variants where

the supplies arrive uniformly over time. Grigoriev et. al. (2005) presented easy approxi-

mation algorithms for the makespan and the lateness objetive. Gafarov et. al. (2011)

proved several omplexity results for various objetive funtions. Györgyi and Kis (2014)

presented approximation shemes for the makespan objetive in ase of one resoure. This

was extended for a onstant number of resoures by Györgyi and Kis (2015b) and for par-

allel mahines by Györgyi and Kis (2017) and by Györgyi (2017). Györgyi and Kis (2015a)

proved redutions between the makespan minimization problem with two supply dates and

variants of the Knapsak Problem. The most relevant anteedent of this researh is Kis

(2015), whih onsidered the same objetive funtion and presented an FPTAS for the

problem with q = 2.

1.2 Preliminaries

This paper examines variants with more supplies, where we an state job independent

onnetions among the proessing times, the resoure requirements and the weights. If

these onnetions are strong enough we an �nd easy ordering rules that yield optimal

shedules, see Table 1. In the next setions we deal with two other variants.

Table 1. Easy variants of 1|nr = 1|
∑

wjCj .

Variant Optimal shedule

pj = aj = ā non-inreasing wj order

pj = wj = 1 non-dereasing aj order

aj = wj = 1 SPT order

wj = w̄, pj = aj SPT order

aj = ā, pj = wj LPT order

Notie that SPT and LPT means that jobs are ordered in inreasing, respetively,

dereasing proessing time order. In the orresponding algorithm, jobs are simply sheduled

in inreasing (SPT) / dereasing (LPT) proessing time order. If the resoure level is below

the requirement of the next job, we simply wait until enough supply arrives.

While the SPT order gives the optimal shedule for the problem 1||
∑

Cj (all job weights

are 1), the LPT order is originally used in a list sheduling algorithm for the parallel

mahine problem P ||Cmax where it yields a 4/3-approximation algorithm.

2 The problem 1|nr = 1, pj = aj = wj |
∑

wjCj

Surprisingly, this very restritive ase is already NP-hard:



Theorem 1. The problem 1|nr = 1, q = 2, pj = aj = wj |
∑

wjCj is weakly NP-hard, and

1|nr = 1, pj = aj = wj |
∑

wjCj is strongly NP-hard.

These omplexity results are new, formerly only the NP-hardness of the variant 1|nr =
1, q = 2|

∑
Cj (see Kis (2015)) and that of 1|nr = 1|

∑
Cj (Carlier (1984), Kis (2015))

were known.

However, we ould derive a 2-approximation algorithm for it.

Theorem 2. Sheduling the jobs in LPT order is a 2-approximation algorithm for 1|nr =
1, pj = aj = wj |

∑
wjCj .

3 A PTAS for 1|nr = 1, pj = wj , q = const|
∑

wjCj

In this setion we desribe an PTAS (polynomial time approximation sheme) for 1|nr =
1, pj = wj , q = const|

∑
wjCj . Notie that the resoure onsumption of the jobs is job-

dependent, but the number of supplies is a onstant, not part of the input. A PTAS is a

family of algorithms {Aε}ε>0, suh that for eah ε > 0, Aε is an (1 + ε)-approximation

algorithm for the problem with a omplexity polynomially bounded in the size of the input.

Let Psum :=
∑

j pj be the total proessing time of the jobs. Let ∆ := 1 + (ε/q2).
We will guess the total proessing time of those jobs sheduled after uℓ for ℓ = 2, . . . , q,
where a guess is a q − 1 dimensional vetor of non-inreasing numbers P g

2 , . . . , P
g
q , i.e.,

P g
ℓ ≥ P g

ℓ+1
≥ 1 for ℓ = 2, . . . , q − 1, and eah P g

ℓ is of the form ∆t
for some integer

t ≥ 0 with ∆t ≤ Psum. Also �x P g
1 := Psum. For any guess, de�ne the set of medium

size jobs Mℓ := {j | pj ≥ (∆ − 1)P g
ℓ }. Note that Mq ⊇ Mq−1 ⊇ · · · ⊇ M1, sine

P g
q ≤ P g

q−1
≤ · · · ≤ P g

1
. Let Sℓ be the omplement of Mℓ, i.e., Sℓ := {j | pj < (∆− 1)P g

ℓ }.
Clearly, Sq ⊆ Sq−1 ⊆ · · · ⊆ S1. After these preliminaries, the PTAS for 1|nr = 1, pj =
wj , q = const|

∑
wjCj onsists of the following steps:

1. Consider eah possible guess (P g
2 , . . . , P

g
q ) of the total proessing time of those jobs

starting after the supply dates u2, . . . , uq, respetively. For eah possible guess de�ne

the sets of jobs Mℓ and Sℓ (see above), and perform the steps 2-5. After proessing all

the guesses, go to Step 6.

2. For eah ℓ = 1, . . . , q, hoose at most 1/(∆ − 1) medium size jobs from Mℓ (sine the

sets Mℓ are not disjoint, are must be taken to hoose eah job at most one). For eah

possible hoie (T1, . . . , Tq) of the medium size jobs (where Tℓ ⊆ Mℓ), perform steps

3-5. After evaluating all hoies, ontinue with the next guess in Step 1.

3. Determine a shedule of the medium jobs. That is, for ℓ = q, . . . , 2, shedule the jobs

in Tℓ in any order after uℓ ontiguously, and if neessary, push to the right the jobs in⋃q

ℓ′=ℓ+1
Tℓ′ .

4. Let J u
0 be the set of unsheduled jobs. For ℓ = q, q − 1, . . . , 1, repeat the following. In

a general step with ℓ ≥ 2, pik jobs from J u
q−ℓ ∩ Sℓ in non-inreasing aj/pj order until

the seleted subset Kℓ satis�es p(Kℓ)+ p(Tℓ) ≥ P g
ℓ − (1/∆)P g

ℓ+1
, or if no more jobs left,

Kℓ = J u
q−ℓ ∩ Sℓ. In either ase, insert the jobs of Kℓ in any order after uℓ and after all

the jobs in T1 ∪ · · · ∪ Tℓ−1, and before all the jobs in Tℓ ∪
⋃q

ℓ′=ℓ+1
(Kℓ′ ∪ Tℓ′) (pushing

some of them to the right if neessary). Let J u
q−ℓ+1

:= J u
q−ℓ \ Kℓ and ontinue with

ℓ − 1 until ℓ = 1 or no more unsheduled jobs are left. For ℓ = 1 just shedule all the

remaining jobs from time u1 = 0 on (pushing the already sheduled jobs to the right,

if neessary). If the omplete shedule obtained satis�es the resoure onstraints, then

ontinue with Step 5, otherwise with the next hoie of medium size jobs in Step 2.

5. Compute the objetive funtion value of the omplete shedule obtained in step (4), and

store this shedule as the best shedule if it is the �rst feasible shedule or if it is better

than the best feasible shedule found so far. Continue with next hoie of medium size

jobs in Step 2.



6. Output the best shedule found in the previous steps.

Theorem 3. The proposed algorithm is an PTAS for 1|nr = 1, pj = wj , q = const|
∑

wjCj .
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